PUTNAM PRACTICE PROBLEMS 7

Exercise 1. We recall that the Fibonacci sequence (Fy,) is given by:

F1 = ]., F2 =1
Foyo:=F,+ Fuq1 forn > 1.
i) Show that for all integers n, one has:
Fi+F+-+Fy,=Foppo— 1
il) Show that every positive integer m can be uniquely written in the form:
m = Fj, + Fj, +-- + I,
where the jp are positive integers such that
1) je>2 forallj =1,2,...,k.
2) jeyi>je+1 foralll=1,2,....k—1.
iii) Give an example of a strictly increasing function f : N — N such that:

f(f(n)) = f(n) +mn, for alln € N.

Exercise 2. We are given 2n distinct points in the plane. Show that one can color n points red
and n points blue (like our school colors) in such a way that:

i) Every red point is joined by a line to exactly one red point and every blue point is joined by
a line to exactly one blue point.
ii) These are the only lines which are drawn.
iii) These lines don’t intersect.

[HINT: Think about minimizing the sum of the lengths of the drawn lines.]

Exercise 3. Let us denote by A the set of all positive integers which are not divisible by the square
of any prime number, i.e. A= {n €N; q € N,¢*ln = q = 1}. Given a positive integer n, show

=[]

ke A
Here, || denotes the largest integer which is less than or equal to x. [HINT: Use induction on n
and think when each term increases as we change from n to n+ 1.]



