MATH 425, PRACTICE FINAL EXAM.

There are five problems on the practice exam, as there will be on the real final exam. The
fifth question on the final exam will be a fact about the wave equation from the class or from the
homework.

Exercise 1. a) Is the operator L defined on smooth functions of (z,y) by L1(u) := Uz + cos(u)
linear?

b) Does the answer change if we replace the operator L1 by the operator Lo, which is is given
by:
Lo(u) = cos(x?y) - Upy + ey ?

¢) Find the general solution of the PDE (1 + x*)u, +u, = 0 by using the method of characteristics.

d) Give a rigorous proof that the solution you found in part c) is the general solution to the given
PDE.

Exercise 2. (Uniqueness for the heat equation with Neumann boundary conditions)
Use the energy method to show uniqueness of solutions for the following boundary value problem:

Up — kg = f(z,t) for0 <z < £,t>0

u(z,0) = ¢(z) for0 <z < ¢

uz(0,1) = g(t), ua(€,t) = h(t) fort > 0.
Here, £ > 0 and the functions f,g,h,¢ are assumed to be smooth. [HINT: Consider the energy
Ew] = foé w?dz.]
Exercise 3. (A mazimum principle bound for solutions of Poisson’s equation)

Let Q C R3 be a bounded domain and suppose that f : Q@ — R is continuous on Q and that
g : 00 — R is continuous on 0S2. Suppose that the function u solves the Poisson equation on §):

Au=f onQ
u =g on Jf.

a) Assuming that the function u exists, is smooth on Q, and continuous on Q, show that it is uniquely
determined.

b) Show that for sufficiently large X > 0, depending on the function f, the function u + A\x? is
subharmonic, i.e. A(u+ Az?) > 0.

¢) Use the mazimum principle for subharmonic functions (from Homework 6) in order to deduce
that, there exists a constant C' > 0, depending only on Q such that, for all x € Q, the following
bound holds:

u(z) < max g + C max|f|.
o0 Q

Exercise 4. (The sign of the Green’s function)
Suppose that Q@ C R? is a bounded domain. Given xo € Q, we consider the Green’s function G(x, o).
We recall from the definitions that then the function:

1

H =G B
(.CL',JJQ) ($,$0) + 47T|I]'J — x0|

1



2 MATH 425, PRACTICE FINAL EXAM.
is well-defined and harmonic on all of ).

a) Show that, for all x € Q\ {xo}:
G(z,z0) < 0.
[HINT: Isolate the singularity at xo and apply the mazimum principle.]

b) Does the claim still hold if we assume that Q is a domain in two-dimensions?

Exercise 5. (Finite speed of propagation for the wave equation without using the d’Alembert for-
mula)
Suppose that u : R, x R; solves the initial value problem for the wave equation:

Uy — gy =0 on Ry X Ry
u|t:0 = ¢’ ut|t:0 = 7/} on Rm
Given xg € R and ty > 0, we define the cone:
K(zo,to) :={(x,t) € R x [0,%0], |x — xo| < c(to —t)}.
Furthermore, for 0 <t <ty, we define the local energy:
1 [rote(to—t)
eft) = 7/ (e, 0% + (e, )?] d
2 :Eofc(t()*t)

a) Show that:

$0+C(t07t)
et) = / (ut(x, ug(x,t) + Czuz(x, uge(z, t)) dx

Ofc(t[)*t)

—%c(ut(xo + c(to — t),t))2 - 1c3 (ux(xo +c(to — t), t)>2

2
—%c(ut(xo —c(tg — t),t))2 — %c?’ (um(xo —c(to — t),t))z.

b) Use the equation and integrate by parts to show that:

et)<0
for all 0 <t <ty. [HINT: In the proof, one should recall that AB < A2332 for all A,B € R.]
¢) Suppose that ¢ = = 0. Show that then:

e(t) =0

for all 0 <t <ty.

d) Deduce that, when ¢ = b = 0, the function u equals zero on K(xo,to). In this way, we can
deduce the domain of dependence result from class without having to use the explicit formula for u.

Remark: This method of proof, which doesn’t rely on the d’Alembert formula, can be general-
ized to show that the principle of finite speed of propagation for the wave equation holds in higher
dimensions.



