MATH 425, HOMEWORK 5

This homework is due by noon on Friday, March 15. Please leave your assignment in my mailbox.
There are three problems. Each problem is worth 10 points.

Exercise 1. (Uniqueness for the heat equation on R)

Suppose that the functions uy,us : Ry x Ry — R solve:
Ouy —k-0%u; =0, reR, t>0
ui(z,0) = ¢p(x), x € R

and

Oug —k-0%uy =0, xeR, t >0
uz(z,0) = ¢(r), r € R

for some function ¢ : R — R.
Suppose furthermore that there exists constants C; A > 0 such that for all x € R and for allt > 0,
one has:

|ur(z,t)] < Ce?™ and lug(x,t)] < Cedr”
Using the Global Mazimum Principle (which was stated in class), show that:
Uy = uUg.

(Here, one is allowed to use the result of the Global Mazimum Principle, even though we didn’t give
the details of its proof in class.)

This type of result is called Conditional Uniqueness. In other words, we know that solutions

are unique in the class of objects satisfying some additional condition, which in this case is a bound
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of the type |u(x,t)| < CeA®”.

Exercise 2. (The Global Mazimum Principle in a special case)

In this Ezercise, we will give a proof of a special case of the Global Mazximum Principle.
Suppose that

U — kg =0, x€R, £ >0
u(z,0) = ¢(z), z € R

for some bounded continuous function ¢ : R — R which equals zero outside of [0, 1].

Suppose moreover that the solution u is bounded from above, i.e. that there exists C' > 0 such that:

u(z,t) < C forallz e R, t> 0.

Let My denote the mazimum of ¢ (which exists by the assumptions on ¢).

We want to prove that:

(1) u(z,t) < My for allz € R, t > 0.
a) Ficr T > 0,L > 0 and consider the rectangle: Qv := [—L,L]; x [0,T];. Define on Qr,r
the function:
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Check that:
wy — kwg, = 0.

b) Ezxplain how we can deduce that:
w>uon Qr .
[HINT: Recall the comparison results from the previous homework assignment.]

¢) Fix (xg,tp). By using the result from part b), and by letting L tend to infinity, deduce the
bound (1).

Exercise 3. (Separation of variables for an inhomogeneous PDE)
a) Solve the following boundary value problem by using the method of separation of variables:

Ut — Uy = sin(27x) +sin(3rx), 0 <z <1,t>0
u(z,0)=0,0<z<1
u(0,t) = u(l,t) =0, ¢t > 0.

b) Solve the more general problem:
Vg — Vgg = M- v +sin(27z) +sin(37z), 0 < <1,t>0
v(z,0)=0,0<z<1
v(0,t) =v(1,t) =0,¢t>0

for m € R a constant.

Full credit will be given for solving part b) when m # 47> and m # 97°. Extra credit
will be given for the solution of the problem in the cases m = 4n? and m = 972.



