Final examination for math 171 June 11th, 2007

All proofs must be written very carefully. Except for the first problem, you may
use any results from class or homework. For the first problem you may use anything
other than the existence and uniqueness theorem for solutions to ODEs. For the
first problem you may use the contraction mapping principle as long as you state
clearly how you are using it.

(1) Let U C R™ be an open subset. Let pg € U. Let v: U — R™ be a Lipschitz
map. Prove there is a § > 0 and a continuous path p : (—4,0) — U such
that p'(t) = v(p(¢)) for all t € (—6,0) and p(0) = po.

The following problems are true/false. No explanation or proof is required.

(2) (True/False) Let f(z) = |sinz|. There exists a polynomial p(x) such that

1
sup |p(z) — f(z)] < .
©€[0,100] 10
ue/False a metric space 1s compact then it is also complete.
(3) (True/False) If ic space i hen it is al 1
(4) (True/False) The rational numbers Q are a countable set.
rue/False e closed disk Dy2ry(0,1) C is compact.
5) (True/False) The closed disk Dy2(g(0,1) C £*(R
(6) (True/False) The set

{(z,y) eR* | z € (0,1) and y = 0}
is an open subset of R2.
(7) (True/False) If A C R™ is a compact subset then R™ — A is connected.

For the following two problems, let (Uy) be a sequence of open subsets
of R™. The questions are true/false. If the answer is false, then you must
provide a counterexample.

(8) (True/False) N2 Uy is an open subset of R™.
(9) (True/False) N2, (R™ — Uy) is a closed subset of R™.

(10) Let (f,) be a sequence of continuous functions f, : [0,1] — [-1,1]. For
each n € N and x € [0, 1] define

F,(z):= /Oz fnl(t) dt.

Prove the sequence (F},) has a subsequence which converges uniformly on
[0,1].

(11) For n € N define

e - (2200 .

n3
Prove that the series

n=1

defines a continuous function on all of R.

1



(12) Define a function
F:[0,n] — R

x?
r / | cost| dt.
0

Prove that F is C'. Write down a formula for F’.

(13) Suppose the metric space (X, d) is connected and has at least two points.
Prove that X is not countable. (Hint: you may use the fact that the closed
interval [0, 1] is not countable.)



