
Math 313/515, Spring 2005 Jerry L. Kazdan

Homework Set 8, Due Thursday, March 24, 2005
(Late papers will be accepted until 4 PM on Fri. March 25)

To get experience with simple calculations, where specified do the calculations by hand,
not with a calculator or computer.

1. Let A be a 5×5 matrix whosesecondcolumn isV = (0,−3,0,0,0). Show thatV is
an eigenvector ofA and find the corresponding eigenvalue.

2. Let S=
(

5 7
2 3

)
, D =

(
−2 0

0 1

)
, and B = SDS−1.

a) ComputeB4 (by hand).

b) What are the eigenvalues and corresponding eigenvectors ofB?

c) What are the eigenvalues and corresponding eigenvectors ofC := B+3I ?

3. Diagonalize (by hand):

3 0 0
0 3 0
1 4 −2

.

4. By hand, find the eigenvalues and corresponding eigenvectors of the following matri-
ces. [Complex numbers might be needed.]

a). A=
(

3 1
1 3

)
b). B=

(
0 1

−1 0

)
c). C =

(
0 1
1 0

)
d). D =

(
3 0
3 3

)
.

5. Let the matrixA = (ai j ) have the special formai j = bic j , whereb = (2,0,−1,1) and
c = (1,2,−1,1).

a) Compute the rank ofA.

b) Find a basis for the nullspace ofA.

c) Compute the trace ofA.

d) Find the eigenvalues and corresponding eigenvectors.

e) Find a matrixS so thatS−1AS is a diagonal matrix.

f) Use this to computeA100.
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6. Let T be a 6×6 matrix with rank 1 and trace(T) = 5.

a) What is detT ? Why?

b) What are all the eigenvalues ofT ?

c) Can any suchT be diagonalized? Why?

d) What are all the eigenvalues ofB := T−2I ?

e) detB =?

7. Let Z := (z1, z2, . . . ,zn) 6= 0 , b, andc be given real numbers,A := (zizj), so A has
rank one, and letM = bA+cI . What are the eigenvalues ofM? [The answer of course
involvesa, b, andZ.]

8. Let M be an anti-symmetric 5×5 matrix (soMT =−M ). Show that detM = 0.

9. Describe all matricesC with the property detC+detC = det(C+C).

10. Let A be a 5×5 matrix with eigenvectorsV1, . . . , V5 and corresponding eigenvalues
λ1, . . . , λ5. SayX = 2V1−V2 +V4 +3V5.

a) ComputeAX, A2X , andA4X in terms of the eigenvalues and eigenvectors.

b) If λ1 = 1 and that the remaining eigenvalues have absolute value less than one:
|λ j |< 1, j = 2,3,4,5, compute limk→∞ AkX .
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