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Abstract

It would be very desirable to have a combinatorial description for Bn(q, t),

the bigraded characters of the type B analog of the q, t-Catalan polynomial. It

is known that Bn(1, t) =
∑

π∈En t
area, where En is the set of “shifted” lattice

paths consisting of unit North and East steps. In this thesis, we study a broader

class of objects by increasing the length of the bottom of the shifted paths to

k, in the hope of finding a uniform combinatorial description for them all.

We here state the assumptions for this broader class Bn,k(q, t) and give a

candidate description of Bn,k(q, t) as a positive linear combination of sl2-strings

for n = 2, 3, and a combinatorial description for n = 2.

For general n, k, we then state and prove a recurrence relation forBn,k(q, 1/q)

as a positive linear combination of sl2-strings, and finally give a recurrence re-

lation involving Catalan numbers of type A.
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1 Introduction to q,t-Catalan numbers

The (type A) q, t-Catalan polynomial Cn(q, t) has three main interpretations. In this

section we introduce the original analytic definition given by Garsia and Haiman, the

algebraic interpretation of the q, t - Catalan numbers as a bigraded Hilbert Series,

and the pure combinatorial description proved by Garsia and Haglund. Then we will

introduce the q, t-Fuss-Catalan numbers for complex reflection groups presented by

Stump, and a few results on the specialization of the type B q, t-Catalan numbers

Bn(q, t).

1.1 Catalan number and two q-analogs

Let Cn = 1
n+1

(
2n
n

)
denote the n-th Catalan number. One of the objects counted by

the Catalan numbers is the number of Dyck paths in Dn, defined as follows (a list of

other objects counted by the Catalan numbers could be found in [13]):

Definition 1.1. A Dyck path is a sequence of North N(0, 1) and East E(1, 0) steps in

the first quadrant of the xy-plane, starting at the origin (0, 0), ending at (n, n), and

never go below the diagonal y = x. We let Dn denote the set of all such paths.

There are two natural q-analogs of Cn. The first was studied by MacMahon [12].

Given λ ∈ Dn, let σ(λ) be the element of a linear list of the multiset {0n1n} resulting

from the following algorithm: (1) Initialize σ to the empty string. (2) Start at (0, 0),

move along λ and add a 0 to the end of σ(λ) every time a N step is encountered,



2

and add a 1 to the end of σ(λ) every time an E step is encountered. Then the first

q-analogs of Cn was given as follows:

Theorem 1.2. (MacMahon)

∑
λ∈Dn

qmaj(σ(λ)) =
1

[n+ 1]q

[
2n

n

]
q

,

where maj is the major-index statistic defined by maj(σ) =
∑

i
σi>σi+1

i, and as is cus-

tomary [k]q = (1− qn)/(1− q), [k]q! = [1]q[2]q · · · [k]q, [nk ]q = [n]q!/([k]q![n− k]q!).

The second natural q-analog of Cn was studied by Carlitz and Riordan [4]. Given

λ ∈ Dn, let ai(λ) denote the number of complete squares, in the i-th row from the

bottom of λ, which are to the right of λ and to the left of the line y = x. We refer to

ai(λ) as the length of the i-th row of λ.

Let

area(λ) =
∑
i

ai(λ)

be the area statistic of λ (see Figure 1 as an example).

Then the second q-analogs of Cn was given as follows:

Theorem 1.3. (Carlitz and Riordan)

Define Cn(q) =
∑

λ∈Dn q
area(λ), then

Cn(1) = Cn =
1

n+ 1

(
2n

n

)
,
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Figure 1: A Dyck path, with row lengths on the right. The area statistic is 1 + 1 +

2 + 3 + 2 = 9.

and

Cn(q) =

n∑
k=1

qk−1Ck(q)Cn−k(q), n ≥ 1.

1.2 Analytic definition of (type A) q, t Catalan polynomial

by Garsia and Haiman

The q, t-Catalan polynomial Cn(q, t) was originally introduced in a paper by A.M.

Garsia and M. Haiman in [7] analytically (see (1.1) below), as a sum over rational

functions of q, t, which arise when applying the Macdonald polynomial O operator

to the nth elementary symmetric function. This analytic definition was partially

motivated by an algebraic description suggested by Haiman [11] as the bigraded sign

character of the space of diagonal harmonics.

Definition 1.4. (Garsia and Haiman)
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a
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x a’

Figure 2: Arm, leg, co-arm and co-leg.

The q, t-Catalan sequence is defined by setting

Cn(q, t) =
∑
µ`n

t2
∑
x l(x)q2

∑
x a(x)(1− t)(1− q)

∏
x 6=(0,0)(1− qa

′(x)tl
′(x))

∑
x q

a′(x)tl
′(x)∏

x(qa(x) − tl(x)+1)(tl(x) − qa(x)+1)
,

(1.1)

where the sum is over all partitions µ of n, and all products and sums in the µth

summand are over the cells x of µ. For a given cell x, in the Ferrers diagram of µ,

the leg l(x), the arm a(x), the co-leg l′(x), and the co-arm a′(x) of x are defined to be

respectively the numbers of squares above, to the right of, below, and to the left of

x, with the diagram oriented in the French manner as shown in Figure 2.

This Cn(q, t) is a bivariate “q-analog” of the familiar Catalan numbers Cn =

1
n+1

(
2n
n

)
. Making use of the theory of Macdonald polynomials, the paper established

that the specialization Cn(1, q) and q(
n
2 )Cn(q, 1/q) reduce to well-known q-analogs of

the Catalan numbers, stated as follows.

Proposition 1.5. Cn(q) = Cn(1, q) = Cn(q, 1) reduces to the Carlitz-Riodan [4] q-
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Catalan numbers:

C0(q) = 1,

Cn(q) =

n−1∑
k=0

qkCk(q)Cn−1−k(q) =
∑
λ∈Dn

qarea(λ),

which q-counts Dyck paths by area.

Proposition 1.6. Dn(q) = q(
n
2 )Cn(q, 1/q) reduces to MacMahon [12] q-Catalan num-

bers:

Dn(q) =
1

[n+ 1]q

[
2n

n

]
q

=
∑
λ∈Dn

qmaj(σ(λ)),

which q-counts Dyck words by the major index.

1.3 q, t-Catalan numbers as a bigraded Hilbert Series

In [10], M. Haiman introduced the following definition as a bigraded Hilbert Series.

Beginning with the polynomial ring

C[Xn, Yn] := C[x1, y1, · · · , xn, yn],

recall the definition of bigraded Hilbert series:

Given any subspace W ⊆ C [Xn, Yn], the bigraded Hilbert series of W is defined as

H(W ; q, t) =
∑
i,j≥0

tiqj dim(W (i,j)),
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where the subspaces W (i,j) consist of those elements of W of bi-homogeneous degree

i in the x variables and j in the y variables, so W = ⊕i,j≥0W (i,j).

Let the symmetric group Sn, which is the reflection group of type An−1, act diag-

onally by permuting the coordinates in x and y simultaneously amongst themselves,

i.e.

σp(x1, y1, · · · , xn, yn) = p(xσ(1), yσ(1), · · · , xσ(n), yσ(n)).

A polynomial p ∈ C[Xn, Yn] is alternating, or an alternate, if

σ(p) = sgn(p), ∀σ ∈ Sn.

Let W ε be the subspace of alternating elements in W , and

H(W ε; q, t) =
∑
i,j≥0

tiqj dim(W ε(i,j)).

Now let I be the ideal generated by all Sn-invariant polynomials without constant

term: I =
〈∑n

i=1 x
h
i y

k
i ,∀h+ k > 0

〉
, consider the quotient ring

DRn = C[Xn, Yn]/I.

Also define the space of diagonal harmonics DHn by

Nn = {f(Xn, Yn) : p(∂Xn, ∂Yn)f(Xn, Yn) = 0,∀p(Xn, Yn) ∈ I} ,
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where p(∂Xn, ∂Yn) denotes the differential operator obtained by substituting for the

variables x1, y1, · · · , xn, yn the corresponding partial derivative operators ∂x1 , ∂y1 , · · · ,

∂xn , ∂yn .

Many of the properties of DHn and RHn carry over to two sets of variables. For

example DHn is a finite dimensional vector space which is isomorphic to DRn. One

of several conjectures Haiman proved of a combinatorial nature concerning DHn is

that its subspace DHε
n of Sn-alternating elements – that is, its isotypic component

corresponding to the sign character ε of S – has dimension equal to the Catalan

number Cn.

Definition 1.7. (Haiman)

Taking into account the grading, Haiman defined a Hilbert polynomial

Dn(t, q) = H(DHε
n; q, t) =

∑
h,k≥0

thqk dim(DHε
n)h,k.

Haiman later showed that the rational function Cn(q, t) defined above is in fact

equal to the bigraded Hilbert series defined above:

Theorem 1.8. (Haiman)

Cn(q, t) = Dn(q, t) = H(DHε
n; q, t).



8

1.4 Pure combinatorics definitions

A pure combinatorial description was later conjectured by Haglund in 2000 [8] after

a prolonged study of tables of Cn(q, t). It was then proved by Garsia and Haglund [5]

[6].

This combinatorial formula for Cn(q, t) involves a new statistic on Dyck paths

called bounce.

Definition 1.9. Given λ ∈ Dn, define the bounce path of λ to be the path described

by the following algorithm: (1) Start at (0, 0) and travel North along λ. (2) When

encountering the beginning of an E step, turn East and travel straight until hitting

the diagonal y = x. (3) Next turn North and travel straight up until hitting the path

λ, then proceed as in step (2). (4) Continue in this way until you arrive at (n, n).

The “bouncing ball” will strike the diagonal at places (0, 0), (j1, j1), (j2, j2), · · · , (jb−

1, jb − 1), (jb, jb) = (n, n). We define the bounce statistic bounce(λ) to be the sum

bounce(λ) =

b−1∑
i=1

n− ji.

An example is shown in Figure 3.

The following theorem is proved by Garsia and Haglund [5] [6]:

Theorem 1.10. (Garsia and Haglund)

Cn(q, t) =
∑
λ∈Dn

qbounce(λ)tarea(λ).
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(2, 2)

(6, 6)

(4, 4)

Figure 3: The bounce path (dotted line) of a Dyck path (solid) line. The bounce
statistic equals 9− 2 + 9− 4 + 9− 6 = 7 + 5 + 3 = 15.

There is another pair of statistics for the q, t-Catalan discovered by M. Haiman. It

involves pairing area with a different statistic we call “dinv”, for “diagonal inversion”

or “d-inversion”.

Definition 1.11. Let λ ∈ Dn. Let

dinv(λ) = | {(i, j) : 1 ≤ i < j ≤ n, ai = aj} |

+| {(i, j) : 1 ≤ i < j ≤ n, ai = aj + 1} |

be the “diagonal inversion” or “d-inversion” statistics, where ai the length of the i-th

row from the bottom.

In words, dinv(λ) is the number of pairs of rows of λ of the same length, or which

differ by one in length, with the longer row below the shorter, as shown in Figure 4.

Then we have the following theorem and corollary:
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2

0

1

2

2

2

3

Figure 4: the inversion pairs (i, j) are (3, 4), (3, 5), (3, 7), (4, 5), (4, 7), (5, 7) (correspond-
ing to pairs of rows of the same length) and (6, 7) (corresponding to rows which differ
by one in length), thus dinv = 7.

Theorem 1.12. ∑
λ∈Dn

qdinv(λ)tarea(λ) =
∑
λ∈Dn

qbounce(λ)tarea(λ).

Corollary 1.13.

Cn(q, t) =
∑
λ∈Dn

qdinv(λ)tarea(λ).

1.5 q, t-Fuss-Catalan numbers for complex reflection groups

As introduced in section 1.3, Cn(q, t) can be defined as a bigraded Hilbert series

of a module associated to the symmetric group Sn. Stump [14] generalized this

construction to finite complex reflection groups and exhibit some nice conjectured

algebraic and combinatorial properties of these polynomials in q and t.

Generalize the concept for polynomials to be alternating to any finite complex

reflection group in the following way: let V be an n-dimensional complex vector space

and let W ⊂ GL(V ) be a finite complex reflection group acting on V . Definitions on
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complex reflection groups can be found in [3].

Define the diagonal action of W on C[Xn, Yn] by “doubling up” the contragredient

action ω(ρ) := ρ ◦ ω−1 of W on V ∗ = Hom(V,C) diagonally.

Let W be a complex reflection group acting on a complex vector space of dimension

n. We call a polynomial p ∈ C[Xn, Yn] alternating if

det(ω)ω(p) = p, ∀ω ∈W.

Let I EC[Xn, Yn] be the ideal generated by all alternating polynomials and define the

W -module M (m) := Im/ < Xn, Yn > Im.

Definition 1.14. (Stump)

The q, t-Fuß-Catalan numbers associated to W are defined as

Cat(m)(W, q, t) := H(M (m); q, t) =
∑
i,j>0

dim(Mij)q
itj .

Remark 1.15. For W being the complex reflection group of type An−1 - which is

the symmetric group Sn - the definition of alternating polynomials reduces to the

one given in section 1.3, and the definition of q, t-Fuß-Catalan numbers associated to

W = Sn is reduces to definition 1.7. Later on we will call this W = Sn case Cn(q, t)

the type-A q, t-Catalan numbers.
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(−4, 4)

(0, 0)

(4, 4)

Figure 5: A shifted Dyck path in E4 with area = 6

1.6 Type B analog of q, t-Fuß-Catalan numbers

Define Bn(q, t) = Cat(1)(WBn , q, 1) to be the Type B analog of the q, t-Fuß-Catalan

numbers. It would be very desirable to have a combinatorial description for the

bigraded characters of the type B analog Bn(q, t), as well as for other root systems.

There is currently no known way to define them analytically or combinatorially. There

are, however, some studies on the specialization Bn(1, q) and qn
2
Bn(q, 1/q).

Stump has conjectured in [14] that Bn(1, q) q-counts the area statistic for Catalan

paths of type B and established an analogous recurrence.

Definition 1.16. A type B Catalan path (or a “shifted Dyck path”) of length n,

denoted as En, is a lattice paths of 2n steps, either north or east, that starts at

some point on the anti-diagonal y = −x, ends at (n, n) and stays above the diagonal

x = y. For such a path λ, we define area(λ) to be the number of boxes in the region

confined by the path, the diagonal y = x and the anti-diagonal y = −x, not counting

the halfboxes at the diagonal y = x but counting the halfboxes at the anti-diagonal

y = −x.

If Conjecture 1.17 is correct, the following propositions are comparable to propo-
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sition 1.5.

Conjecture 1.17. (Stump)

Bn(1, q) = Bn(q, 1) =
∑
λ∈En

qarea(λ).

Proposition 1.18. (Stump)

Bn(1, q) satisfies the following recurrence involving Catalan numbers of type A:

Bn(1, q) = Cn(1, q) +

n−1∑
k=0

q2k+1Bk(1, q)Cn−k(1, q).

Also, similar to proposition 1.6, we have the following conjecture by Haiman [9]:

Conjecture 1.19. (Haiman)

qn
2
Bn(q, 1/q) =

[
2n

n

]
q2
.

1.7 Schur polynomials and sl2-strings

Recall the definition of Schur polynomials:

Definition 1.20. Given a partition λ = (λ1, λ2, · · · , λn), where λ1 ≥ λ2 ≥ · · · ≥ λn,

and each λj is a non-negative integer, the Schur polynomials are defined as the ratio

sλ(x1, x2, . . . , xn) =
a(λ1+n−1,λ2+n−2,...,λn+0)(x1, x2, . . . , xn)

a(n−1,n−2,...,0)(x1, x2, . . . , xn)
.
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where

a(λ1+n−1,...,λn)(x1, x2, . . . , xn) = det



xλ1+n−11 xλ1+n−12 . . . xλ1+n−1n

xλ2+n−21 xλ2+n−22 . . . xλ2+n−2n

...
...

. . .
...

xλn1 xλn2 . . . xλnn


.

Specifically, in the case of n = 2, we have

sλ1,λ2(q, t) = (aλ1+1,λ2(q,t))/(a1,0(q, t))

= ((qλ1+1tλ2 − qλ2tλ1+1)/(q − t)

= (qt)λ2(qλ1−λ2+1 − tλ1−λ2+1)/(q − t).

Note that such a Schur polynomial can be written in the form (qt)m(qk−tk)/(q−t).

We say a polynomial of this form is an sl2-string. To simplify, we use the following

notation given by [14]: Let

[k]q,t := (qk − tk)/(q − t).

Remark 1.21. Note that under this notation,

[k]q,1 = [k]1,q = [k]q
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and

sλ1,λ2(q, t) = (qt)λ2 [λ1 − λ2 + 1]q,t.

As a corollary of the result stated in [2], we have Bn(q, t) is a positive coefficient

linear combination of Schur polynomials. Hence we have the following proposition:

Proposition 1.22. Bn(q, t) is a positive coefficient linear combination of sl2-strings.
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2 Set-up: Problem statement and basic assump-

tions to Bn,k(q, t)

In this section we will state the motivation and formally define the assumptions for

the broader class of polynomials Bn,k(q, t) that we will study.

Recall the open problem that is stated by Stump in [14]:

Open Problem 2.1. Are there statistics qstat and tstat on objects counted by Cat(m)(W )

which generalize area and bounce on Catalan paths Dmn such that

Cat(m)(W, q, t) =
∑
λ

qqstat(λ)ttstat(λ)?

We still have no candidate for the type B version of dinv (or perhaps a type B

version of bounce) to match with area to generate Bn(q, t) =
∑

λ∈En q
qstat(λ)tarea(λ).

2.1 Shifted Dyck path with base k and area statistics

By observation, if you increase the length of the bottom of the shifted paths to k, as

shown in Figure 6, then the total number of paths seems to be the binomial coefficient(
2n+k−1

n

)
. It might make sense to study this broader class of objects, in the hope of

finding a uniform combinatorial description for them all, perhaps via an undiscovered

recurrence relation. Formally, we define the shifted Dyck path with base k and the

area statistics for such a path as follows:
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(0, 0)
k = 4

Figure 6: A shifted Dyck path with base k = 4, length n = 4, area = 13

Definition 2.2. A “shifted Dyck path” with base k of length n, denoted as En,k, is

a lattice path of 2n + k − 1 steps, either north or east, that starts at some point on

the anti-diagonal y = 1 − k − x, ends at (n, n) and stays above the diagonal x = y.

For such a path λ, we define area(λ) to be the number of boxes in the region confined

by the path, the diagonal y = x and the anti-diagonal y = 1 − k − x, not counting

the halfboxes at the diagonal y = x but counting the halfboxes at the anti-diagonal

y = 1− k − x.

2.2 q, t polynomials Bn,k(q, t)

Our goal would be trying to find q, t polynomials Bn,k(q, t) for the shifted paths with

base k, where Bn,1(q, t) = Bn(q, t).

We will try to find a candidate description of Bn,k(q, t) as a positive linear com-

bination of sl2-strings, based on the following two assumptions on the specialization

Bn,k(1, t) and Bn,k(q, 1/q):

Assumption 2.3.

qn(n+k−1)Bn,k(q, 1/q) =

[
2n+ k − 1

n

]
q2
. (2.1)
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Assumption 2.4.

Bn,k(1, t) =
∑
π∈εn,k

tarea. (2.2)

Remark 2.5. Suppose we want a positive linear combination of sl2-strings:

Bn,k(q, t) =
∑
i

(qt)mi [li]q,t.

Note that

(q · 1/q)m[l]q,1/q = [l]q,1/q

= (ql − q−l)/(q − q−1)

= q−l+1[l]q2

.

and

(1 · t)m[l]1,t = tm[l]t.

We can see that Bn,k(q, 1/q) gives which terms of li there are in the sum of (q, t)mi [li]q,t,

and Bn,k(1, t) gives us an idea of the “coefficients” (qt)mi for each [li]q,t.
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3 n = 2: B2,k(q, t) as a positive linear combination

of sl2-strings

In this section we will calculate B2,k(q, 1/q) and B2,k(1, t) according to the assumptions,

and write them as positive linear combination of sl2-strings, respectively. Then we will

give a candidate description of B3,k(q, t) as a positive linear combination of sl2-strings,

and give a candidate combinatorics description for this proposed B2,k(q, t).

3.1 Calculation of B2,k(q, 1/q)

Note that by (2.1),

q2k+2B2,k(q, 1/q) =

[
k + 3

2

]
q2
,

hence

B2,k(q, 1/q) = (
[
k+3
2

]
q2

)/(q2k+2)

= (1− (q2)k+3)(1− (q2)k+2)/((1− q2)(1− (q2)2)q2k+2).
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• When k is odd,

B2,k(q, 1/q) = q−2k−2[k + 2]q2 [(k + 3)/2]q4

= q−2k−2([2k + 3]q2 + q4[2k − 1]q2 + · · ·+ q2k[3]q2)

= q−(2k+3)+1[2k + 3]q2 + q−(2k−1)+1[2k − 1]q2 + · · ·+ q−3+1[3]q2

= [2k + 3]q,1/q + [2k − 1]q,1/q + · · ·+ [1]q,1/q.

(3.1)

• When k is even,

B2,k(q, 1/q) = q−2k−2[k + 3]q2 [(k + 2)/2]q4

= q−2k−2([2k + 3]q2 + q4[2k − 1]q2 + · · ·+ q2k+2[1]q2)

= q−(2k+3)+1[2k + 3]q2 + q−(2k−1)+1[2k − 1]q2 + · · ·+ q−1+1[1]q2

= [2k + 3]q,1/q + [2k − 1]q,1/q + · · ·+ [3]q,1/q.

(3.2)

3.2 Calculation of B2,k(1, t)

The shifted Dyck path can start from (1− k, 0), (−k, 1) or (−k − 1, 2).

(2,2)(−k−1, 2)

(−k, 1)

(1−k, 0) (0, 0)

Figure 7: n = 2
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• case 1: starting from (−k− 1, 2). Apparently, the only path here is taking every

step East. ∑
π∈E2,k, start point =(−k−1,2)

tarea = t2k+2.

• case 2: starting from (−k, 1). There are k + 1 choices to take the step North.

∑
π∈E2,k, start point =(−k,1)

tarea = tk(1 + t+ t2 + · · ·+ tk+1) = tk[k + 2]t.

• case 3: starting from (1− k, 2). There are k choices to take the first step North,

and then the situation reduces to one in case 2.

∑
π∈E2,k, start point =(1−k,0)

tarea = tk−1[k + 1]t + tk−2[k]t + · · ·+ t0[2]t.
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From the area statistics, we can conclude that

B2,k(1, t) =
∑

π∈E2,k t
area

= t2k+2 + tk[k + 2]t + tk−1[k + 1]t + tk−2[k]t + · · ·+ t0[2]t

= t2k+2 + tk[k + 2]t + (tk−1 + tk[k]t) + (tk−2 + tk−1[k − 1]t)

+ · · ·+ (t0 + t1[1]t).

= [2k + 3]t + t(tk−1[k]t + tk−2[k − 1]t + · · · t0[1]t)

= [2k + 3]t + t[2k − 1]t + t3(tk−3[k − 2]t + · · · t0[1]t)

=


[2k + 3]t + t[2k − 1]t + t3[2k − 5]t · · ·+ tk[1]t 2 - k

[2k + 3]t + t[2k − 1]t + t3[2k − 5]t · · ·+ tk−1[3]t 2 | k.

3.3 A candidate description of B2,k(q, t) as a positive linear

combination of sl2-strings

By the results of B2,k(1, t) and Bq,1/q, there is a unique way of writing N2,k(q, t) as a

sum of sl2-strings:

B2,k(q, t) =



[2k + 3]q,t +(qt)[2k − 1]q,t + (qt)3[2k − 5]q,t

+(qt)5[2k − 9]q,t + · · ·+ (qt)k[1]q,t 2 - k

[2k + 3]q,t +(qt)[2k − 1]q,t + (qt)3[2k − 5]q,t

+(qt)5[2k − 9]q,t + · · ·+ (qt)k−1[3]q,t 2 | k.
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tk[k + 2]t tk−1[k + 1]t tk−2[k]t · · · · · · t1[3]t t0[2]t
t2k+2 1 0 0 · · · 0 0

t2k+1 1 0 0 · · · 0 0

t2k 1 0 0 · · · 0 0

t2k − 1 1 1 0 · · · 0 0

t2k − 2 1 1 0 · · · 0 0

t2k − 3 1 1 1 · · · 0 0
...

...
...

...
. . .

...
...

tk 1 1 1 · · · 0 0

tk−1 0 1 1 · · · 0 0

tk−2 0 0 1 · · · 0 0
...

...
...

...
. . .

...
...

t3 0 0 0 · · · 1 0

t2 0 0 0 · · · 1 0

t1 0 0 0 · · · 1 1

t0 0 0 0 · · · 0 1

3.4 A candidate combinatorics description for this proposed

B2,k(q, t)

To try to give a pure combinatorics description to this B2,k(q, t), we want to decide

the power of each qstat1tstat2 of each shifted Dyck path with base k = 4 in a reasonable

way.

Suppose we want the second power to be the area statistic. We consider each

group of paths in the cases stated in the calculation of B2,k(1, t).

As shown in the chart above, it is natural to see that when you add up all 1-terms

in the first column, and then travel diagonally taking the last item in every next

columns till the last column (which are those marked red), we will get [2k + 3]t.

Visually, we call that the “first layer” since those are the terms in the left and
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bottom most in the chart. Similarly, we get the“second layer” as the terms marked

blue. Those terms add up to t[2k − 1]t. Continue this grouping process until we hit

the inner-most layer.

In comparison to the candidate B2,k(q, t), we let any path corresponding to the

term ti in the first layer [2k + 3]t to be the corresponding term in [2k + 3]q,t, which is

q2k+2−iti.

Similarly, we let any path corresponding to the term t2j−3ti in the j-th layer t2j−3[2k−

(4j − 7)]t to be the corresponding term in (qt)2j−3[2k − (4j − 7)]q,t, which is

(qt)2j−3tiq2k−(4j−7)−1−i = q2k−2j−i+3t2j+i−3.

Note that (2k + 2− i) + i = i and (2k − 2j − i+ 3) + (2j + i− 3) = 2k, we have


q2k+2−areatarea path in “first layer”

q2k−areatarea otherwise.

An example for k = 4 is as follows:

Now we use the language of the shifted Dyck path to describe those paths ”in

the first layer”. Those in the first column are the paths in case 1 and case 2, which

are those starting from (−k− 1, 2) and (−k, 1), and the last element of each following

columns are those with the last two steps NE. (i.e. those paths that pass through



25

t4[6]t t3[5]t t2[4]t t1[3]t t0[2]t
t10 t10

t9 qt9

t8 q2t8

t7 q3t7 (qt)t6 = qt7

t6 q4t6 (qt)qt5 = q2t6

t5 q5t5 (qt)q2t4 = q3t5 (qt)3t2 = q3t5

t4 q6t4 (qt)q3t3 = q4t4 (qt)3qt = q4t4

t3 q7t3 (qt)q4t2 = q5t3 (qt)3q2 = q5t3

t2 q8t2 (qt)q5t = q6t2

t q9t (qt)q6 = q7t

t0 q10

(1, 1).) Hence


q2k+2−areatarea path passes through (−k − 1, 2), (−k, 1) or (1, 1)

q2k−areatarea otherwise.

The example of n = 4 is shown in the Appendices.
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4 n = 3: B3,k(q, t) as a positive linear combination

of sl2-strings

In this section we will state and prove the recurrence relation of B3,k(q, 1/q) and

B3,k(1, t) written as a positive linear combination of sl2-strings according to the as-

sumptions, respectively. Before each formal proof, we will give an example with a

small k to help understanding. Finally, at the end of this section, we will give a

candidate description of B3,k(q, t) as a positive linear combination of sl2-strings.

4.1 Recurrence relation of B3,k(q, 1/q)

Note that by (2.1),

q3k+6B3,k(q, 1/q) =

[
k + 5

3

]
q2
,

Hence

B3,k(q, 1/q) = (
[
k+5
3

]
q2

)/(q3k+6)

= (1− (q2)k+5)(1− (q2)k+4)(1− (q2)k+3)/((1− q2)(1− (q2)2)(1− (q2)3)q3k+6).

We now simplify this formula and write it as a sum of sl2-strings. The main result of

this part is the recurrence relation stated as follows:

Theorem 4.1. B3,k(q, 1/q) follows the following recursive form:

(1)

B3,1(q, 1/q) = [10]q,1/q + [6]q,1/q + [4]q,1/q.
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(2) Suppose B3,k =
∑

i[xi]q,1/q, then

B3,k+1(q, 1/q) =
∑
i

[xi + 3]q,1/q +R3,k+1(q, 1/q),

where R3,k+1 is additional terms for k ≥ 1 as follows:

R3,k+1(q, 1/q) =



[1]q,1/q + [5]q,1/q + · · ·+ [k + 3]q,1/q k ≡ 2 mod 4

[6]q,1/q + [10]q,1/q + · · ·+ [k + 3]q,1/q k ≡ 3 mod 4

[3]q,1/q + [7]q,1/q + · · ·+ [k + 3]q,1/q k ≡ 0 mod 4

[4]q,1/q + [8]q,1/q + · · ·+ [k + 3]q,1/q k ≡ 1 mod 4

We will prove the theorem by induction. We will give an example for k = 4 to

help understand the frame of the proof, and the formal proof will be included in the

Appendices.

Example 4.2. Suppose we have that the relation holds for k = 1 through k = 3, which

gives

B3,1(q, 1/q) = [10]q,1/q + [6]q,1/q + [4]q,1/q,

B3,2(q, 1/q) = [13]q,1/q + [9]q,1/q + [7]q,1/q + [5]q,1/q + [1]q,1/q,

B3,3(q, 1/q) = [16]q,1/q + [12]q,1/q + [10]q,1/q + [8]q,1/q + [4]q,1/q + [6]q,1/q.
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Now we want to prove that the relation holds for k = 4, i.e.

B3,4(q, 1/q) = [19]q,1/q + [15]q,1/q + [13]q,1/q + [11]q,1/q + [9]q,1/q + [7]q,1/q + [7]q,1/q + [3]q,1/q.

(4.1)

As a notation, we let the right hand side of (4.1) be B′3,4(q, 1/q).

Note that we have

B3,k(q, 1/q) = (1−(q2)k+5)(1−(q2)k+4)(1−(q2)k+3)
(1−q2)(1−(q2)2)(1−(q2)3)q3k+6

= (1−((1/q)2)k+5)(1−((1/q)2)k+4)(1−((1/q)2)k+3)
(1−(1/q)2)(1−((1/q)2)2)(1−((1/q)2)3)(1/q)3k+6 ,

which means that both B3,4(q, 1/q) and B′3,4(q, 1/q) have the same coefficients for qm

and (1/q)m for any m ∈ N∗. Hence we only need to prove that B3,4(q, 1/q)−B′3,4(q, 1/q)

has coefficient 0 for any qm, m ∈ N∗, which is equivalent to

(q18)B3,4(q, 1/q)− q18B′3,4(q, 1/q) ≡ 0 mod q18.

Below we list every term of q18B′3,4(q, 1/q).

Also note that according to assumption, q15B3,3(q, 1/q) is as follows: As shown in

the blue part of the graph above,

q15[m]q,1/q ≡ q18[m+ 3]q,1/q mod q18
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q18[19]q, 1
q

q18[15]q, 1
q

q18[13]q, 1
q

q18[11]q, 1
q

q18[9]q, 1
q

q18[7]q, 1
q

q18[7]q, 1
q

q18[3]q, 1
q

1 1

q2 1

q4 1 1

q6 1 1 1

q8 1 1 1 1

q10 1 1 1 1 1

q12 1 1 1 1 1 1 1

q14 1 1 1 1 1 1 1

q16 1 1 1 1 1 1 1 1

q18 1 1 1 1 1 1 1 1

q20 1 1 1 1 1 1 1 1

q22 1 1 1 1 1 1 1

q24 1 1 1 1 1 1 1

q26 1 1 1 1 1

q28 1 1 1 1

q30 1 1 1

q32 1 1

q34 1

q36 1

q15[16]q, 1
q

q15[12]q, 1
q

q15[10]q, 1
q

q15[8]q, 1
q

q15[6]q, 1
q

q15[4]q, 1
q

1 1

q2 1

q4 1 1

q6 1 1 1

q8 1 1 1 1

q10 1 1 1 1 1

q12 1 1 1 1 1 1

q14 1 1 1 1 1 1

q16 1 1 1 1 1 1

q18 1 1 1 1 1 1

q20 1 1 1 1 1

q22 1 1 1 1

q24 1 1 1

q26 1 1

q28 1

q30 1
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for m = 16, 12, 10, 8, 6, 4. Hence we only need to prove that

q18B3,4(q, 1/q) ≡ q15B3,3(q, 1/q) + q18R3,4(q, 1/q) (4.2)

= q15B3,3(q, 1/q) + q18[7]q,1/q + q18[3]q,1/q mod q18. (4.3)

Note that

q18B3,4(q, 1/q) =
(1− q18)(1− q16)(1− q14)

(1− q2)(1− q4)(1− q6)
,

q15B3,3(q, 1/q) =
(1− q16)(1− q14)(1− q12)

(1− q2)(1− q4)(1− q6)
.

Hence

q18B3,4(q, 1/q)− q15B3,3(q, 1/q) = q12
(1− q16)(1− q14)
(1− q2)(1− q4)

.

From the previous calculation we know that

B2,5(q, 1/q) =
(1− q16)(1− q14)
(1− q2)(1− q4)q12

= [13]q,1/q + [9]q,1/q + [5]q,1/q + [1]q,1/q,

hence

q18B3,4(q, 1/q)− q15B3,3(q, 1/q) = q12(q12[13]q,1/q + q12[9]q,1/q + q12[5]q,1/q + q12[1]q,1/q).

Also note that

q18R3,4(q, 1/q) = q12(q6[7]q,1/q + q6[3]q,1/q),
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so we have

q18B3,4(q, 1/q)− q15B3,3(q, 1/q)−R3,4(q, 1/q)

= q12(q12[13]q,1/q + q12[9]q,1/q + q12[5]q,1/q + q12[1]q,1/q − q6[7]q,1/q − q6[3]q,1/q)

= q12(q12[13]q,1/q − q6[7]q,1/q) + q12(q12[9]q,1/q − q6[3]q,1/q) + q12(q12[5]q,1/q + q12[1]q,1/q).

Note that

q12[13]q,1/q − q6[7]q,1/q = 1 + q2 + q4 · · ·+ q24 − (1 + q2 + q4 + · · · q12) ≡ 0 mod q6,

q12[9]q,1/q − q6[3]q,1/q = q4 + q6 · · ·+ q20 − (q4 + q6 + · · · q8) ≡ 0 mod q6,

q12[5]q,1/q + q12[1]q,1/q = q8 + q10 + q12 + q16 + q18 + q12 ≡ 0 mod q6,

hence

q18B3,4(q, 1/q)− q15B3,3(q, 1/q)−R3,4(q, 1/q) ≡ 0 mod q18,

which proves (4.2).

4.2 Area statistic and B3,k(1, t)

The shifted Dyck path can start from (1− k, 0), (−k, 1), (−k − 1, 2) or (−k − 2, 3).

(0, 0)

(−k−1, 2)

(−k, 1)

(1−k, 0)

(3,3)(−k−2, 3)

Figure 8: n = 3
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• Case 1: starting from (−k−2, 3). Apparently, the only path here is taking every

step East. ∑
π∈E3,k,

start point =(−k−2,3)

tarea = t3k+6.

• Case 2: starting from (−k, 1). There are k + 1 choices to take the step North.

∑
π∈E3,k,

start point =(−k−1,2)

tarea = t2k+2(1 + t+ t2 + · · ·+ tk+3) = t2k+2[k + 4]t.

• Case 3 starting from (k, 1). There are k+ 1 choices to take the first step North,

and then the situation reduces to one in case 2.

∑
π∈E3,k,

start point =(−k,1)

tarea = t2k+1[k + 3]t + t2k[k + 2]t + · · ·+ tk[2]t.

• Case 4 starting from (1− k, 0). There are k choices to take the first step North,

and then the situation reduces to one in case 3.

∑
π∈E3,k,

start point =(1−k,0)
tarea = tk−1(tk[k + 2]t + tk−1[k + 1]t + · · ·+ t0[2]t)

+tk−2(tk−1[k + 1]t + tk−2[k]t + · · ·+ t0[2]t)

+ · · ·+ t0(t1[3]t + t0[2]t)

= t2k−1[k + 2]t + t2k−3[2]t[k + 1]t + t2k−5[3]t[k]t

+ · · ·+ t1[k]t[3]t + t0[k]t[2]t.
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Hence by adding them up together we have

B3,k(1, t) =
∑

π∈E3,k t
area

= t2k+2[k + 5]t + t2k+1[k + 3]t + t2k−1[2]t[k + 2]t + t2k−3[3]t[k + 1]t

+t2k−5[4]t[k]t + · · ·+ t1[k + 1]t[3]t + t0[k + 1]t[2]t

= t2k+2[k + 5]t + (
∑k+1

i=1 t
2k+3−2i[i]t[k + 4− i]t) + t0[k + 1]t[2]t.

4.3 Recurrence relation of B3,k(1, t)

We now simplify this formula and write it as a sum of sl2-strings. The main result of

this part is the recurrence relation stated and proved as follows:

Theorem 4.3. B3,k(1, t) follows the following recursive form:

(1) B3,1(1, t)

B3,1(1, t) = [10]t + t[6]t + t[4]t.

(2) Suppose B3,k(1, t) =
∑

i t
mi [xi]t, then

B3,k+1(1, t) =
∑
i

tmj [xi + 3]t +R3,k+1(1, t),
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where R3,k is additional terms for k ≥ 2 as follows:

R3,k(1, t) =



tk[k + 3]t + tk+1[k − 1]t +tk+3[k − 5]t

+ · · ·+ t
3k−4

2 [5]t + t
3k
2 [1]t k ≡ 2 mod 4

tk [k + 3]t + tk+1[k − 1]t +tk+3[k − 5]t

+ · · ·+ t
3k−9

2 [10]t + t
3k−5

2 [6]t k ≡ 3 mod 4

tk [k + 3]t + tk+1[k − 1]t +tk+3[k − 5]t

+ · · ·+ t
3k−6

2 [7]t + t
3k−2

2 [3]t k ≡ 0 mod 4

tk [k + 3]t + tk+1[k − 1]t +tk+3[k − 5]t

+ · · ·+ t
3k−7

2 [8]t + t
3k−3

2 [4]t k ≡ 1 mod 4

We will prove the theorem by induction. Again, we will first give an example for

k = 6 to help understand the frame of the proof, and the formal proof will be included

in the Appendices.

Example 4.4. As a notation, we let B′3,k(1, t) be the right hand side of the recursive
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form. Then

B′3,1(1, t) = B3,1(1, t) = [10]t + t[6]t + t[4]t,

B′3,2(1, t) = [13]t + t[9]t + t[7]t + t2[5]t + t3[1]t,

B′3,3(1, t) = [16]t + t[12]t + t[10]t + t2[8]t + t3[4]t + t3[6]t,

B′3,4(1, t) = [19]t + t[15]t + t[13]t + t2[11]t + t3[9]t + t3[7]t + t4[7]t + t5[3],

B′3,5(1, t) = [22]t + t[18]t + t[16]t + t2[14]t + t3[12]t + t3[10]t + t4[10]t

+t5[6]t + t5[8]t + t6[4]t,

B′3,6(1, t) = [25]t + t[21]t + t[19]t + t2[17]t + t3[15]t + t3[13]t + t4[13]t

+t5[9]t + t5[11]t + t6[7]t + t6[9]t + t7[5]t + t9[1]t.

(4.4)

Now we prove B3,6(1, t) = B′3,6(1, t) by induction. Suppose that B3,k(1, t) = B′3,k(1, t)

for k = 1, 2, 3, 4, 5. Now

B′3,6(1, t)−B′3,5(1, t) = (1 + t+ t2)(t22 + t · t18 + t · t16 + t2 · t14 + t3 · t12 + t3 · t10

+t4 · t10 + t5 · t6 + t5 · t8 + t4 · t4) + t6[9]t + t7[5]t + t9[1]t,

B′3,5(1, t)−B′3,4(1, t) = (1 + t+ t2)(t19 + t · t15 + t · t13 + t2 · t11 + t3 · t9 + t3 · t7

+t4 · t7 + t5 · t3) + t5[8]t + t6[4]t

= (1 + t+ t2)(t19 + t · t15 + t · t13 + t2 · t11 + t3 · t9 + t3 · t7

+t4 · t7 + t5 · t3 + t5 · t5 + t4 · t1) + t5[5]t + t6[1]t,
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hence

B′3,6(1, t)−B′3,5(1, t)− t3(B′3,5(1, t)−B′3,4(1, t))

= t6[9]t + t7[5]t + t9[1]t − t3(t5[5]t + t6[1]t)

= (t6[9]t − t8[5]t) + (t7[5]t − t6[1]t) + t9[1]t

= t6 + t7 + t13 + t14 + t7 + t8 + t10 + t11 + t9

= t6[9]t + t7 − t12.

(4.5)

On the other hand, we have

B3,4(1, t) = t10[9]t + t9[7]t + t7[2]t[6]t + t5[3]t[5]t + t3[4]t[4]t + t[5]t[3]t

+[5]t[2]t,

B3,5(1, t) = t12[10]t + t11[8]t + t9[2]t[7]t + t7[3]t[6]t + t5[4]t[5]t + t3[5]t[4]t

+t[6]t[3]t + [6]t[2]t,

B3,6(1, t) = t14[11]t + t13[9]t + t11[2]t[8]t + t9[3]t[7]t + t7[4]t[6]t + t5[5]t[5]t

+t3[6]t[4]t + t[7]t[3]t + [7]t[2]t.

Then

B3,6(1, t)−B3,5(1, t) = t12(t12 + t11 + t10 − t− 1) + t11(t10 + t9 + t8 − t− 1)

+t9[2]t(t
9 + t8 + t7 − t− 1) + · · ·+ t3[5]t(t

6 + t5 + t4 − t− 1)

+t[6]t(t
5 + t4 + t3 − t− 1) + t[7]t[3]t + t6(1 + t).
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B3,5(1, t)−B3,4(1, t) = t10(t11 + t10 + t9 − t− 1) + t9(t9 + t8 + t7 − t− 1)

+t7[2]t(t
8 + t6 + t5 − t− 1) + · · ·+ t[5]t(t

5 + t4 + t3 − t− 1)

+t[6]t[3]t + t5(1 + t).

Hence

B3,6(1, t)−B3,5(1, t)− t3(B3,5(1, t)−B3,4(1, t))

= (t2 − 1)(t12 + t11 + t9[2]t + · · ·+ t3[5]t) + t[6]t(t
5 + t4 + t3 − t− 1)

−(t9 + t8 − t3 − t2 − t)[3]t − (t8 − t6)(1 + t)

= (1 + t)(t11(t2 − 1) + t9(t2 − 1) + t7(t3 − 1) + t5(t4 − 1) + t3(t5 − 1))

+(t4 + 2t5 + 3t6 + 3t7 + 3t8 + 3t9 + 2t10 + t11 − t− 2t2 − 2t3 − 2t4 − 2t5 − 2t6 − t7)

+(t+ 2t2 + 3t3 + 2t4 + t5 − t8 − 2t9 − 2t10 − t11) + (t6 + t7 − t8 − t9)

= (t14 + t13 + t11 + t10 + t9 − t7 − t6 − t5 − t4 − t3) + (t4 + t5 + 2t6 + 3t7 + t8 + t3)

= t14 + t13 + t11 + t10 + t9 + t8 + 2t7 + t6

= t6[9]t + t7 − t12.

Comparing with (4.5) we have

B3,6(1, t)−B3,5(1, t)− t3(B3,5(1, t)−B3,4(1, t))

= B′3,6(1, t)−B′3,5(1, t)− t3(B′3,5(1, t)−B′3,4(1, t)).

Note that B3,k(1, t) = B′3,k(1, t) for k = 4 and 5, so we can conclude that

B3,6(1, t) = B′3,6(1, t).
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4.4 A candidate description of B3,k(q, t) as a positive linear

combination of sl2-strings

By the conjectures above, we can give a candidate description of B3,k(q, t) as a sum

of sl2-strings as follows:

Theorem 4.5. B3,k(q, t) follows the following recursive form:

(1)

B3,1(q, t) = [10]q,t + (qt)[6]q,t + (qt)[4]q,t.

(2) Suppose B3,k(q, t) =
∑

i(qt)
mi [xi]q,t, then

B3,k+1(q, t) =
∑
i

(qt)mi [xi + 3]q,t +R3,k+1(q, t),

where R3,k is a sum of additional terms for k ≥ 2 given as follows:

R3,k(q, t) =



(qt)k[k + 3]q,t + (qt)k+1[k − 1]q,t +(qt)k+3[k − 5]q,t

+ · · ·+ (qt)
3k
2 [1]q,t k ≡ 2 mod 4

(qt)k[k + 3]q,t + (qt)k+1[k − 1]q,t +(qt)k+3[k − 5]q,t

+ · · ·+ (qt)
3k−5

2 [6]q,t k ≡ 3 mod 4

(qt)k[k + 3]q,t + (qt)k+1[k − 1]q,t +(qt)k+3[k − 5]q,t

+ · · ·+ (qt)
3k−2

2 [3]q,t k ≡ 0 mod 4

(qt)k[k + 3]q,t + (qt)k+1[k − 1]q,t +(qt)k+3[k − 5]q,t

+ · · ·+ (qt)
3k−3

2 [4]q,t k ≡ 1 mod 4
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5 Writing Bn,k(q, 1/q) as a sum of sl2-strings for all

n, k

In this section we will derive a recurrence relation for Bn,k(q, 1/q) as a sum of sl2-

strings for all n, k.

5.1 Recurrence relation

Recall the given assumption (2.1)

qn(n+k−1)Bn,k(q, 1/q) =

[
2n+ k − 1

n

]
q2
. (5.1)

Note that by [1] Theorem 3.4, we have

[
n+ 1 +m

n+ 1

]
q

=

m∑
j=0

qj
[
n+ j

n

]
q

, for m,n ≥ 0. (5.2)

Now we define a new notation in this section:

Definition 5.1. Define the rational function

Fn,m(p) =

[
m+ n

n

]
p

p−nm/2.

Under this notation we have Bn,k(q, 1/q) = Fn,n+k−1(q
2).
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Using (5.2), we have

Fn,m(q2) =
[
m+n
n

]
q2
q−nm

=
∑m

j=0 q
2j
[
j+n−1
n−1

]
q2
q−nm

=
∑m

j=0

[
j+n−1
n−1

]
q2
q−(n−1)j · q−nm+(n+1)j

=
∑m

j=0 q
−nm+(n+1)jFn−1,j(q

2).

Then by

Fn,m−1(q
2) =

m−1∑
j=0

q−n(m−1)+(n+1)jFn−1,j(q
2),

we have the following recurrence relation:

Theorem 5.2.

F0,m(q2) = Fn,0(q
2) = 1,

Fn,m(q2) = q−nFn,m−1(q
2) + qmFn−1,m(q2) ∀n,m ≥ 1.

5.2 Recurrence relation as a sum of sl2-strings.

Now we try to write Fn,m(q2) as a sum of sl2-strings. We will first state the recurrence

relation, and then give a sketch of the proof of the relation.

Theorem 5.3. Fn,m(q2) follows the following recursive form:

(1)

F0,m(q2) = Fn,0(q
2) = [1]q,1/q, ∀n,m ≥ 0.
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(2) Suppose that

Fn,m−1(q
2) =

∑
i,xi<n

[xi]q,1/q +
∑
i,xi≥n

[xj ]q,1/q

and

Fn−1,m(q2) =
∑

j,yj≤m
[yj ]q,1/q +

∑
j,yj>m

[yj ]q,1/q,

then

Fn,m(q2) = A+B − C,

where

A =
∑
i,xi<n

[xi + n]q,1/q +
∑
i,xi≥n

[xi + n]q,1/q,

B =
∑

j,yj>m

[yj −m]q,1/q,

and

C =
∑
i,xi<n

[n− xi]q,1/q.

It is easy to check that the case of k = 2 ((3.1) and (3.1)) and k = 3 (Theorem

4.1) are special cases of Theorem 5.3.

Here are a few examples according to the theorem:
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Example 5.4.

F0,m(q2) = Fn,0(q
2) = [1]q,1/q,

F1,m(q2) = [m+ 1]q,1/q,

F2,1(q
2) = [1 + 2]q,1/q + [2− 1]q,1/q − [2− 1]q,1/q = [3]q,1/q,

F2,2(q
2) = [3 + 2]q,1/q + [3− 2]q,1/q = [5]q,1/q + [1]q,1/q,

F2,3(q
2) = [5 + 2]q,1/q + [1 + 2]q,1/q + [4− 3]q,1/q − [2− 1]q,1/q = [7]q,1/q + [3]q,1/q,

F3,1(q
2) = [1 + 3]q,1/q + [3− 1]q,1/q − [3− 1]q,1/q = [4]q,1/q,

F3,2(q
2) = [4 + 3]q,1/q + [5− 2]q,1/q = [7]q,1/q + [3]q,1/q,

F3,3(q
2) = [7 + 3]q,1/q + [3 + 3]q,1/q + [7− 3]q,1/q = [10]q,1/q + [6]q,1/q + [4]q,1/q,

F4,1(q
2) = [1 + 4]q,1/q + [4− 1]q,1/q − [4− 1]q,1/q = [5]q,1/q,

F4,2(q
2) = [5 + 4]q,1/q + [7− 2]q,1/q + [3− 2]q,1/q = [9]q,1/q + [5]q,1/q + [1]q,1/q,

F4,3(q
2) = [9 + 4]q,1/q + [5 + 4]q,1/q + [1 + 4]q,1/q + [10− 3]q,1/q + [6− 3]q,1/q + [4− 3]q,1/q

−[4− 1]q,1/q = [13]q,1/q + [9]q,1/q + [7]q,1/q + [5]q,1/q + [1]q,1/q.

Now we give the sketch of the proof of Theorem 5.3.

Proof. (Sketch)

Similar to the proof of Theorem 4.1, we Let F ′n,m(q2) be the rational function of q

defined by the initial values and recurrence relation of Theorem 5.3, and try to prove

that F ′n,m(q2) = Fn,m(q2) for all n,m ≥ 0. Note that since both F ′n,m(q2) and Fn,m(q2)

can be written as a sum of sl2-strings (and hence so can Fn,m(q2) − F ′n,m(q2)), it is

sufficient to prove that Fn,m(q2)− F ′n,m(q2) is a polynomial with constant term 0.
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We prove this by induction. It is easy to show that F0,m(q2)−F ′0,m(q2) = 0, Fn,0(q2)−

F ′n,0(q
2) = 0. Now we suppose that we have Fa,b(q2) = F ′a,b(q

2) for all a + b < m + n,

and our goal is to prove that Fn,m(q2)− F ′n,m(q2) is a polynomial with constant term

0.

Let X = Fn,m−1(q
2), Y = Fn−1,m(q2), and A,B,C be as defined in Theorem 4.1.

Then Fn,m(q2) = q−nX + qmY , Fn−1,m(q2) = A+B − C.

(1) We first prove that (q−nX + C)−A is a polynomial with constant term 0.

As a notation, let

X =
∑
i,xi<n

[xi]q,1/q +
∑
i,xi≥n

[xj ]q,1/q = X1 +X2,

A =
∑
i,xi<n

[xi + n]q,1/q +
∑
i,xi≥n

[xi + n]q,1/q = A1 +A2.

(1a) Consider each sl2−string [xi] in X2 =
∑

i,xi≥n[xi]q,1/q. In this case we can prove

that q−n[xi]q,1/q − [xi + n]q,1/q is a polynomial with constant term 0. Hence

q−nX2 −A2 (5.3)

is a polynomial with constant term 0.

(1b) For the sl2−string [xi] in X1 =
∑

i,xi<n
[xi]q,1/q, q

−n[xi]q,1/q has only the terms

of [xi + n]q,1/q for ql of all l ≤ −(n− xi), while [n− xi]q,1/q has the terms of [xi + n]q,1/q

or ql of all −(n − xi) < l ≤ 0. This give q−n[xi]q,1/q + [n − xi]q,1/q − [xi + n]q,1/q is a
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polynomial with constant term 0. Hence

q−nX1 + C −A1 (5.4)

is a polynomial with constant term 0. By (5.3) + (5.4) we have (q−nX + C)− A is a

polynomial with constant term 0.

(2) Next we prove that qmY −B is a polynomial with constant term 0.

Let

Y =
∑

j,yj≤m
[yj ]q,1/q +

∑
j,yj>m

[yj ]q,1/q = Y1 + Y2.

(2a) For each sl2-string [yj ]q,1/q in Y1 =
∑

j,yj≤m[yj ]q,1/q, q
m[yj ]q,1/q itself is a polynomial

with constant term 0. Hence

qmY1 (5.5)

is a polynomial with constant term 0.

(2b) For each sl2-string [yj ]q,1/q in Y2 =
∑

j,yj>m
[yj ]q,1/q, q

m[yj ]q,1/q − [yj −m]q,1/q is

a polynomial with constant term 0. Hence

qmY2 −B (5.6)

is a polynomial with constant term 0. By (5.5) + (5.6) we have qmY −B is a polynomial

with constant term 0.
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Now by (1) and (2), we have

q−nX + C −A+ qmY −B = Fn,m(q2)− F ′n,m(q2)

is a polynomial with constant term 0, and the proof is completed.
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6 Breaking down the area statistic

6.1 A recurrence relation involving Cn(q, t)

For the second assumption

Bn,k(q, t) =
∑
π∈En,k

tarea(π),

we want to find a way to calculate the area statistic and rewrite as a sum of sl2-

strings. There are different ways to break down the problem. Base on the result of

the recursive form of B3, k(1, t) and Bn,k(q, 1/q) in Section 5 and 6, one possible way

is to break down the problem as following.

Lets look at an example of E4,6 first:

Example 6.1. We write the area statistic as the sum of the following:

(1) Set of paths X: path never touches the diagonal y = x except at the endpoint

(4, 4). Then the path is in the following region (Figure 9, wide line), which gives that

∑
π∈X

tarea = t4
∑
π∈E4,5

tarea(π) = t4B4,5(1, t).

(2) Set of paths Ym(m = 0, 1, 2, 3) passing through (m,m) but not (a, a) for any

m < a < k. For example, Y1 is in the following region (Figure 10). As shown in the
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Figure 9: Path never touch y = x except the endpoint.

Figure 10: Path last touching diagonal at (1, 1).

graph, we can conclude that

∑
π∈Yi

tarea(π) = t4−1−i(
∑
π∈Ei,6

tarea(π))(
∑

π∈D4−2−i

tarea(π)) = t4−1−iBi,6(1, t)C4−2−i(1, t).

Adding (1) and (2), we have

B4,6(1, t) = t4B4,5(1, t) + t3C2(1, t) + t2B1,6(1, t)C1(1, t) + tB2,6(1, t) +B3,6(1, t).

Generally, we can conclude the following:

Theorem 6.2. for any n,≥ 2, k ≥ 1,

Bn,k(1, t) = tnBn,k−1(1, t) +

n−1∑
i=0

tn−i−1Bi,k(1, t)Cn−2−i(1, t),

where Cn(q, t) is the Type A analog of the q, t-Catalan numbers. Especially, we define

C−1(1, t) = C0(1, t) = 1 and B0,k(1, t) = 1, Bn,0(1, t) = Bn−1,2(1, t).
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6.2 Future work

It is still unknown on how to write the relation in the form of sl2-strings. For n = 2, 3,

as shown in the previous sections, the power m in the sl2-strings (qt)m[X]q,t preserves

the A part of the recurrence relation in Theorem 5.3, which leads to the (1) part

breaking down in this section, and further suggests that the “inheritance path” should

have the same second statistics as the “parent path”. However, this may not hold for

larger n.

Also note that for Bn,k(q, 1/q), the way of writing it as a sum of sl2-strings is

unique. But for large n and k, there may be multiple ways to write Bn,k(1, t) as a

sum of sl2-strings. Hopefully, we may later find a consistent form of the recurrence

relation and would be able to find the second statistics from the correspondence in

the proof of the relation.

Some more results for of higher n are listed in the Appendices.
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A Example of combinatorics description of B2,4(q, t)

Example A.1. For n = 2, k = 4, the count of each path is shown as follows:

t10 qt9 q2t8

q3t7 q4t6 q5t5

q6t4

qt7 q2t6 q3t5

q4t4 q7t3

B Formal proofs of the recurrence relation of n = 3

B.1 Formal proof of the recurrence relation of B3,k(q, 1/q)

Proof. Prove by induction.
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q3t5 q4t4 q5t3

q8t2

q5t3 q6t2 q9t

q7t q10

(1) First, prove the relation holds for k = 1.

B3,1(q, 1/q) = (1−q12)(1−q10)(1−q8)
(1−q2)(1−q4)(1−q6)q9

= q9 + q7 + 2q5 + 3q3 + 3q + 3q−1 + 3q−3 + 2q−5 + q−7 + q−9

= [10]q,1/q + [6]q,1/q + [4]q,1/q.

(2) Suppose that the relation holds for k < j. Now we prove that it also hold for

k = j (j ≥ 2).

Suppose B3,j−1 =
∑

i[xi]q,1/q. As a notation, we let

B′3,j(q, 1/q) =
∑
i

[xi + 3]q,1/q +R3,j(q, 1/q).
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Note that B′3,j(q, 1/q) is a sum of sl2-strings, and that we have

B3,k(q, 1/q) = (1−(q2)k+5)(1−(q2)k+4)(1−(q2)k+3)
(1−q2)(1−(q2)2)(1−(q2)3)q3k+6

= (1−((1/q)2)k+5)(1−((1/q)2)k+4)(1−((1/q)2)k+3)
(1−(1/q)2)(1−((1/q)2)2)(1−((1/q)2)3)(1/q)3k+6 ,

which gives that both B3,j(q, 1/q) and B′3,j(q, 1/q) has the same coefficients for qm and

(1/q)m for any m ∈ N∗. Hence we only need to prove that B3,j(q, 1/q)−B′3,j(q, 1/q) has

coefficient 0 for any qm, m ∈ N∗, which is equivalent to

(q3j+6)B3,j(q, 1/q) ≡ q3j+6B′3,j(q, 1/q) mod q3j+6.

Now we consider B3,j−1(q, 1/q).

Case (a) j ≡ 0, 1, 2 mod 4

Recall

q3j+3B3,j−1(q, 1/q) =
∑
i

q3j+3[xi]q,1/q

and

B′3,j(q, 1/q) =
∑
i

[xi + 3]q,1/q +R3,j(q, 1/q).

Comparing

q3j+3[xi]q,1/q = q3j+4−xi + q3j+6−xi + · · ·+ q3j+xi + q3j+2+xi



52

and

q3j+6[xi + 3]q,1/q = q3j+4−xi + q3j+6−xi + · · ·+ q3j+6+xi + q3j+8+xi ,

we have

q3j+6[xi + 3]q,1/q − q3j+3[xi]q,1/q = q3j+4+xi + q3j+6+xi + · · ·+ q3j+6+xi + q3j+8+xi .

Note that j − 1 ≡ 1, 2, 3 mod 4, which gives all xi ≥ 3. Hence 3j + 4 + xi ≥ 3j + 6, and

q3j+6[xi + 3]q,1/q − q3j+3[xi]q,1/q ≡ 0 mod q3j+6.

Hence we only need to prove that

q3j+6B3,j(q, 1/q) ≡ q3j+3B3,j−1(q, 1/q) + q3j+6R3,j(q, 1/q) mod q3j+6. (B.1)

Note that

q3j+6B3,j(q, 1/q) = (1−q2j+10)(1−q2j+8)(1−q2j+6)
(1−q2)(1−q4)(1−q6) ,

q3j+3B3,j−1(q, 1/q) = (1−q2j+8)(1−q2j+6)(1−q2j+4)
(1−q2)(1−q4)(1−q6) ,

hence

q3j+6B3,j(q, 1/q)− q3j+3B3,j−1(q, 1/q) = q2j+4 (1− q2j+8)(1− q2j+6)

(1− q2)(1− q4)
.
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From the previous calculation we know that

B2,j+1(q, 1/q) =
(1− q2j+8)(1− q2j+6)

(1− q2)(1− q4)q2j+4
= [2j+5]q,1/q+[2j+1]q,1/q+· · ·+[1]q,1/q(or [3]q,1/q),

hence

q3j+6B3,j(q, 1/q)−q3j+5B3,j−1(q, 1/q) = q2j+4(q2j+4[2j+5]q,1/q+· · ·+q2j+4[1]q,1/q(or [3]q,1/q).

Case (a1) j ≡ 0 mod 4

q3j+6R3,j(q, 1/q) = q2j+4(qj+2[j + 3]q,1/q + · · ·+ qj+2[3]q,1/q).

We have

q3j+6 B3,j(q, 1/q)− q3j+3B3,j(q, 1/q)−R3,j(q, 1/q)

= q2j+4 (q2j+4[2j + 5]q,1/q + q2j+4[2j + 1]q,1/q + · · ·+ q2j+4[1]q,1/q

−qj+2[j + 3]q,1/q − · · · − qj+2[3]q,1/q)

= q2j+4 (q2j+4[2j + 5]q,1/q − qj+2[j + 3]q,1/q) + q2j+4(q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q)

+ · · ·+ (q2j+4[j + 5]q,1/q − qj+2[3]q,1/q) + q2j+4(q2j+4[j + 1]q,1/q + · · ·+ q2j+4[1]q,1/q).

Note that

q2j+4[2j+5]q,1/q−qj+2[j+3]q,1/q = 1+q2+q4 · · ·+q4j+8−(1+q2+q4+· · · q2j+4) ≡ 0 mod qj+2,
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q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q = q4 + q6 · · ·+ q4j+4− (q4 + q6 + · · · q2j) ≡ 0 mod qj+2,

...

q2j+4[j + 5]q,1/q − qj+2[3]q,1/q = qj + qj+2 + · · ·+ q3j+8− (qj + qj+2 + qj+4) ≡ 0 mod qj+2.

Also note that

q2j+4[x]q,1/q ≡ 0 mod qj+2,

for any x ≤ j + 1. Hence we can conclude that

q3j+6B3,j(q, 1/q)− q3j+3B3,j−1(q, 1/q)−R3,j(q, 1/q) ≡ 0 mod q3j+6,

which proves (B.1).

Similarly, we can prove the cases (a2) and (a3).

Case (a2) j ≡ 1 mod 4

q3j+6R3,j(q, 1/q) = q2j+4(qj+2[j + 3]q,1/q + · · ·+ qj+2[4]q,1/q).
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We have

q3j+6B3,j(q, 1/q)− q3j+3B3,j(q, 1/q)−R3,j(q, 1/q)

= q2j+4(q2j+4[2j + 5]q,1/q + q2j+4[2j + 1]q,1/q + · · ·+ q2j+4[3]q,1/q

− qj+2[j + 3]q,1/q − · · · − qj+2[4]q,1/q)

= q2j+4(q2j+4[2j + 5]q,1/q − qj+2[j + 3]q,1/q) + q2j+4(q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q)

+ · · ·+ (q2j+4[j + 6]q,1/q − qj+2[4]q,1/q) + q2j+4(q2j+4[j + 2]q,1/q + · · ·+ q2j+4[3]q,1/q).

Note that

q2j+4[2j+5]q,1/q−qj+2[j+3]q,1/q = 1+q2+q4 · · ·+q4j+8−(1+q2+q4+· · · q2j+4) ≡ 0 mod qj+2,

q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q = q4 + q6 · · ·+ q4j+4− (q4 + q6 + · · · q2j) ≡ 0 mod qj+2,

...

q2j+4[j+6]q,1/q−qj+2[4]q,1/q = qj−1+qj+1+· · ·+q3j+9−(qj−1+qj+1+qj+3+qj+5) ≡ 0 mod qj+2.

Also note that

q2j+4[x]q,1/q ≡ 0 mod qj+2,

for any x ≤ j + 2. Hence we can conclude that

q3j+6B3,j(q, 1/q)− q3j+3B3,j−1(q, 1/q)−R3,j(q, 1/q) ≡ 0 mod q3j+6,
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which proves (B.1).

Case (a3) j ≡ 2 mod 4

q3j+6R3,j(q, 1/q) = q2j+4(qj+2[j + 3]q,1/q + · · ·+ qj+2[1]q,1/q).

We have

q3j+6B3,j(q, 1/q)− q3j+3B3,j(q, 1/q)−R3,j(q, 1/q)

= q2j+4(q2j+4[2j + 5]q,1/q + q2j+4[2j + 1]q,1/q + · · ·+ q2j+4[1]q,1/q

− qj+2[j + 3]q,1/q − · · · − qj+2[1]q,1/q)

= q2j+4(q2j+4[2j + 5]q,1/q − qj+2[j + 3]q,1/q) + q2j+4(q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q)

+ · · ·+ (q2j+4[j + 3]q,1/q − qj+2[1]q,1/q) + q2j+4(q2j+4[j − 1]q,1/q + · · ·+ q2j+4[1]q,1/q).

Note that

q2j+4[2j+5]q,1/q−qj+2[j+3]q,1/q = 1+q2+q4 · · ·+q4j+8−(1+q2+q4+· · · q2j+4) ≡ 0 mod qj+2,

q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q = q4 + q6 · · ·+ q4j+4− (q4 + q6 + · · · q2j) ≡ 0 mod qj+2,

...

q2j+4[j + 3]q,1/q − qj+2[1]q,1/q = qj+2 + qj+4 + · · ·+ q3j+6 − (qj+2) ≡ 0 mod qj+2.
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Also note that

q2j+4[x]q,1/q ≡ 0 mod qj+2,

for any x ≤ j − 1. Hence we can conclude that

q3j+6B3,j(q, 1/q)− q3j+3B3,j−1(q, 1/q)−R3,j(q, 1/q) ≡ 0 mod q3j+6,

which proves (B.1).

Case (b) j ≡ 3 mod 4

This case is slightly different from (a).

Comparing

q3j+3[xi]q,1/q = q3j+4−xi + q3j+6−xi + · · ·+ q3j+xi + q3j+2+xi

and

q3j+6[xi + 3]q,1/q = q3j+4−xi + q3j+6−xi + · · ·+ q3j+6+xi + q3j+8+xi ,

we have

q3j+6[xi + 3]q,1/q − q3j+3[xi]q,1/q = q3j+4+xi + q3j+6+xi + · · ·+ q3j+6+xi + q3j+8+xi .

Note that j − 1 ≡ 2 mod 4, which gives that x0 = 1 and all other xi ≥ 3.
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For those xi ≥ 3, 3j + 4 + xi ≥ 3j + 6, and

q3j+6[xi + 3]q,1/q − q3j+3[xi]q,1/q ≡ 0 mod q3j+6.

For x0 = 1,

q3j+6[4]q,1/q − q3j+3[1]q,1/q ≡ q3j+5 mod q3j+6.

Hence we need to prove that

q3j+6B3,j(q, 1/q) ≡ q3j+3B3,j−1(q, 1/q) + q3j+6(R3,j(q, 1/q) + 1/q) mod q3j+6. (B.2)

Note that [2]q,1/q = q + 1/q, By letting R′3,j(q, 1/q) = R3,j(q, 1/q) + [2]q,1/q, (B.2) is

equivalent to

q3j+6B3,j(q, 1/q) ≡ q3j+3B3,j−1(q, 1/q) + q3j+6(R′3,j(q, 1/q)) mod q3j+6. (B.3)

Now the proof is similar to case (a):

q3j+6B3,j(q, 1/q)− q3j+5B3,j−1(q, 1/q) = q2j+4(q2j+4[2j + 5]q,1/q + · · ·+ q2j+4[3]q,1/q,

q3j+6R′3,j(q, 1/q) = q2j+4(qj+2[j + 3]q,1/q + · · ·+ qj+2[6]q,1/q + qj+2[2]q,1/q).



59

We have

q3j+6B3,j(q, 1/q)− q3j+3B3,j(q, 1/q)−R′3,j(q, 1/q)

= q2j+4(q2j+4[2j + 5]q,1/q + q2j+4[2j + 1]q,1/q + · · ·+ q2j+4[3]q,1/q

− qj+2[j + 3]q,1/q − · · · − qj+2[2]q,1/q)

= q2j+4(q2j+4[2j + 5]q,1/q − qj+2[j + 3]q,1/q) + q2j+4(q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q)

+ · · ·+ (q2j+4[j + 4]q,1/q − qj+2[2]q,1/q) + q2j+4(q2j+4[j]q,1/q + · · ·+ q2j+4[3]q,1/q).

Note that

q2j+4[2j+5]q,1/q−qj+2[j+3]q,1/q = 1+q2+q4 · · ·+q4j+8−(1+q2+q4+· · · q2j+4) ≡ 0 mod qj+2,

q2j+4[2j + 1]q,1/q − qj+2[j − 1]q,1/q = q4 + q6 · · ·+ q4j+4− (q4 + q6 + · · · q2j) ≡ 0 mod qj+2,

...

q2j+4[j + 4]q,1/q − qj+2[2]q,1/q = qj+1 + qj+3 + · · ·+ q3j+7 − (qj+1 + qj+3) ≡ 0 mod qj+2.

Also note that

q2j+4[x]q,1/q ≡ 0 mod qj ,

for any x ≤ j + 2. Hence we can conclude that

q3j+6B3,j(q, 1/q)− q3j+3B3,j−1(q, 1/q)−R′3,j(q, 1/q) ≡ 0 mod q3j+6,
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which proves (B.3).

And now we’ve completed the proof.

B.2 Formal proof of the recurrence relation of B3,k(1, t)

Proof. Prove by induction.

(1) First, prove the relation holds for k = 1:

B3,1(1, t) = t4[6]t + t3[4]t + t[2]t[3]t + [2]t[2]t

= [10]t + t[6]t + t[4]t.

(2) Suppose that the relation holds for k ≤ j. Now we prove that it also hold for

k = j + 1 (j ≥ 1).

Suppose B3,k(1, t) =
∑

i∈Sk t
mk,i [xk,i]t. As a notation, we let

B′3,k+1(1, t) =
∑
i∈Sk

tmk,i [xk,i + 3]t +R3,k+1(1, t).

Now we have B3,k(1, t) = B′3,k(1, t) for all k = 1, 2, · · · , j. Our goal is to prove that

B3,j+1(1, t) = B′3,j+1(1, t).

First,

B′3,j+1(1, t)−B′3,j(1, t) = (1 + t+ t2)(
∑

i∈Sj t
mj,i [xj,i]t) +R3,j+1(1, t),

B′3,j(1, t)−B′3,j−1(1, t) = (1 + t+ t2)(
∑

i∈Sj−1
tmj−1,i [xj−1,i]t) +R3,j(1, t)

= (1 + t+ t2)(
∑

j∈Sj t
mj,i [xj,i − 3]t) + R̃3,j(1, t),
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where

R̃3,k(1, t) =



tk[k]t + tk+1[k − 4]t +tk+3[k − 8]t

+ · · ·+ t
3k−4

2 [2]t + t
3k
2 [−2]t k ≡ 2 mod 4

tk [k]t + tk+1[k − 4]t +tk+3[k − 8]t

+ · · ·+ t
3k−9

2 [7]t + t
3k−5

2 [3]t k ≡ 3 mod 4

tk [k]t + tk+1[k − 4]t +tk+3[k − 8]t

+ · · ·+ t
3k−6

2 [4]t k ≡ 0 mod 4

tk [k]t + tk+1[k − 4]t +tk+3[k − 8]t

+ · · ·+ t
3k−7

2 [5]t + t
3k−3

2 [1]t k ≡ 1 mod 4.

Hence

B′3,j+1(1, t)−B′3,j(1, t)− t3(B′3,j(1, t)−B′3,j−1(1, t)) = R3,j+1(1, t)− t3(R̃3,j(1, t)). (B.4)

Case (a): When j ≡ 2 mod 4, (B.4) will be

(tj+1[j + 4]t − t3 · tj [j]t) + (tj+2[j]t − t3 · tj+1[j − 4]t) + (tj+4[j − 4]t − t3 · tj+3[j − 8]t)

+ · · ·+ (t
3j−2

2 [6]t − t3 · t
3j−4

2 [2]t)− t3 · t
3j
2 [−2]t

= (t2j+4 + t2j+3 + tj+2 + tj+1) + (t2j+1 + t2j + tj+3 + tj+2) + (t2j−1 + t2j−2 + tj+5 + tj+4)

+ · · ·+ (t
3j
2
+4 + t

3j
2
+3 + t

3j
2 + t

3j
2
−1) + (t

3j
2
+2 + t

3j
2
+1)

= tj+1[j + 4]t − t2j+2 + tj+2.
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Similarly, we have

Case (b): When j ≡ 3 mod 4, (B.4) will be

(tj+1[j + 4]t − t3 · tj [j]t) + (tj+2[j]t − t3 · tj+1[j − 4]t) + (tj+4[j − 4]t − t3 · tj+3[j − 8]t)

+ · · ·+ (t
3j−3

2 [7]t − t3 · t
3j−5

2 [3]t) + t
3j+1

2 [3]t

= (t2j+4 + t2j+3 + tj+2 + tj+1) + (t2j+1 + t2j + tj+3 + tj+2) + (t2j−1 + t2j−2 + tj+5 + tj+4)

+ · · ·+ (t
3j+9

2 + t
3j+7

2 + t
3j−1

2 + t
3j−3

2 ) + (t
3j+5

2 + t
3j+3

2 + t
3j+1

2 )

= tj+1[j + 4]t − t2j+2 + tj+2.

Case (c): When j ≡ 0 mod 4, (B.4) will be

(tj+1[j + 4]t − t3 · tj [j]t) + (tj+2[j]t − t3 · tj+1[j − 4]t) + (tj+4[j − 4]t − t3 · tj+3[j − 8]t)

+ · · ·+ (t
3j−4

2 [8]t − t3 · t
3j−6

2 [4]t) + t
3j
2 [4]t

= (t2j+4 + t2j+3 + tj+2 + tj+1) + (t2j+1 + t2j + tj+3 + tj+2) + (t2j−1 + t2j−2 + tj+5 + tj+4)

+ · · ·+ (t
3j
2
+5 + t

3j
2
+4 + t

3j
2
−1 + t

3j
2
−2) + (t

3j
2
+3 + t

3j
2
+2 + t

3j
2
+1 + t

3j
2 )

= tj+1[j + 4]t − t2j+2 + tj+2.
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Case (d): When j ≡ 1 mod 4, (B.4) will be

(tj+1[j + 4]t − t3 · tj [j]t) + (tj+2[j]t − t3 · tj+1[j − 4]t) + (tj+4[j − 4]t − t3 · tj+3[j − 8]t)

+ · · ·+ (t
3j−1

2 [5]t − t3 · t
3j−3

2 [1]t) + t
3j+3

2 [1]t

= (t2j+4 + t2j+3 + tj+2 + tj+1) + (t2j+1 + t2j + tj+3 + tj+2) + (t2j−1 + t2j−2 + tj+5 + tj+4)

+ · · ·+ (t
3j+7

2 + t
3j+5

2 + t
3j+1

2 + t
3j−1

2 ) + (t
3j+3

2 )

= tj+1[j + 4]t − t2j+2 + tj+2.

Hence to sum up, we have

B′3,j+1(1, t)−B′3,j(1, t)− t3(B′3,j(1, t)−B′3,j−1(1, t)) = tj+1[j + 4]t − t2j+2 + tj+2. (B.5)

Now on the other hand, we have

B3,j−1(1, t) = t2j [j + 4]t + t2j−1[j + 2]t + t2j−3[2]t[j + 1]t + t2j−5[3]t[j]t

+t2j−7[4]t[j − 1]t + · · ·+ t1[j]t[3]t + t0[j]t[2]t,

B3,j(1, t) = t2j+2[j + 5]t + t2j+1[j + 3]t + t2j−1[2]t[j + 2]t + t2j−3[3]t[j + 1]t

+t2j−5[4]t[j]t + · · ·+ t1[j + 1]t[3]t + t0[j + 1]t[2]t,

B3,j+1(1, t) = t2j+4[j + 6]t + t2j+3[j + 4]t + t2j+1[2]t[j + 3]t + t2j−1[3]t[j + 2]t

+t2j−3[4]t[j + 1]t + · · ·+ t1[j + 2]t[3]t + t0[j + 2]t[2]t.
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Then

B3,j+1(1, t)−B3,j(1, t)

= t2j+2(tj+7 + tj+6 + tj+5 − t− 1) + t2j+1(tj+5 + tj+4 + tj+3 − t− 1)

+t2j−1[2]t(t
j+4 + tj+3 + tj+2 − t− 1) + · · ·+ t3[j]t(t

6 + t5 + t4 − t− 1)

+t[j + 1]t(t
5 + t4 + t3 − t− 1) + t[j + 2]t[3]t + tj+1(1 + t),

B3,j(1, t)−B3,j−1(1, t)

= t2j(tj+6 + tj+5 + tj+4 − t− 1) + t2j−1(tj+4 + tj+3 + tj+2 − t− 1)

+t2j−3[2]t(t
j+3 + tj+2 + tj+1 − t− 1) + · · ·

+t[j]t(t
5 + t4 + t3 − t− 1) + t[j + 1]t[3]t + tj(1 + t).

Hence

B3,j+1(1, t)−B3,j(1, t)− t3(B3,j(1, t)−B3,j−1(1, t))

= (t2 − 1)(t2j+2 + t2j+1 + t2j−1[2]t + · · ·+ t3[j]t) + t[j + 1]t(t
5 + t4 + t3 − t− 1)

−(tj+4 + tj+3 − t3 − t2 − t)[3]t − (tj+3 − tj+1)(1 + t)

= (1 + t)(t2j+1(t2 − 1) + t2j−1(t2 − 1) + t2j−3(t3 − 1) + · · ·+ t3(tj − 1))

−(1 + t)(t[j + 1]t) + [3]t(t
4[j + 1]t − tj+4 − tj+3 + t[3]t)− tj+4 − tj+3 + tj+2 + tj+1

= (tj+4[j + 1]t − t2j+2 − t3[j]t − (1 + t)(t[j + 1]t) + (1 + t+ t2)(t[j + 2]t)

−tj+4 − tj+3 + tj+2 + tj+1

= (tj+4[j + 1]t − t2j+2 − t3[j]t + (1 + t)(tj+2) + (t3)[j + 2]t − tj+4 − tj+3 + tj+2 + tj+1

= tj+4[j + 1]t − t2j+2 + tj+4 + tj+3 − tj+4 + 2tj+2 + tj+1

= tj+1[j + 4]t − t2j+2 + tj+2.
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Comparing with (B.5) we have

B3,j+1(1, t)−B3,j(1, t)− t3(B3,j(1, t)−B3,j−1(1, t))

= B′3,j+1(1, t)−B′3,j(1, t)− t3(B′3,j(1, t)−B′3,j−1(1, t)).

Note that B3,j(1, t) = B′3,j(1, t) and B3,j−1(1, t) = B′3,j−1(1, t), so we can conclude that

B3,j+1(1, t) = B′3,j+1(1, t).

And now we’ve completed the proof.

C Some more results on writing Bn,k(q, t) as a sum

of sl2-strings

The following conjecture in B4,k(q, t) is checked by python from k = 1 through k = 100.

Conjecture C.1. B4,k(q, t) follows the following recursive form:

We define B4,0(q, t) = B3,2(q, t). Then for k ≥ 1, suppose that

B4,k−1(q, t) =
∑
i,xi<4

(qt)αi [xi]q,t +
∑
i,xi≥4

(qt)αj [xj ]q,t

and

B3,k+1(q, t) =
∑

j,yj≤k+4−1
(qt)βj [yj ]q,t +

∑
j,yj>k+4−1

(qt)βj [yj ]q,t,
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then

B4,k(q, t) = A+B,

where

A =
∑
i,xi<n

(qt)αi [xi + 4]q,t +
∑
i,xi≥n

(qt)αi [xi + 4]q,t,

B =
∑

j,yj>k+4−1,yj 6=k+6,j 6=j0

(qt)βj+k[yj − (k + 4− 1)]q,t + (qt)βj0+k−1[1]q,t,

where j0 is the index such that βj0 is the largest among all βj of the set of j satisfying

yj = k + 4.

Following are a few examples:

Example C.2. B4,1(q, t).

Recall that

B3,2(q, t) = [13]q,t + (qt)[9]q,t + (qt)[7]q,t + (qt)2[5]q,t + (qt)3[1]q,t,

hence

A = [13 + 4]q,t + (qt)[9 + 4]q,t + (qt)[7 + 4]q,t + (qt)2[5 + 4]q,t + (qt)3[1 + 4]q,t,

B = (qt)[13− 4]q,t + (qt)1+1[9− 4]q,t + (qt)1+2+1[5− 4]q,t.

B4,1(q, t) = A+B

= [17]q,t + (qt)[13]q,t + (qt)[11]q,t + (qt)2[9]q,t + (qt)[9]q,t + (qt)3[5]q,t

+(qt)2[5]q,t + (qt)3+1[1]q,t.

(C.1)
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Example C.3. B4,2(q, t).

Recall that

B3,3(q, t) = [16]q,t + (qt)[12]q,t + (qt)[10]q,t + (qt)2[8]q,t + (qt)3[6]q,t + (qt)3[4]q,t,

hence

A = [17 + 4]q,t + (qt)[13 + 4]q,t + (qt)[11 + 4]q,t + (qt)2[9 + 4]q,t + (qt)[9 + 4]q,t

+(qt)3[5 + 4]q,t + (qt)2[5 + 4]q,t + (qt)4[1 + 4]q,t.

B = (qt)2[16− 5]q,t + (qt)2+1[12− 5]q,t + (qt)2+1[10− 5]q,t + (qt)2+3+1[6− 5]q,t.

B4,2(q, t) = A+B

= [21]q,t + (qt)[17]q,t + (qt)[15]q,t + (qt)2[13]q,t + (qt)[13]q,t + (qt)3[9]q,t

+(qt)2[9]q,t + (qt)4[5]q,t + (qt)2[11]q,t + (qt)3[7]q,t + (qt)3[5]q,t(qt)
5+1[1]q,t.

(C.2)

Examples for n = 5 are listed below.

Example C.4. Recall that

B4,2(q, t) = [21]q,t + (qt)[17]q,t + (qt)[15]q,t + (qt)2[13]q,t + (qt)[13]q,t + (qt)3[9]q,t

+(qt)2[9]q,t + (qt)4[5]q,t + (qt)2[11]q,t + (qt)3[7]q,t + (qt)3[5]q,t(qt)
6[1]q,t.

If we still use the notation of A and B as in the n = 4 case, then with what we derived
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in Bn,k(q, 1/q) we have the solution that

B5,1(q, t) = A+B, (C.3)

where

A = [26]q,t + (qt)[22]q,t + (qt)[20]q,t + (qt)2[18]q,t + (qt)[18]q,t + (qt)3[14]q,t

+(qt)2[14]q,t + (qt)4[10]q,t + (qt)2[16]q,t + (qt)3[12]q,t + (qt)3[10]q,t(qt)
6[6]q,t,

B = (qt)[16]q,t + (qt)2[12]q,t + (qt)2[10]q,t + (qt)3+1[8]q,t + (qt)2+1[8]q,t + (qt)3+1[4]q,t

+(qt)2+1[6]q,t + (qt)4+1[2]q,t.
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