CONJECTURED STATISTICS FOR
THE ¢,t-CATALAN NUMBERS

J. HAGLUND

ABSTRACT. We introduce the distribution function Fy(q,t) of a pair of statistics
on Catalan words and conjecture Fy(q,t) equals Garsia and Haiman’s g, t-Catalan
sequence Cp,(gq,t), which they defined as a sum of rational functions. We show that
Fh.s(g,t), defined as the sum of these statistics restricted to Catalan words ending
in s ones, satisfies a recurrence relation. As a corollary we are able to verify that
Fpn(g,t) = Cn(q,t) when t = 1/q. We also show the partial symmetry relation
Fn(g,1) = Fn(l,q). By modifying a proof of Haiman of a g-Lagrange inversion
formula based on results of Garsia and Gessel, we obtain a g-analogue of the general
Lagrange inversion formula which involves Catalan words grouped according to the
number of ones at the end of the word.

1. INTRODUCTION

In [7] Garsia and Haiman introduced a rational function C,, (g, t) which they con-
jectured always evaluates to a polynomial in ¢ and ¢ with nonnegative coefficients.
Later Haiman proved that C),(q,t) is always a polynomial [11], but with possibly
negative coefficients. An elementary proof of this result has been given by Bergeron,
et. al. [4], but the nonnegativity remains open. Other conjectures of Haiman have
Cn(gq,t) related to the Frobenius series of a bigraded \S,, module [10].

A Catalan word 0 = 0109 -+ - 09, is a permutation of the multiset {0™ 1"} of n
0’s and n 1’s with the property that for each i, 1 < i < 2n, there are at least as
many 0’s in the subword ¢ = 0105 ---0; as there are 1’'s. We let C,, denote the set
of all Catalan words of length 2n; it is well known that the cardinality of C,, is the
n'™® Catalan number (*")/(n + 1).

Throughout the article we use the standard notation

K= (- ¢")/(—q) [ := 12 K], [”T‘

| = ([ — 510
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2 J. HAGLUND

for the g-analogue of the integer k, the g-factorial, and the ¢-binomial coefficient,
and (z), := (1 —2)(1 —2q) -+ (1 — xg" 1) for the ¢-rising factorial.
Garsia and Haiman proved that

Culg. 1) = > qla)=imve, (1)

oeCp

where

inve := Z 1.

1<i<j<2n
Ui>"’j

They also showed that

¢ Co(g.q7") = ﬁ Vﬂ : (2)

Both C,,(g,1) and q(g)Cn(q, ¢~ ') had previously been studied by other authors.
In fact, a special case of a result of MacMahon on “lattice permutations” is [12,

Vol. 2, pp. 214-215]
1 2n _ majo
[+ 1] M =2

c€Cp

where

majo = Z 1.

1<i<2n-—-1
Gi>0i+1

See [5] for further background on Cp,(g,1) and q(g)Cn(q,qfl). Another result of
MacMahon we will use later is that if M = {0%1°} is the multiset of a-0’s and b-1’s,

then
invm __ a‘+'b
Sam = r. 3

where the sum is over all multiset permutations m of M.

Because of (1) and (2) Garsia and Haiman called C),(q,t) the g, t-Catalan se-
quence. In this article we introduce a statistical refinement of their conjecture,
which we now describe.

Given o € C,, let end(o) denote the number of consecutive 1’s at the end of o.
We call o balanced if o is of the form o = 021¢0°1° - .- 0%1%, where the notation 0¢1¢
is shorthand for 00---011---1. To each o € C,, we associate a balanced word b(o)

N—— ——

a times a times
by a procedure we call the balancing algorithm:

(A) Say end(o) = s. Starting at the end of o, move left until you find the s 0, say
in spot ;. Slide this 0 and the other s — 1 0’s you passed to the right until they



CONJECTURED STATISTICS FOR THE ¢,{-CATALAN NUMBERS 3

abut the final s 1’s at the end of o, passing over any intermediary 1’s you encounter
along the way. We now have the word by(0) = 0y -+ - 0112727711051,
(B) Apply step A to the first 2n — 2s letters of bi(o) (leaving the 0°1° part
alone) resulting in a word by(0) = o+ 0y 112725727 F1QT17051% where r =
end(oy - --0j_112"7277+1) Then apply step A to the first 2n — 2s — 2r letters of
bo (o), resulting in bz (o), etc.. Iterate this process until a balanced word is obtained;
call this b(o).
For example, if ¢ = 001011000010110111, we have b;(c) = 001011000111000111 =
by(c) and bs(c) = 010011000111000111 = b(c).

We now define our ¢, t-Catalan number, F,,(q,t), as

Fn(q,t) — Z q(g>—invot%majb(o)‘
ogeCp

Conjecture 1. For n a positive integer,
Fn(Qvt) = Cn(Qvt)-

Conjecture 1 was discovered after a prolonged investigation of tables of C,,(q,t). It
has been verified for n < 14 by a Maple program.
The distribution of the statistics for n = 4 is given in Table 1.

o 6 —invoe imajb(o) b(o)
00001111 6 0 00001111
00010111 5) 1 01000111
00011011 4 2 00110011
00011101 3 3 00011101
00101101 2 4 01001101
00101011 3 2 00110011
00110011 2 2 00110011
00110101 1 5) 00110101
01000111 3 1 01000111
01001011 2 3 01010011
01001101 1 4 01001101
00100111 4 1 01000111
01010011 1 3 01010011
01010101 0 6 01010101

Table I: The statistics for n = 4.

Define
Fos(gt)i= Y &) 7mogdmaib)  with F,4(g,t) := x(n = 0).

o€Cn
end(o)=s

In Section 2 we prove a surprising recurrence relation for F, 5(gq,t).
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Theorem 1.
— r+s—1 ) n—s
Fn,s(Qv t) = Z Fn—s,r(Qv t) |: r :| q<2>t .
r=0

As a corollary of this we show

n

¢BF (0,07 = ¢ Clgq™),

giving further support to Conjecture 1.

From Garsia and Haiman’s rational function definition it is obvious that C),(¢,t) =
Cp(t,q). Although the author has been unable to show that F,(q,t) = F,(t,q), in
Section 3 we do prove that F,(q,1) = F,(1,q).

One of the main tools that Garsia and Haiman use to prove identities for special
cases of C,(q,t) is ¢g-Lagrange inversion. In Section 4 we modify a proof of Haiman,
of a g-Lagrange inversion formula based on work of Garsia and Gessel, to derive a
g-analogue of the general Lagrange inversion formula. As a corollary we obtain an
infinite series identity involving F,, s(¢71, 1).

Notation: LHS and RHS are abbreviations for “left-hand-side” and “right-hand-
side”, respectively.

2. A RECURRENCE FOR F, 5(q,1t)

In this section we make use of a geometric representation of Catalan words known
as Dyck paths. These are lattice paths in the first quadrant of the xy-plane, con-
necting (0, 0) to (n,n), which consist of NORTH and EAST steps and remain weakly
above the diagonal (see [7, pp. 201-202] for a more detailed description of Dyck
paths). We let SQ(n) denote the square lattice with corners (0,0) and (n,n), and
D(o) the Dyck path corresponding to the Catalan word 0. The NORTH steps of
D(o) correspond to 0’s in o, the EAST steps to 1’s. We call the squares below
D(o) and strictly above the diagonal the area squares of o. Note that the number
of these squares is is (5) — inv(o).

The path D(b(0)) has a simple description in terms of what could be called “the
drawing game of ricochet”. Let R denote the closed region consisting of the path
D(o) together with the area squares of o. In the example of Fig. 1 the area squares
are shaded and the path D(o) is in bold.

To play ricochet, start at the upper right corner of SQ(n) and trace a line straight
left as far as you can without leaving R, at which point you “ricochet” and trace
straight down. Once you hit the diagonal and are about to leave R again you
ricochet left, iterating these steps until you finally arrive at (0,0). The line you
have traced out is D(b(0)).

Lemma 2.1 answers the following question: Given a balanced word w € C,,, what

is the sum of q(g>_inw, summed over all o with b(0) = w? In the process of proving
this lemma we will also prove Theorem 1.
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FIGURE 1: THE pATH D(00101100100111) CONTAINED IN SQ(7), TO-
GETHER WITH THE AREA SQUARES.

Lemma 2.1. Let w € C, be a balanced word, say w = 0¥ 1410%2142 ... 0% 1%,
with a1 + ag + ...+ ax = n, a; > 0 a composition of n into k positive integers.
Then

Z q(g)*im’" = q(a21)+(a22)+“'+(a2k)

og€Cn
b(o)=w

« |:041+042_1:| {0424-043—1] {Oékl ‘f‘Oék_l]. (4)
a1 a2 ak—1

We now give two proofs of both Lemma 2.1 and Theorem 1. Our first proof is rather
brief, relying heavily on geometric intuition, while our second is algebraic.

First Proof of Lemma 2.1 and Theorem 1: The game of ricochet implies that b(o)
will end in 07170°1° if and only if the squares just to the left of each downward
ricochet (indicated by 0’s in Fig. 2) are not below D(c), while all the squares to
the right of these squares and in the same row (indicated by z’s in Fig. 2) are.

In addition the area squares of ¢ can contain any arbitrary subset, in the shape
of a partition, of the rectangular region of size r x s — 1 above the horizontal step
of length r indicated by the dotted lines. It is well known [2] that the area statistic
for a rectangle of this size generates

)
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S
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FIGURE 2: PATHS FOR WHICH b(c) ENDS IN 0"170°1°.
The number of squares below the last horizontal step of b(c) is (;), and it is now
clear how the product in Lemma 2.1 arises. Theorem 1 also follows, since the area
squares not accounted by the term

e {r%—s—l}.

r

correspond to the area squares of an arbitrary word in C,_s ending in r ones. The
factor ¢"~* accounts for the change in fmajb(c). O

Second Proof of Lemma 2.1 and Theorem 1: In view of the balancing algorithm,
b(o) = w if and only if o is of the following general form:

o =0%3508s - 08k—-208,-108,01%, (5)

where (3; is any multiset permutation of {0%~11%i-1} 2 < i < k. It follows that
the minimal power of inve among those o satisfying b(c) = w is

ap(as+ag+...+ap+1)+as(as+...+ar+1)+ ...+ apo(ar+ 1)+ ar

_ (O‘1+O‘2+"‘+O"“)—Zk:(o‘i)—al(ag—l)—ag(ag—l)—...—ak1(0%—1).

2 ; 2
=1

When we sum over the 3;, by (3) the term
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will account for inversion pairs which occur within the same ;. Thus

k—1
Z qinvo _ q(;)— le (0‘21')+ozl+...+ozk_1—(ozlozg—l—,,,—l—ak_lak) H o1 +a; —1
; a1
ocCnp 1=1

b(o)=w

Replacing ¢ by ¢~! above, multiplying by q(g), and using

lail +a; — 1] _ [0%1 + oy — 1} —ai1(ai—1)
= q
Qi1 g1 Q1

proves the lemma. To prove Theorem 1 start with

Fo4(q,t) = 3 (2 ("5)+() «

a1+...+ap_1=n—s

artaz—1| fogotagr— 1| fap1ts—1| e -1)task-2)+. +ar
aq A2 077

- i ( Z q(a21)+m+(ak2_2>+(;)t061(k—2)+...+ozk—2

a1+..fag_o2=n—s—r

X {aﬁ_%_l} {ak—2‘|‘7’—1]) {T+s—1} q(;)tn—s
a1 Of—2 r
:ZFTL—&T(CLt) |:T+i_1:| q(g)tn—s. ]
r=0

Theorem 2.2. For1 <s<n,

(3) —1y_ 8]
q\2 Fy s(q,q7 ) [n][

Pf: Since F, ,(q,t) = q(g), Theorem 2.2 holds for s = n. If 1 < s < n, we start
with Theorem 1 and then use induction on n;

n—s

2n—s — 1:| q(sfl)n.

dBF, (g7 = ¢ (27) nz_: oV F o (g g g (=) {7‘ oo 1}

3

_ (D00 () T [ e 1] ) l?(n{i—_ - 1] S =)

<
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=q(81)”7§ [r+i—1} %

r=1

— q(sl)n% n_i_l {3:“} {2(:_—:)_—1 2_;“] ()

u=0
(u=r—1)

2n—s)=2-—(r =11 ¢-1mn-s
n—s—1—(r—1) }q( o

n—s—1 , g n—s—u
_ q(sfl)n [S] [2” — 25— 2:| (q +1)u (q )u qu(nfs)

[n—s] | n—s—1 (@)u (g2—25-1-w),

u=0

oo 18] [2n—2s—2]" (@D (@) -
[n s] n—s—1 —~ (Q)u (g2 T25—2n),

14+s—2n
_ q(sfl)n [8] |:2TL — 25 — 2:| (q )n—s—l q(5+1)(n7571) [8, p. 236]

[n i S] n—s— ]_ (q2+28—2n)n7871

_ q(sfl)nJr(erl)(nfsfl) [S] 2n —2s—2
n—s] | n—s—1
2n—s—1]2n—s—=2]---2n—s—1—(n—s—1)+1]

[2n—23—2][2n—25—3]~-~[2n—23—2—(n—s—1)+1]qpow’ (6)

where

pow =2n—2s—2+2n—2s—3+...4n—s—(2n—2s—14+2n—2s—2+...+n+1)
=n+n—1+...+n—s—2n—s—1+2n—s—2+...+2n—2s—1)

e (1) (mern-erre- ()

=n(s+1)—2n(s+ 1)+ (s+1)>=—(n—s5—1)(s+1).

Thus (6) equals

n—s

[s] {Qn— s — 1} g1 — [[s]] {Qn— s — 1} 45— 1m. 0
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Corollary 2.3. Forn > 1,

”21 -1\ __ 1 2n
q()Fn(Q7q )_[’I’L—f—l]|:n:|
Pf: By Theorem 2.2,
¢S Foslaq ) = % [2”,;_5;1] S
s=1 s=1
n—1

_L{%fa]SfW+u m—uln—u+1]---n—1 .

ml [ n-1]%& 2n—1—u|2n—u)---[2n— 2]
- i 2n — 2 — (q2)u(q1—n)u u
~ [n] l"— 1 } Z Qa2
= % {2:__12] ((;2_22?) 71(12(”71) 8, p. 236
_ i 2n — 2 2” [2n — 1] —(2n+2n—1)+(n+1+n)+2(n—1)
n] [ n—1 + 1][n]
B 1 2n
i n] O

3. SYMMETRY

In this section we use Lemma 2.1 and a combinatorial argument to prove the
following partial symmetry result.

Theorem 3.1. Forn > 0,
Fn((bl) = Fn(laQ)-

Pf: Given o € C,, let v;(c) denote the number of area squares of o in the *h
row from the top of SQ(n). In the example of Fig. 1, (v1(0),v2(0),...,y7(0)) =
(2,1,1,0,1,1,0). Note that v,(c) = 0 for all 0.

From the geometry it is clear that v;(0) — v;11(0) <1, 1<i<n—1. In fact,
a sequence Ty - - - T, of n nonnegative integers is the y-sequence v1(o) - v, (0)
of some o € C, if and only if 7y -- -7, doesn’t have a 2-descent (i.e. a value of
i for which m; — m;31 > 1) and 7, = 0. Let M be a multiset of n nonnegative
integers with largest element k — 1, say M = {(k — 1)*(k — 2)®2 ... 1¥-10% },
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a1 + as + ...+ ar = n. How many multiset permutations are there with no 2-
descents and which end in 07 For this number to be nonzero, clearly all the a; must
be positive. We can construct such a multiset permutation by first arranging the
ai_1—1’s and ap —0’s in any of (a’f‘ﬁa’f_l) patterns, so that each pattern ends in

Qg —1
0. We can then insert the aj_o — 2’s into a given pattern in any of (a’“”of:i’“;l*l)

ways, so that any 2 is followed by either another 2 or a 1. Continuing in this way

we see that i
1
H (ai + Qi1 — 1)
i=1 Qi

is the answer to our question. For each of these permutations the corresponding
Catalan word o satisfies () — inve = a1 (k — 1) + az(k —2) + ...+ ax_1 and so

k—1
aq (k— ag(k— Qg1 a; + a1 —1
Bl X gt ] (oo 1)

. 1821
altag+...fap=n =1
a;>1

Since an(k — 1)+ ag(k —2) + ...+ ap—1 = %maj(()allal -+ 0% 1%) Theorem 3.1

follows from the ¢ = 1 case of Lemma 2.1. 1.

Remark 1: One could hope to use the above correspondence to prove F,(q,t) =

F,(t,q). Unfortunately, it is not weight-preserving, as the following example shows.
Let n =4, « =14+ 142, w = 01010011. There are two o satisfying b(c) = w,

namely o1 = 01001011 and oo = 01010011. We have

quinvalt%majb(al) + quinvagt%majb(ag) _ q2t3 + th. (7)

On the other hand, there are also two relevant v-sequences, namely the permu-
tations of the multiset {210%}, with corresponding words o3 = 01000111 and
o4 = 00011101. We have

qG—iI’lVO';gt%majb(O'g,) + qG—invo4t%majb(o4) — qSt + q3t3, (8)

and so interchanging ¢ and ¢ in (7) doesn’t give (8).
Remark 2: Let d,, ., denote the coefficient of ¢“t" in F),(¢,t). By Lemma 2.1,

n

pup = Z Z the coefficient of ¢“ in

k=1 ajtag+...fap=n
aj (k=1 +ag(k—=2)+...+ap_1=v

Q5

k—1
W)t (F) a; + o — 1
o+ T l |

i=1

Showing F,,(q,t) = F,(t,q) is thus equivalent to showing the RHS above is sym-
metric in u and v.
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4. ¢-LAGRANGE INVERSION AND F), ¢(g,1).

Given o € Cp, let A(0) = A1(0)A2(0) - -+ denote the partition consisting of the
horizontal step lengths of D(¢) (i.e. the lengths of the blocks of consecutive 1’s in
o, arranged in nonincreasing order). Let e; denote the k" elementary symmetric
function in some set of variables, and ey(;) := [[,5; €x, (o). Define H(z) via the
equation 1/H(—z) := Y ;7 exz", and let y;, i > 1 be variables.

The pu; = 1,7 > 1 case of the following lemma reduces to a g-Lagrange inversion
formula proven in [10,pp. 47-48]. Haiman also includes a discussion of the connec-
tion of that inversion formula to work of Andrews, Garsia, and Gessel [1], [6], [9].
Further background on their work is contained in [13].

Lemma 4.1. Define h (1, q), n > 0 via the equation

S ewmne® = q i) H(—g ) H(—q7%2) - H(—q7*2).  (9)
k=0 k=0

Then for n > 1, h(u,q) has the explicit expression

h;(:uv Q> = Z q(g>_invge)\(a),uend(a)' (10)

ogeCp

Pf: Our proof follows Haiman’s proof of the ,uz = 1 case closely. Set H*(z,«; q) :=
S G hi (i, q)2%, and H*(z;q) := >.07 b (q)2*, where hf (q) is obtained by setting

n=0""n n=0""n

p; =1,1>11in A’ (p;q). From [6] we have that 1f

(Fog G)( an - Glg"2)

denotes the g-functional composition of F' and G, where F' =) f, 2", then
Fo,G=z and Gog1 F =z
are equivalent to each other and also to
(Poy-1 F)ogG=@ = (PoyG)oy-1 F for all ®.
Let ® = H*(zq,p;q), F = zH(—z), and G = zH*(z;q). Replacing z by zq in

(9) gives

D enmnd™ 2 = g hi(p, q)2H (2)2q T H(—q 7 2) -+ 2¢" T H(—q' TF2)
= k=0

= q)Oq—l F.
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The p; = 1,7 > 1 case of Lemma 4.1 (recall this is proven in [10]) implies that
Gog-1 F' =z, and so

oo

o = (Z exirg”2") o, G. (11)
k=0
Comparing coefficients of 2™ in (11) and simplifying we get

(k. q Zq extie Y Hq(’ Dnipe ( (12)

ni+t...+np=n—k =1
n; >0

To show the RHS of (10) equals the RHS of (12) use the “factorization of Dyck
paths” as discussed in [10]. The terms multiplied by u correspond to o € C,, with
end(o) = k. O

If in Lemma 4.1 we begin by setting e, =1,k > 1, us =1, p; = 0for j # s
and then replace ¢ by ¢~ and z by z/q, we get the following.

Corollary 4.2. For s> 1,
2% = Zq T, (D)2 (1 = 2)(1 —qz) - (1 — ¢ 12).

n>s

Lemma 4.1 is a g-analogue of the general Lagrange inversion formula [3, p. 629]

0 zk dk—1 .
)+ e | a @] (13)

=0

where ¢ and f are analytic in a neighborhood of 0, with ¢(0) # 0. To see why, set
flx) = f(0)+ >, upa® and ¢ = ﬁ =Y exx” in (13) to get

oo oo k oo
Zukxk = Z %H(—aj)k Zpup(k — 1)! x the coefficient of z*77 in (Z enx™)F
ke H(—2)"
B =i D SRR,
k=1 p>1 J1t+io+-+ip=k—p
j; >0
k()" ( k )
=2 2
= Zx DHp Z esl . ,
k=1 k p>1 |B|=k—p k g(ﬁ)’ml(ﬁ)ﬂmQ(ﬁ)a

where m; (), i > 1 is the multiplicity of 7 in the partition 3, £(3) = 2221 m;(5),
and [0] = 21'21 Bi-

The equivalence of the above equation to the ¢ = 1 case of Lemma 4.1 (with py
replaced by ux/ex, k > 1) will follow if we can show that

e Mend (o) pﬂp k
Z Alo) Z Z (k—f(ﬁ),ml(ﬁ>am2(ﬁ)7>

(&
oECH, end(c) 57 18|=k—p

This identity is equivalent to Lemma 4.3 below.
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Lemma 4.3. Given integers k,p with k > p > 1, and a partition 8 of k — p,

P k
2 =3 (k:—aﬁ),ml(ﬁ),mz(ﬁ),---)’ (1)

oeCy
end(o)=p
A(o)—end(o)=p

where M\(o) — end(o) denotes the partition A\(o) with a part of size end(o) removed.

Pf: Let g(3,p, k) denote the LHS above, i.e. the number of Catalan words whose
path D(o) ends in a horizontal step of length p and whose other steps are the parts
of the partition 3. If a given o € Cy counted by ¢(f3, p, k) has more than one zero
immediately preceding the p ones at the end of o, remove one of these zeros and
one of the p ones to get a o’ counted by g(8,p — 1,k — 1). If instead this o has
exactly one zero preceding the p ones, and a block of 7w 1’s preceding this 0, remove
the 0 and one of the p ones to get a ¢’ counted by ¢g(5 — m, 7+ p — 1,k —1). This
procedure shows that g satisfies the recurrence

9B, k) =g(Bp—1Lk—1)+ >  gB-—ma+p—1k—1).

™
mq (8)>0

Proceeding by induction on k,

p—1 k—1
k-1 (k — 1= 0(B),m1(B),ma(B), .. )

T+p—1 k—1
" Z k—1 (k—l—(ﬁ(ﬁ)—l),ml(ﬁ),... 7m7r(ﬁ)_17"')

_p k p—1(k—£p)) (m+p—1)mz(B)
a k(k_g(ﬁ)vml(ﬂ)7m2(ﬁ)a“'> ( p (k—1) +; p(k—1) )

9(B,p. k) =
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