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Abstract Cycle-counting rook numbers were introduced by Chung and Graham [J.
Combin. Theory Ser. B 65 (1995), 273-290]. Cycle-counting g-rook numbers were
introduced by Ehrenborg, Haglund, and Readdy [unpublished] and cycle-counting
g-hit numbers were introduced by Haglund [Adv. Appl. Math. 17 (1996), 408—459].
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the theory of p-rook and p-hit numbers which is a rook theory model where the
rook numbers correspond to partial permutations in C, 1S, the wreath product of
the cyclic group C}, and the symmetric group S,,, and the hit numbers correspond to
permutations in C,,1S,. In this paper, we extend the cycle-counting g-rook numbers
and cycle-counting g-hit numbers to the Briggs—Remmel model. In such a setting,
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1 Introduction

We let [n] = {1,...,n}. We let N ={0,1,2,...} denote the natural numbers and
P = {1,2,...} denote the positive integers. A board is a subset of IP x IP. We label
the rows of P x P from bottom to top with 1,2,3, ..., and the columns of P x P from
left to right with 1,2,3,..., and (i, j) denote the square in the i-th column and j-th
row. Given by,...,b, € N, welet F(by,...,b,) denote the board consisting of all the
cells {(i,j) : 1<i<nm and 1< j<b;}.Ifaboard B is of the form B=F (by,...,by),
then we say that B is skyline board and if, in addition, b; < b, < --- < b, then we
say that B is a Ferrers board.

Given a board B C [n] x [n], we let 4#;(B) denote the set of all placements of
k rooks in B such that no two rooks lie in the same row or column. Elements of
%(B) will be called rook placements. For k= 1,...,n, we let ri(B) = | 4%(B)|. By
convention, we set 79(B) = 1. We refer to r(B) as the k-th rook number of B.

Let S, denote the symmetric group of n elements, i.e. the group of all permu-
tations of 1,...,n under composition. Given a permutation ¢ = 07 - -- 0, € Sy, we
identify each ¢ € S, with the rook placement {(i,0;) : i =1,...,n} on [n] x [n]. We
let

Hi,(B)=|{oc €8,:|cNB|=k}|.

We shall refer to Hy ,(B) as the k-th hit number of B relative to [n] x [n].
Kaplansky and Riordan [20] proved the following fundamental relationship be-
tween the rook numbers and the hit numbers of a board B C [n] X [n].

Theorem 12.1. For any board B C [n] X [n],
n n
Y Heu(B)x* =Y re(B)(n—k)!(x— 1), (12.1)
k=0 k=0

With each rook placement P € 4;(B), we can associate a directed graph Gp =
([n],Ep), where Ep is the set of (i, j) such that P has a rook in cell (i, j). We let
cyc(P) denote the number of cycles in the graph of P. For example, in Figure 1, we
picture a rook placement P € .45(B), where B is the 6 x 6 board such that cyc(P) =
2.

For any board B C [n] X [n], we let

r(By) = Y, ¥ and
PeM.(B)
Hia(By) = Yy

cESy, |oNB|=k

Fork> 1, welet (y)te=y(y+1) - (y+k—1)and (y) e=y(y—1)--- (y—k+1).
We let (y) To= (y) lo= 1. We then have the following analogue of Theorem 12.1.

Theorem 12.2. For any board B C [n] X [n],



p-Rook Numbers and Cycle Counting in C,1 S, 251

X

- e®» ®
@/«i\@ &

Fig. 1: The graph associated with a rook placement.
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ZHknByxk ZrkBy Ytk (x— 1)K (12.2)
Proof. First replace x by x+ 1 in equation (12.2). Then we must prove

ZHM B,y)(x+1)f ZmBy ) i X (12.3)

For (12.3), we consider configurations C which consist of a rook placement cor-
responding to a permutation ¢ € S,, where we circle some of the rooks that fall in
BN o. We let cyc(C) denote the number of cycles in the graph of the underlying per-
mutation of C and circle(C) denote the number of circled rooks in C. It is then easy
to see that the left-hand side of (12.3) can be interpreted as counting y<Y¢(€) xcircle(C)
over all such configurations. The right-hand side of (12.3) can be interpreted as fol-
lows. First pick the circled rooks which correspond to a placement Q € 4;(B) for
some k. Then we need to compute

y) =Y y¥e©), (12.4)
C

where the sum runs over all configurations whose set of circled rooks equals Q. This
sum is easy to compute. That is, let i be the first column that does not contain a rook
in Q. Then there are n — k rows to place a rook in column i that do not contain rooks
in Q. We claim that there is exactly one row r where placing a rook in cell (i,r)
completes a cycle in the graph of Q. That is, if there is no rook in Q which is in
row i, then 7 is an isolated vertex in the graph of Q so adding a rook in the cell (i, 1)
will give a loop on vertex i and hence increase the number of cycles by 1. Clearly
in such a situation, placing a rook in cell (i, j) for j # i cannot complete a cycle.
If there is a rook of Q in row i, then there must be a maximal length path p in the
graph of Q which ends in vertex i since there are no edges coming out of the vertex
i in the graph of Q. If this path starts in vertex j, then there is no rook in row j in Q.
Hence if we add a rook to the cell (i, j), then the edge corresponding to the added
rook will complete a cycle. Clearly, adding a rook to any other row in column i will
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not complete a cycle in this case. Thus the placement of a rook in column i will
contribute a factor (y+n—k— 1) to A(Q,y). But then we can repeat the argument
for every placement Q' which arises from Q by adding a rook in the next empty
column, say column i. That is, for each such Q’, the addition of a rook in column

i1 will contribute a factor (y+n—k—2) to A(Q,y). Continuing on in this way, we
see that

AQ,y)=(+n—k=1)y+n—k=2)--(y) = (¥) Thx

Thus another way to sum y*¥¢(€)x¢ir¢1e(C) over all rook configurations is

Yo Y a0y

k=0 Qe (B )

n

Zxk Z cyc ( )Tn .

k=0 Qe x(B)

=Y F@) e Y @
k=0

QM

—ZrkBy ) Tk 2.

Chung and Graham [8] proved that for any Ferrers boards F(by,...,b,) C [n] x
[n], we have the following factorization theorem.

Theorem 12.3. Let B=F(by,...,b,) C [n] X [n] be a Ferrers board. Then

n
[TG+oi—i+1) [T G+bi—i+y) =Y rai(B.y)(x) i - (12.5)
i:bi<i i:bi>i k=0
We let
qn
[n}QZQ_l _1+ +qn 17
[n}q! =1 q[z}qm[n}q, and

be the usual g-analogues of n, n!, and (7). In general, we let [x], = %. Then for k >
1, we let [x]y Te= [x]g[x+ 1]¢ - [x+k —1]g and [x] Le= [x]g[x—1]g--- [x = (k= 1)]4.
We let [x]qT(): [x]q@: 1.

In an unpublished paper, Ehrenborg, Haglund, and Readdy [10] defined a g-
analogue of the cycle counting rook numbers ry(B,y,q) for Ferrers boards which
generalized the g-analogue of the rook numbers for Ferrers boards introduced by
Garsia and Remmel [12]. They proved the following generalization of Chung and
Graham’s theorem.
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Theorem 12.4. Let B=F(by,...,b,) C [n] X [n] be a Ferrers board. Then

[T+bi—ittly [Tr+bi—itylg=Y rnxBy,@)gbe.  (12.6)
k=0

i:bj<i i:b;>i

Haglund [14] also extended the definition of the g-hit numbers of Garsia and
Remmel [12] for Ferrers boards by defining g, x, y-hit numbers algebraically by the
equation

n n
Y Hin(B,x,y,q)2 =Y rai(B,y,q)[x]lg T & H —zgh. a2

k=0 k=0 i=k+1

Haglund [14] developed several connections between formulas for the g,x,y-hit
numbers and hypergeometric series. Later Butler [6] gave a combinatorial inter-
pretation of Hy , (B, x,y,q) for Ferrers boards.

The main goal of this paper is to define analogues of cycle-counting rook num-
bers, cycle-counting hit numbers, and their g-analogues relative to the group C, 1S,
which is the wreath product of the cyclic group C,, of order p with the symmetric
group S,. In particular, we extend the combinatorics of cycle-counting rook num-
bers and cycle-counting hit numbers to the rook theory model of Briggs and Remmel
[5] where the rook placements correspond to partial permutations in Cp, ¢ S, and hit
numbers correspond to permutations in Cp1S;,.

Let w = e%. One can think of the group C),? S, as the group of matrices under
matrix multiplication where the underlying set is the set of matrices that one can
form by starting with an n X n permutation matrix M and replacing 1’s by powers of
®. Thus we can think of C;, 1S, as the group of p"n! signed permutations where there
are p signs, ®° = 1, 0, ®?,..., @"'. We will usually write the signed permutations
in either one-line notation or in disjoint cycle form. For example, if ¢ € C31Sg is
the map sending 1 — 5,2 — 8,3 = ©?3, 4 — 0’1,5 = 4, 6 —» ©°7, 7 — 02,
and 8 — w6, then in one-line notation,

oc=0w58 0’3 0l 4 07 02 6,
whereas in disjoint cycle form,
= (0’1 05 4)(02 8 w6 ©*7)(w*3).

In other words, in disjoint cycle form, to determine where i is being mapped, we
ignore the sign on i and only consider the sign on the element to which it is mapped.
Whenever we have an r-cycle C = (0“cy,...,®%1c,_1) in a signed permutation
in C,1S,, we define sgn(C) =[1._ é w4, Thus in our example,

sgn((0°1 @5 4)) =
sgn((02 8 w6 w*7)) = o, and
sgn((@*3)) = ©*
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Given ¢ € C,1 S, we will write (i) as go0;, where o; € [n] = {1,...,n}, and
where & = sgn(o;) € {1, ®, ®?*,..., """} is called the sign of o;. For each 1 <i <
n, we define |€;0;] = o; and call this the absolute value of & (i).

Next we shall describe the rook model due to Briggs and Remmel [5] where
the rook numbers correspond to partial permutations in Cj, ¢ S,, and the hit numbers
correspond to permutations in Cp 1 Sj,.

The idea of Briggs and Remmel was to start with the [n] X [r] board and subdivide
each row into p subrows. We will denote the resulting board by BY. For example,
if n =6 and p = 3, then Bg is pictured in Figure 2. We shall refer to the rows of
the original [n] X [1] board as levels and label the levels with 1,...,n from bottom to
top. We label the columns with 1,...,n from left to right. Finally, within each level,
we label the sublevels from bottom to top with 1,®, ®?,..., @~ . We let (i, j,k)
denote the square in the i-th column, the j-th level, and in the sublevel labelled with
ok.

Levels
2
[0] 6
1
2
(0]
[4) 5
1
2
(0]
[0) 4
1
@2
[0) 3
1
@2
[0] 2
1
2
[0] 1
1

1 2 3 4 5 6

o D 3
Fig. 2: The board Bg.

In the Briggs—Remmel model, a board is a subset of BY. Given by, ...,b, € [pn],
we let F(by,...,b,) denote the board consisting of all the cells {(i,j,k): 1 <i <
n and 1< pj+k<b;}. If aboard B is of the form B = F(by,...,b,), then we say
that B is a skyline board and if, in addition, b1 < by < --- < b, then we say that B
is a Ferrers board. If B = F(by,...,b,) is a Ferrers board and b;y| > rp whenever
(r—1)p+1<b; <rp, then we say that B is a singleton Ferrers board. Here the
last condition for a singleton Ferrers board in B? says that whenever there are cells
in level r in column i, column i + 1 must contain all the cells in the level r. Finally,
we shall say that a board B is a full board whenever, if B contains a cell (i, j, k), then
it must contain the cells (i, j,r) for r =0,..., p — 1. In other words, a Ferrers board
F(b1,...,b,) is a full board if and only if b; is a multiple of p foralli=1,...,n. We
say that a full Ferrers board B = F(by,...,b,) C BY, is regular if b; = p - c;, where
ci>iforl <i<n.
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Given a board B C BY, we let JI{]’ (B) denote the set of all placements of k rooks
in B such that no two rooks lie in the same level or column. Elements of J{(p(B)
will be called p-rook placements. For k = 1,...,n, we let r{(B) = |.4;"(B)|. By
convention, we set r (B) = 1. We refer to r (B) as the k-th p-rook number of B.
An alternative model for r,’: (B) was proposed by Wachs and Remmel [19]. In the
case p = 2, Haglund and Remmel [16] gave yet another rook model for rf (B).

Given a signed permutation o = @' 01 --- 0“0, € C,1S,, we identify ¢ with
the p-rook placement {(i,0;,a;) :i=1,...,n} on B},. We let

H,ffn(B) =|{o €Cyp1S,: |cNB| =k}|.

We shall refer to Hf, (B) as the k-th p-hit number of B relative to B, .

With each p-rook placement P € JI{CP (B), we can associate a directed graph Gp =
([n],Ep) with labelled edges, where Ep is the set of (i, j) such that P has a rook in
cell (i, j,k) and we label the edge (i, /) with @*. For example, see Figure 3 for the
graph associated with a 3-rook placement on Bg. For any p-rook placement, we let
cyc;(P) denote the number of cycles in the graph of P such that product of labels on
the cycle is @'.

I wc@@/

Fig. 3: The graph associated with a 3-rook placement in </1g3 (Bg).

For any board B C BY, we let

r/I()(B7y07'”7yp—l) = Z Hycyc

e P (B)
Hk,n(BmyOw"ayp*l) = Z HyCyc

GECHISy, i=0

|oNB|=k

The outline of the paper is as follows. In Section 2, we shall prove the analogues
of Theorem 12.2 and Theorem 12.3 as well as give an example of cycle-counting
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p-Lah numbers. In Section 3, we shall define a g-analogue of the cycle-counting
p-rook numbers and prove an analogue of the Ehrenborg, Haglund, and Readdy
factorization theorem [10]. In Section 4, we shall define a g-analogue of the cy-
cle counting p-hit numbers H,f_ 4[B:4,Y0,--.,yp—1] for a full regular Ferrers board
B. We will prove analogues of some results of Haglund [14] and Bulter [6] on
the g-cycle-counting rook numbers and g, x, y-hit numbers for full regular Ferrers
boards which will allow us to prove that H,ﬁ 2IB:4@:Y0,--.,yp—1] is always a polyno-
mial in ¢ with non-negative coefficients when yo, ..., y,—1 are non-negative integers.
We will end Section 4 by giving a conjectured combinatorial interpretation of the

Hlf,n[Bv%)’Ow--,yp_]]’s,

2 Cycle-counting p-rook numbers and p-hit numbers.

We start this section by proving analogues of Theorem 12.2 and Theorem 12.3 for
the cycle-counting p-rook and p-hit numbers.
Suppose that p > 2. Then for k > 1, we let (y) T ,=y(y+p)---(y+p(k—1))

and (y) b p=y(—p)---(y —p(k—1)). We also let (y) To ,= (v) lo,,= 1. We then
have the following analogue of Theorem 12.2.

Theorem 12.5. For any p > 2 and any board B C BY,
- k
Y H.,(B)yo,..,yp-1)x (12.8)
k=0

= Z r/f(B’yOV .. 7yp—l)(y0+ +yp—l)Tn7k,p (x_ l)k
k=0

Proof. Fix p > 2. First replace x by x+ 1 in equations (12.8). Thus we must prove

n
ZH]gn(BayO,"'ayP—l)(x—’—l)k
k=0
. k
= Zr]f(BayOa--'7y1771)(y0+'"+ypfl)Tn—k,px . (12.9)
k=0

For (12.9), we consider configurations C which consist of a rook placement cor-
responding to a permutation ¢ € Ci ! S,, where we circle some of the rooks that fall
in BN . We then let cyc;(C) denote the number of cycles of sign @' in the graph of
the underlying permutation of C and circle(C) denote the number of circled rooks
in C. It is then easy to see that the left-hand side of (12.9) can be interpreted as
counting x¢rele(€) Hf:ol y?yc"(c) over all such configurations. The right-hand side of
(12.9) can be interpreted as follows. First pick the circled rooks which correspond
to a placement Q € .4”(B) for some k. Then we need to compute
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p
A(Q.y0,- s ype1) = Y [T 7, (12.10)

where the sum runs over all configurations whose set of circled rooks equals Q.
Again this sum is easy to compute. Let i be the first column that does not contain a
rook in Q. Then there are n — k levels in which to place a rook in column i that do
not contain rooks in Q. We claim that there is exactly one level » where placing a
rook in the cell (i,r,k) for any k, 0 < k < p— 1, completes a cycle in the graph of
Q. That is, if there is no rook in Q which is in level i, then i is an isolated vertex
in the graph of Q so adding a rook in cell (i,i,k) will give a loop on vertex i with
label @* and hence increases the number of cycles with sign ®* by 1. Clearly in
such a situation, placing a rook in cell (i, j, k) for j # i and 0 < k < p— 1 cannot
complete a cycle. If there is a rook of Q in level i, then there must be a path p
of the maximal length in the graph of Q which ends in vertex i since there are no
edges coming out of the vertex i in the graph of Q. If this path starts in vertex j,
then there is no rook in level j in Q. Hence if we add a rook to cell (i, j, k) for
any 0 < k < p— 1, then this will complete a cycle. No matter what the labels are
on the edges of the path from j to i in the graph corresponding to Q, there will be
exactly one choice of k which results in the completed cycle having sign @' for any
given i € {0,...,p — 1}. Clearly, adding a rook to any other level in column i will
not complete a cycle in this case. Thus the placement of a rook in column i will
contribute a factor (yo+---+y,—1 +p(n—k—1)) to A(Q,y0,...,yp—1). But then
we can repeat the argument for every placement Q' which arises from Q by adding a
rook in the next empty column, say column i1. That is, for each such Q’, the addition
of a rook in column #; will contribute a factor (yo+---+y,—1 +p(n—k—2)) to
A(Q,y0,...,yp—1). Continuing on in this way, we see that A(Q, o, ...,y,—1) equals

(ot yp-1+pn=k=1)) o+ +yp-1+p(n=k=2)) - (o+---+yp-1)
= (y0+"'+yp—1) Tnfk,p .

; 1 . .
Thus another way to sum x*¢(C H” o ylCyc ) over all configurations is

n

p—
Yy Hycyc A(Q,Y0,--,Yp-1)

k=0 QeAj{”( ) =0

n

pP—
=)y ) Hy 0+-~~+yp71)%_kﬁp

k=0 e P () i=0

n

=Y FGo+ A yp) Takp Y Hy°y°

k=0 Qe (B

n
=Y (B, yp—l)(y0+"'+yp—l)Tn7k,pxk
k=0
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Next we shall prove a factorization theorem for cycle counting p-rook numbers
for full Ferrers boards B C BY.

Theorem 12.6. Let p > 2 and B = F(by,...,b,) be a full Ferrers board contained
in BY. Then we have

[T G+bi=pli—1) [T Gc+bi=pityot---+yp-1)
itbj<pi i:bj>pi
n

=Y 2 (Byo, . yp-1) () iy - (12.11)
k=0

Proof. The assumption that B is a full board implies that b; is divisible by p for all
i. Since both sides of (12.11) are polynomials in x of degree n, it is enough to prove
that (12.11) holds for infinitely many integers.

First we shall show that (12.11) holds for infinitely many integers px, where
x € P. Given x € P, we let B, denote the board which results by adding x-levels of
length n below B. For example, if p =3, B = (3,6,6,6,9,9), and x = 6, then the
board B, is pictured in Figure 4. We call the boundary between B and the x-levels
that we added below B the bar.

bar

Fig. 4: The board B,.

We let .4, (By) denote the set of all placements of k rooks in By such that there
is at most one rook in each level and each column. Given a placement P € A4, (By),
we let wt(P) = Hf;ol v (P"B) Then we claim that (12.11) where x is replaced by
px arises from two different ways of computing

S(Bay()a"wypfl): Z WI(P)
PeMP (By)
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Next we prove a key lemma.

Lemma 12.1. Suppose that Q € ;" (By) is a p-rook placement of t rooks in the first
i — 1 columns of By. Let D;(Q) denote the set of all p-rook placements P that result
from Q by adding a rook in column i. Then

e

PeD;(Q) 1=
(bi+px—p(t+ 1) +yo+ - +yp- DT 1™ iy > pi,
(bi+ px— pt) [T yer @) if b < pi.

Proof. First we claim that there is exactly one level j above the bar such that placing
arook in a cell (i, j, k) will complete a cycle in the graph of QN B if b; > pi and there
is no level j above the bar such that placing a rook in a cell (i, j,k) will complete
a cycle in the graph of QN B if b; < pi. That is, suppose that b; > pi. If there is no
rook in QN B which is in level i, then i is an isolated vertex in the graph of QN B
so adding a rook in cell (i,i,k) will give a loop on vertex i with label o* and hence
increase the number of cycles with sign @* by 1. Clearly in such a situation, placing
arook in cell (i, j,k) for j #iand 0 < k < p— 1 cannot complete a cycle. If there is
arook in QN B in row i, then there must be a maximal length path p in the graph of
QN B which ends in vertex i since there are no edges coming out of / in the graph of
QN B. If this path starts in vertex j, then j <i < b;/p and there is no rook in level j
in QN B above the bar. Hence if we add a rook to cell (i, j, k) forany 0 <k < p—1,
then it will complete a cycle. No matter what the labels are on the edges of the path
from j to i in the graph corresponding to Q, there will be exactly one choice for &
which results in the completed cycle having sign @' for any giveni € {0,...,p—1}.
In such a situation, we will call the level j such that adding a rook in a cell (i, j, k)
completes a cycle the special level relative to Q. It easily follows that in this case

Y HyCYC’ bi+px—p(t+1)+yo+-+yp-1 Hycyc’ (08,
PeD;(Q) 1=

Alternatively, if b; < pi, then we must have that b; < --- <b;_; < p(i—1) since
we are assuming that B is a full Ferrers board. This implies that there can be no edge
which ends in the vertex i in the graph of Q N B. Hence i is an isolated vertex in the
graph QN B. Thus placing a rook in the cell (i, j, k) where j < i cannot create a new
cycle. It easily follows that in this case

Z H ycyq = (b;+px— pt)h ycyq(QﬂB)

PeD;(0) 1=0 =0

Now think of adding rooks column by column starting from the left to form
an element P € A, (B,). In the first column, we have by + px choices. If by >
p, then if we add a rook in cell (1,1,k) then we create a cycle of sign ®* and
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we do not create a cycle otherwise. Thus the first column will contribute a factor
(px+by—p+yo+---+yp—1) if by > p or a factor (px + by) otherwise. Next if
we start with a placement Q € 4", (By) of i — 1 rooks in the first i — 1 columns
of By, then we will have px+b; — p(i — 1) cells to add a rook in column i. By
Lemma 12.1, our choices for placing a rook in these px+b; — p(i — 1) cells will
contribute a factor (px +b; — pi+yo+---+yp—1) if b; > pi and will contribute a
factor (px+b; — p(i — 1)) otherwise. Thus it follows that

SByo,---yp-1)= [] (px+bi—p(i—1)) [ (px+bi—pityo+---+yp-1).

itb;<pi ith; > pi

On the other hand, suppose that we fix a p-rook placement Q € Ji{,’i ((B)ofn—k
rooks above the bar. Then we want to compute

Bop = Y wt(P). (12.12)
Pe AP (By):PNB=Q

In this case, there will be k columns below the bar which do not contain rooks in Q.
If those columns are 1 < i < --- < i; < n, then we have px choices to place a rook
below the bar in column i;. Once we have placed a rook in column i; below the bar,
we will have px — p choices to add a rook below the bar in column i;. Continuing on
in this way it is easy to see that we have (px)(px—p)---(px—p(k—1)) = (px) Lk p
ways to extend Q to a placement in .4;” (B, ). By definition, the weight of any such

placement P is H{’;OI yfyc"(@. Thus

1

5 cyc;(Q)

n
S(BayOa"ny?fl) = Z Vi (px) \l/k,p
kZOQef/Vn’ik(B) i=0
n p—1
=Y )by, Y [59
k=0 oenl (B) =0

=

= r,l:_k(BayOa"wyP*l)(px) \lfk717'
k=0

A natural question here would be whether there is a similar result for singleton
Ferrers boards or Ferrers boards. In the case where we sety; =1 fori =0,...,p—
1, Briggs and Remmel [5] proved a factorization theorem for the p-rook numbers
for singleton Ferrers boards and Barrese, Loehr, Remmel and Sagan [1] proved a
factorization theorem for p-rook numbers for all Ferrers boards.

As an example of an application of Theorem 12.6, we give the cycle counting
p-rook analogue of the Lah numbers. The Lah numbers L, ; are defined by the
equation

(1= ¥ L) L -
k=1

They can also be defined by the following recursion
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Lys1 k= Lyk—1+ (n+k)Ly, (12.13)

with initial conditions Log =1 and L, = 0 if k <0 or k > n. The L, ;’s have a nice
rook theory interpretation, that is, L, x = r,—i(-%,), where .7}, is the Ferrers board
consisting of n columns of height n — 1, see [12]. From this interpretation, it is easy

to see that ( D1
n—1!/n
L= k=1 (k) (12.14)

That is, to create a rook placement of n — k rooks in .%;,, we first pick the n — k
columns that will contain the rooks. We can do this in (nf k) = (Z) ways. Then we
have to place the rooks in these columns starting from the left. We clearly have n — 1
choices where to put a rook in the left most column, then n — 1 — 1 ways to place a
rook in the next column, etc. Thus we will have (n— 1) },, ;= EZ:}; : ways to place
the rooks in the n — k columns that we chose.

For the obvious cycle-counting analogue of the L, ;’s for C,1S,, consider the

Ferrers board .4} which consists of n columns of height p(n — 1). We let

lek(y()a' . -ypfl) = rfl]fk(jnpvyOV "aypfl)~ (12.15)

In this case, (12.11) becomes

n
x(xyo+ -+ yp-1) Tae1p= 3 Lo (0, Yp-1) (X) dap - (12.16)
k=1

Note that

n+1
YL G0y ) (@) iy

:x(x+y0+' o +yp—1)Tn7p
=(x+yo+- - +yp-1+pn—1))x(x+yo+-+yp-1)Tu-1p

n
=(x+yo+- - +yp-1+pn—1)) ZLik(yowuyp—l)(x)ik,p
=1

I
1=

~
S

000 Yp-1) () iy (X —kp+yo+ - ypo1 +p(nthk—1))

»
I
-

I

0-1=
[\

ST

7k(y07 .- ~yp*1)(x) dir1,p

T
(X

n
+ ) L (305 Yp-1) () i o+ +Ypo1 +p(n+k—1)).
k=1

It thus follows that
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L5+1,k(}’07-~~y1771)
=Ly (605 Yp-1) + o+ Fypor +p(ntk—=1))L]  (yo,...yp-1).  (12.17)

We also have an analogue of (12.14) in this case. That is, we want to compute

p—1

Z H y§yci(P> .

pel (L) =0

We divide the p-rook placements in .47, (47 into two sets, N consisting of those
p-rook placements with no rook in the last column and N, consisting of those p-rook
placements that have a rook in the last column. For Ny, there are (” 1) = (Z:}) ways
to choose the n — k columns in which we are going to place the rooks. If i <n—1,
then the height of the i-th column is greater than or equal to pi. Hence, we can use
Lemma 12.1 to argue that as we place the rooks in the columns from left to right,
the sum of Hp 01 ylcyc i) over the possible placements in the n — k columns that we
choose is

(p(n=2)+yo+-+yp-1)(p(n=3)+yo+-+yp-1)
~(p(k=1)+yo+-+yp-1)-

Thus :
P ye, n—1
¥ T = (1)) b= Dttt ) i

PEN; i=0

For N,, there are (nf;ll) = (";]) ways to choose the columns in which we are

going to place the rooks in the first n — 1 columns. As above, the sum of Hf] 01 yfyc i(P)

over the possible placements in the n — k columns that we choose is

(p(n—=2)+yo+---+yp—1)(p(n=3)+yo+--+yp—1) - (Pk+yo+---+yp-1).

Once we place these rooks, we still have to place a rook in the last column. However,
the height of the last column in %/ is (n —1)p < np. Thus by Lemma 12.1, the
factor contributed by placing the rook in the last columninthen—1—(n—k—1) =k
levels which are possible is pk. Thus

CC _1
y Hyy ( ] )<pk><pk+yo+---+y,,1>¢nkl,p.

PEN; i=

Hence,
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n—1
If, = (k_ 1)@(1«1>+yo+~~+yp1>¢n_k,,,

+<nk 1) (Pk)(Pk+Yo+ -4 Yp-1) Tak1,p

n—1
= <k— l) (pk+y0+"'+)’p71)/l\n7k,p .

3 Q-analogues of cycle counting p-rook numbers

In this section, we shall define g-analogues of cycle counting p-rook numbers and
prove a factorization theorem for such g-analogues for full Ferrers boards.

First we shall recall the definitions of the g-analogues of the p-rook and p-hit
numbers as defined by Briggs and Remmel [5]. Let B = F(by,...,b,) be a Ferrers
board contained in By A rook in cell (i, j, k) is said to rook cancel all cells in level j
that lie strictly its right, and all cells that lie directly below it. Then for any given P €
A7 (B), we let invg(P) be the number of uncancelled cells in B — P. For example,
in Figure 5 we have pictured a placement in B = F(6,9,12,12,15,15) C Bg and we
have put dots in cells which are rook cancelled by rooks in P. Thus invg(P) = 30 as
there is a total of 30 squares which are not rook cancelled by rooks in P.

L
[
X [
D
.
°
D D D D
X . . . D
° ° ° ° °
D D
° .
° °
D X D D
° ° ° .
° ° ° °

Fig. 5: An example of rook cancellation.

Suppose that p > 2. Then for k > 1, we let

D¢ Ty = Dgy+plg---y+p(k—1)], and
Mgy = gy —plg- -y —plk—1)]g.

We let [y], To,,= [¥lg40,p= 1. Then for any Ferrers board B = F (by,...,b,) C Bf,
Briggs and Remmel defined r{ (B,q) by

wB,q)=Y ¢"" (12.18)
Pe?
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and ng ,(B,q) algebraically by

n

Z anx—ZrkBq[p( —Blgbnip [1 G—=g).  (12.19)

k= l=n—k+1
Briggs and Remmel [5] then proved the following two theorems.

Theorem 12.7. Let B=F(by,...,b,) C BY be a Ferrers board. Then

n

[Tx+6i—p(i—1)] Z P (B.q)[px] bip - (12.20)
i=1

Theorem 12.8. Let B = F (by,...,b,) C Bl be a Ferrers board. Then H, (B, q) is a
polynomial in g with non-negative integer coefficients for allk =0,...,n

In fact, Briggs and Remmel proved p,g-analogues of Theorems 12.7 and 12.8
but we shall not concern ourselves with p, g-analogues in this paper.
We define the g-analogue of the cycle-counting p-rook number by

cc —lo .
W (B.q.y0,--yp-1)= Y (HLv, v ) inv(P)+Ejoo 0= DEIP) - (12.01)
(B) \J

pPe#’(B

where

inv(P) is the number of uncancelled cells (considering one sub level as one cell)
when a rook cancels all the cells below it and all the cells to the right in the same
level with the rook, and

E;(P) is the number of i’s such that b; > pi and there is no rook from P in column
i on or above s (P), where s/ (P) is the unique sub level which, considering only
rooks from P in column 1 through i — 1 of B, completes a ®; cycle.

Then we have the following g-analogue of the factorization theorem.

Theorem 12.9. Let B= F(by,...,b,) be a full Ferrers board contained in B.

H [px+bi—p(i—1)], H [pPx+bi—pi+yo+--+yp-ilg
i:bj<pi i:bj>pi
n

Z (Bog 0, yp- 1) [Plg iy - (12.22)

Proof. Tt is not difficult to show that it is enough to prove (12.22) holds when-
ever X,)o,...,yp—1 are positive integers. The proof is similar to the proof of The-
orem 12.6. Given x € P, we consider the extended board B, by adding x-levels of
length n below B. Then suppose that yo, ..., y,—1 are fixed elements of IP. For a given
P e A (By), we let
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—1
cye;(PPB) Y inv(P)+¥5_, (v;—1)E;(PNB
o) = ([ o v,

Then we claim that (12.22) arises by calculating

S(Bvqay(]v"wypfl): Z W[(P)
Pe AP (By)

in two different ways.

First, we fix a p-rook placement Q € .47, (B) of n — k rooks in B. Then we want
to compute

Ag = Y wt(P).
PEN,(By), PNB=0Q

In this case, there are k columns below the bar which do not contain rooks in Q.
First consider the contribution that comes from placing a rook below the bar in the
first available column, reading from left to right. If we place a rook in the top cell
of the first available column, then it would contribute ¢° to the weight of the rook
placement. If we place that rook one cell below, then it would give ¢', and so on.
Thus, our choices for placing a rook in this column contributes the weight sum

Q" +q' g™ = A

to Ap. Once we place a rook in the first available column, then we can use the
same argument to show that our choices of placing a rook below the bar in the next
available column contributes a factor [px — p], to Ag. By continuing in this way, we
get

p—1

p—1
i(Q inv : i— i
Ag = <HM§YGJ( )> g™ O L0 0 VE D ] [px— plg-+ [px — plk— 1)),
=0

Thus

n

S(Bquy()»"'ay]?*l)zz Z AQ
k=0ge", (B)

p—1 ] .
cye;(Q inv =l _DE;
[pxlgbep X <II[y/]qy ! >> g™ QLo 0~ DE;(Q)

Qe? (B) \j=0

~
3 HM:
(=}

=Y P (B,q,y0,--,yp—1)[Pxlg dicp
=0

which is the left-hand side of (12.22).

On the other hand, we can calculate S(B,q,yo,...,yp—1) by adding rooks col-
umn by column, starting from left to right. To do this, we need an analogue of
Lemma 12.1, which we state and prove separately subsequent to the current proof;
see Lemma 12.2.
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If we start with a placement Q € .4, (By) of i — 1 rooks in the first i — 1 columns
of B, then the i th column will contribute the factor [px+b; — pi+yo+---+y,-1]g
for placing a rook in the column i if b; > pi and will contribute a factor [px + b; —
p(i—1)], if b; < pi. Thus,

S(Ba117YO7-~~7Yp—1)

= I [px+bi—pi—Dly [] lpx+bi—pityo+--+ypilg,
i:b;<pi i:b;>pi

which is the right-hand side of (12.22).

Lemma 12.2. Suppose that Q € A,"(B,) is a p-rook placement of t rooks in the first
i — 1 columns of By. Let D;(Q) denote the set of all p-rook placements P that result
from Q by adding a rook in column i. Then

Z wt(P) =

{[b,-+px—p(t+ D 4+yo+---+yp-1]gwt(Q), if bj > pi,
PeD;(Q)

[bi + px— pt]gwt(Q), if b < pi.
(12.23)

Proof. The proof is similar to the proof of Lemma 12.1. That is, if b; < pi, then any
placement of a rook in column i will not contribute to E;(P N B) for any j. Now
there are px + b; — pt uncancelled squares in the i-th column. If we place a rook r;
in the j-th uncancelled cell from the top in column i, then r; will contribute a factor
¢’~! to wt(P) as the contribution to inv(P) from r; will be j — 1. Thus in this case,
the placement of 7; will contribute a factor

px+bi—pt
wi(Q) Y, ¢ =wr(Q)[px+bi—prlg
j=1

to Ypep;(g) Wi (P).

If b; > pi, then there is a level /; < i such that placing a rook r; in level ¢; in column
i will complete a cycle relative to the rooks in Q. Assume that if we place a rook in
cell (i,1;,s), then we complete a cycle of sign @%. Thus @™, ..., ®@"r—! must be a
rearrangement of 1, ®,...,®P!. In addition, assume that there are pt; uncancelled
cells above level ¢; in column i. Then as before, placing a rook in j-th uncancelled
cell from the top, where j < pr;, will give a factor ¢/~ to ¥ pep,(g) wt(P). Thus the
placements of a rook in the top pt; cells will give a factor

wi(Q)(1+q+--+¢" ") =wi(Q)[ptiy

to Y.pep,(g) Wt (P).
Now consider the effect of placing a rook r; in the cell (i,/;, p—1). Then r; would
contribute a factor

[yup,] ]qqpti = qpti 44 qpti+yllp71 -1
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to wt(P). Here [y, ,]; comes from the fact that we completed a cycle of sign "~
and g™ comes from the contribution of r; to inv(P). Note that r; makes no contribu-
tion to E;(P) for any j in this case. Next consider the effect of placing a rook r; in
the cell (i,/;, p —2). Then r; would contribute

[yu 2]qqpli+1¢/up7171 — qpti+yup71 . _~_qpli+}'up71+Yup72*l
p—

towt(P). Here [yy,_,]; comes from the fact that we completed a cycle of sign @72,

g”i ! comes from the contribution of r; to inv(P), and ¢"*»-! ~! comes from the fact
that the placement of r; contributes 1 to Ey,, | (P). Next consider the effect of placing
arook r; in the cell (i,/;, p—3). Then r; would contribute

[yu S]qqptﬁLqup,l*1+YM,,,2*1 _ qptfﬂu,,,ﬁyup,z _’_.“+qpti+yup71+)'up72+Yt41)7371
P

to wt(P). Here [yy,_,], comes from the fact that we completed a cycle of sign @"r-3,

g2 comes from the contribution of r; to inv(P), and ¢’*»-! 271 comes from
the fact that the placement of r; contributes 1 to both E,,, , (P) and E,, (P). Con-
tinuing on in this way, one can show that the contribution of all the possible place-
ments of r; in level ¢; in column i contribute a factor wr(Q)g”i[yo+ ---yp—14 to
Yrep, (o) Wi (P).

We have px+ b; — pt — pt; — p uncancelled cells below level ¢; in column i. If
we place a rook r; in the s-th such cell reading from the top, then r; contributes

‘ Pl ey _ . .
gl s =1 gEio Y=l — gptityottyp-1+5=1 o vt (P). Here g P~ comes from r;

contribution to inv(P) and qu:(; ¥~ comes from the fact that r; would contribute
1 to E;(P) for j =0,...,p— 1. It follows that contribution to }pcp, (@) wt(P) over
all possible placements of rooks in the remaining px+ b; — pt — pt; — p uncancelled
cells is

wt(Q)g" TR [px+ by — pt — pti — ply.
Hence the total contribution to Y pc p, () wt(P) of the placements of rooks in the i-th

column in the case where b; > pi is

p—1 1
wt(Q)([ptilg + " [} yilg + " E=0 Y [px+ b — pt — pti — pl)
i=0

=wt(Q)[px+bi—p(t+1) +yo+ - +Yp-1lg:
as desired.

Example 12.1 (g-cycle counting Lah numbers). We consider the g-analogue of
cycle-counting Lah numbers L, (vo,...,yp—1) for C,1S,. We let

Ly (4,305 Yp—1) = 10 (L 4,505, Yp-1), (12.24)

where .Z/ is the Ferrers board which consists of n columns of height p(n — 1).
Then, by Theorem 12.9, we have
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[Px]q[Px‘f'}’O + e +Yp71]an71,p

[px]qlp(x = 1)]g -~ [p(x—k+ 1)]qLZ,k(5]7)’07 s yp—1). (12.25)

=

k=1

Note that

n+1

Z LZ+1,k(%y0, S ,yp—l)[l’x]qikp
k=1

[px}q[px+y0+’ e +yp71}q/]\n,p
[px]g[px+yo+ - +Yp-ilgTa—1p [Px+pn—1)+y0+ - +yp-1lg

I

1=
h

ST

(@505 yp-1)[Px]g b p [PX+p(n—1) + 30+ +¥p-1lq

~
Il
—_

[
1=
3

7k(QayOa' .. 7yp71)

~
I

X [px]gdip [P(x—k) +p(n+k—=1)+yo+---4+yp-1lq

qp(nijil)erOJr“‘erPilL;I;_,k(qayou cee vafl)[px}q \J/k—i—lq,p

Il
™=

~
I

+
=~

S

L ’k(q7y07'"ayp*l)[px]ql//gp [p(l’l+k* 1)+Y0+"‘+)’p71]q-

»
Il

Thus we get the recurrence relation

LN (9,50, yp1) = g0 A L (g, v0, 0 ype1)

L] (4,50, Yp-1)[p(n+k—1) + 3o+ +ypilg. (12.26)

Using this recursion, we can also prove the following closed form expression

Lzﬁk(qu()?' .. 7yp71)

_ “D(yot-r n—1
= gDt =1) 0ot +yp-1) {k—l]qp [Pk +yo+-yp-1lgTnkp - (12.27)

4 (Q-analogues of cycle counting p-hit numbers

Recall that a full Ferrers board B = F (by,...,b,) C By, is regular if b; = p - ¢;, where
ci > ifor 1 <i < n. The goal of this section is to define a g-analogue of cycle
counting p-hit numbers for full regular Ferrers boards and to give a conjectured
combinatorial interpretation for them. Before we start, we introduce an alternate
notation for a Ferrers board. Given a Ferrers board B = F(by,by,...,b,) C BP, we
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will also use the notation B = B(h’l7 ,di;. .. ;h{’ ,d;) which uses the step heights and

depths as pictured in Figure 6.
d;
hy

hy

n
Fig. 6: The Ferrers board B = B(h dy;...;h} ,d;)

Now if B= F(pcy,...,pcy) is a regular full Ferrers board contained in B?_ then,
in the notation B = B(hl,d;...;h! . dy), hj-’ = p-h; where h;’s are the number of
levels of the corresponding step. Then by Theorem 12.9,

n n

Z VZ,]((BJLYO» cee 7yp71)[px]q¢k,p: H[px+p(ci - i) +yo+--- +yp71]q- (12.28)
k=0 =1

We let the right-hand side of (12.28) be

n

PR[B,X,y(),. .. 7)’[771} = H[px+p(cl 71) +y0+ e +y1771]q'
i=1

We define our g-analogue H,ﬁ .(B.q,y0,...,yp—1) of the cycle counting p-hit num-
bers by '

n
Z rg—k(Ba‘]a)’O,u-,)’p—l)[yo"'""*‘YP—l]qum ¢
k=0
n

n
< [T (1=zgot 1200y = Y B (B,q,y0,....3p-1)".  (12.29)
i=k+1 k=0

Note that when g = 1, by changing z to z~! and multiplying z" on both sides, we
can transform (12.29) to
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Z (B,1,50,-.-,yp-1)3"
n— kn 70y P
$ k
= Zr]I{’(Bv17y07--~7yp71)(y0+"'+yp71)Tn—k,p (Zf 1) .
k=0

By comparing it to the result of Theorem 12.5, we can see that
Hlsn(Bv 1,)’0, ce ayp—l) = Hlf—k’n(B’yO’ e ;yp—l)'

Our first goal is to give a recursion for the H (B,q,Yo,...,yp—1)’s which will

show that H]f W(Bi@, Y0, ., yp-1) is a polynomlal in g with non-negative coeffi-
cients when yy,...,y,—1 are non-negative integers. To derive our desired recursion
of H (B,q,y0,.-.,yp—1), we define a more general version of it. That is, we define

H]in(Baxquy()v"- ;ypfl) by

n

Z kn B X,4,Y05- - 7yp—1)Zk

n
Z B 3 45Y05- -5 Yp— 1)[[?)6 TkpZ H px+p(1 1))
k=0 i=k+1

Remark 12.1. We note that

ngn(BvqmyOw "aypfl) = H}in(Bvx7q7y07' .- 7yp*1)‘x:}'0+'“+}'p—l ’

P

and H, (B,x,q.,Y0,...,yp—1) is a generalization of Hi(x,y, B) as defined by Haglund
in [14] and used by Butler in [6].

The following two propositions are the generalizations of the result of Haglund
in [14, Lemma 5.1, Lemma 5.7].

Proposition 12.1. Suppose B = F(pci,...,pcy) is a regular full Ferrers board con-
tained in BY. Then we have

HY, (B.x,4,Y0, -, Yp-1)

+ +j-1 —jgp(5’ ;
= Z {n x} : [x ) ] I CIPRIB o, yp], (12.30)
qP g

where PR[B7j7y07 s aypfl] = H?:l[pj+p(cl - l) +y0 4 +yp*1]q*
Proof. In the proof, we use the following short-hand notation

([xlgr)j = [xlgrfx+1gr -+ [x+j — g

The right-hand side of (12.30) is
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Zk: [nﬂg} p( 1yeigr('s) [x+j1] p

oLk J
XZ Hgrli = Ugr [ =5+ grry_(B;q,Y0, -, yp-1)
n
= Z[l’];”ﬁf‘v(&q»yo,---7)’17—1)

s=0
. Z {Zi’;} . l)k i p(557) ([x]qp)j.[j]qp...[j—s—i—l]qp

jzs

n
= Z[p]q n— S(B q;Y0,-- 7)’17—1)

« Z |:kn+x :|p(_1)kuSql’(kgs)g[x]qp)uﬂ([u—f'l]ql’)s

u>0 —u=sj, [ qP)u+s
Jj=u+s
/! n+x _ k—s
= Z[p]‘;rﬁfs(B,q,yo,...,yp,l) Z [k—s (—l)k qu( 2")
5s=0 u>0 qP

([S_k]ql’)u ([x]qp)S([x‘f‘S}qP)u [M-I-S]
(n+x—k+s+1g)u  (s+1gr)u o],

= i[P];”gfs(B,q,)’ow~7yp71) Z [Z——F;C:| (71)k—sqp(k?')
s=0 o o
([—k—i—s} p)s([x—i—s] 1)),,
(o) & (a3 — kst Tl

u>0

™=

[P]i,”ﬁfs(B,q,)’Ow .. 7)’[)71)

s=0
n+x —s_p(%5* ([l’l—k—Fl} ?)k—s
x [k—sL,,(_l)k ¢'l )([x]qp)‘?([n—l—x—k—i-sj-l]qp)kfs
) 3 Y0y YVp— nes -1 k=s p(k?)
;) rm_s(B,q, Y0,y 1){k_st( g

H]f (B)Cy(), - Yp— 1)

Proposition 12.2. Suppose B = B(hl.d\;h} . do;. ... h! . d;), where hY = ph; for
nonnegarive integer h;, i = 1,...,t, is regular full Ferrers board contained in BY.
Let H; := hy +---+h, D; :=di +--- +d;, and the notation B — h; — d; refer to the
board obtained from B by decreasing h; and d; by one each and leaving the other
parameters fixed. (For an example of the board B — h; — d, refer to Figure 7). Then
we have the following recursion for H,in (B,X,4,Y05---,Yp—1)-
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=

Fig. 7: B=B(6,1;3,1;3,2;3,2) and B—h; —ds = B(3,1;3,1;3,2;3,1), for p = 3.

len(BvvaayOw ")ypfl)

-
qv

X ngnfl (Bihl 7dlvx,y07' .. 7yp71)

+ [ply (—q”(”“‘” [k+Hz —Dy+dj—1+ Wﬂﬂl]
q’

p

Yo+ Hyp—i
k+H;—D;+d;—2+ L
+ ‘]p( e p >[n —|—x]qp)

X H]f_lﬁn_l(B_hl —di,x,9,Y0, - 'vyp*l)'
Proof. We have

H]Zn(Bvxvc]vy0w . ~7yp—1)

3] [ e

n

x| [lps+p(bi—i) +yo+ - +yp-1lg
i=1
k [ ] [ 1 —S
:Z 1;—&—)( x+s—1 (—l)kf“‘qp(kz’)
s=0 L 7S_ ql’ L S i qp
X [ps+pH —D;+d;—1)+yo+---+yp-1]qPR[B—h; —dy,s,y0,...,yp—1]

. oL _

n+x x+s—1 _ k—s
=2 s ; (—1)fgr(2)
0L _qp_ _ql’

X PR[B—hy —dy,8,y0, ..., yp1]

x < [p] |:k+H1—D1+d1—1+
p P
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Yot +yp—1
g DA >[pnks]q"}
+ Yy
= (o [+ =Dy 1 2
p qP
k
n+x x+s—1 _ ks
XZ |:k_s:| |: s :| (_1)k qu(2)PR[B_hl_dlasvy()v"'ﬂypfl]
s=0 gP qP
sty -Dydy 14707 1) K n+x—1
—[p]qqp( 1=Di+d; 5 )Z[n+x]qp o
s=0 ql’
_ k=s\ o
x |:x+§ 1:| (_l)kisqp(( g )+“)PR[B_hl_dl7say01"'7yp—l]
qP

o+ +Yp-1 K Txts—1 .
= [plq [k—i—Hz—DH—d[—l—Fyyp] Z{ p } (—1)k=s
p q" =0 "

Al et [ o)
qP qP

X PR[B—hy—dy,$,50,. .., ¥p1]

HH Dy — 1420 1) K] n+x—1
_[p]qqp( 1=Di+d; 5 )Z[”+x]qp o
5s=0 q?
x+s_1 - k—s—1 k—1
X |: s :| (_l)k qu(( : )+ )PR[B_hl_dl7s7)’07--~7)7p—1]
qP

=[ply [k+Hl—Dz+d1—1+M]
qP

p
Xlenfl(B_hl_dl>qu7y07"'7yp—1)
+[p]qu€:1’n71(B_hl_d17x7Q7y07'~'1yp—1)

_ _ Yot typ—i
> {qp(k+H/ D;+d; 2+7p )[n+x]ql)

) {k+H1—Dl+dl—l+y°+"'+yf’1} }
14 q?

Fety,
= [plq [k‘FHl—Dz—Fdl—l—Fyoypl]
qP
XHlinfl(Bihl7dlvxaQayOa'~~7ypfl)
te Y,
+[plq {’H‘X—k—HH-Dl—dH—l—yopypl}
qP

ety
P(k+H1*Dl+d1*2+W)

xXq H]fflyn71<B_hl_dlax7q,y07"'7yp—1)'

Proposition 12.3. If B; is the board
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B(hY,dys---sh) y,di_1sh) — pj,di— jshy,,digs. s hY L dy)

obtained from a regular Ferrers board B by decreasing hf’ by pj and d; by j (here
we assume that j < hy,d;, where hf = phy), then

k
H]f.n(BvxvqﬂYOa"wyp*l) = [P](]][]]qp‘ Z Hslin(Bj'ax7Q7y07"'ayp*1)
s=k—j

Ti—1+s| [n=T +X—S} plle=s)(T+k— 1)
x| 1 . (1231
|:]_k+s:|qﬂ|: k_s ql’q ( )

2, +...+7 o
where Ty =H;—D;_| + )O%.

Proof. The proof can be done by induction on j and by using the recursion in Propo-
sition 12.2. The proof is similar to the proof of [14, Theorem 4.1, Theorem 5.8],
hence we omit the details.

By using Proposition 12.2, we can derive the recursion for H,ﬁn(B, 4,505, Yp—1)-

Theorem 12.10. Suppose B = B(h! ,dy;h do; ... hf  d;), where hY = ph;, is regu-
lar full Ferrers board contained in BY. Let Hy :=hy +---+h;, D; :=dy +---+di,
and the notation B— h; — d refers to the board obtained from B by decreasing h; and
dj by one each and leaving the other parameters fixed. Then we have the following
recursion for H,ﬁn(B,q,yg, ceYp—1):

Hlin(Bquy()v"-aypfl)

Yo+ +yp-i
:[p]q 7p+k+dt_1 len_l(B_ht_dt7qﬂy0a"'7yp*l)
ql’
Yot p-1 _
T |
XHlf—l,n—l(B_hl_dtacby()a-'wypf])a (1232)

where h, and d; are the height (number of levels) and the depth of the last step of B.

We note that it follows from Theorem 12.10 that if B = F(pcy,...,pc,) is a
regular full Ferrers board in B} and yo,...,y,—| are non-negative integers, then
H,ﬁ .(B,@,Y0,-..,yp—1) is a polynomial with non-negative coefficients in g. Here are
some small examples.

Example 12.2. When B; has only one square (level) with p sublevels, i.e., B =
F(p), then
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H(il(BlaquOV"aypfl)

p—1 _
ove;(P) in(P)+X? (- DE;
_ rf — E | | [YJ]qy J q n (P>+ZJ:() (YJ l)E_/(P)

P€</VIP(BI) Jj=0

N 142 Ny 21
=q0[y,,71]q+q1+(”*‘ 1)[yp72]q+”'+6]p +Z]zl(h >[y0]q

, , Pl
= lp-1)g + @7 p2lg + @72y 3]+ g Y o,

=[o+-+yp-ilg,

ngl(Bl,q,yo,...,y,,,l) =0, for k> 0.

We continue computing small examples for n = 2:

H&Q(Egaq)yoa e aypfl) = [y0+" : +)’p71}ﬁi[y0+" “+Yp-1 +P]q,
H,Zz(EB,q,yo,...,yp,l) =0, for k > 0.

Furthermore,

H&2<EB7C]»YO7---7)’17—1) = [)’0“‘""")’17—1]27
HﬁZ(EEquyO)' . 7yp—1) = C]<y0+m+yp_')[l?]qb’o+ Tt +yp—1]q,
H£2(E57q7y07"'7yp—1) =0.

Based on the g-statistics for the cycle counting hit numbers defined by Butler in
[6], we conjecture a similar g-statistic for the cycle counting p-hit numbers. Before
we make a precise statement, we need some definitions.

For a full regular Ferrers board B C B}, let A7 (B) = U}_, 4;"(B). For p €
AP(B), note the Butler’s statistic s ,(P) [6] defined as the number of squares on B
which neither contain a rook from P nor are cancelled, after applying the following
cancellation scheme:

1. Each rook cancels all squares to the right in its row,

2. each rook on B cancels all squares above it in its column (squares both on B and
strictly above B),

3. each rook on B which also completes a cycle cancels all squares below it in its
column as well,

4. each rook off B cancels all squares below it but above B.

Define cyc.. ;(P) by
p—1
cyczj(P) = Z cyc;(P).
i=j
Since b; > pi, there exists a unique level, say u, in column 7 such that considering

only rooks from P in column 1 through column i — 1 of B, completes a cycle. At the
i column, define E;(P) by
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Ei(P) =
D, if there is no rook from P in column i on or above the level u,
0, if there is a rook from P in column i above the level u,

p—1—j, if there is a rook on the level u completing a cycle of sign ®;.

Then we conjecture the following combinatorial formula for H,f_ L(B,q,y0,- ..,
Yp—1 ) .
Conjecture 12.1. Let 58, ,(B) be the set of all placements corresponding 6 € Cj, 1S,
such that |0 N B| = k. Then, for a full regular Ferrers board B C By,

len(Bvq7y07 s aypfl)

p—1 - —
_ Z (H [yj];yc.i(m> qSB.b(P)Jr):,-:l Ei(PHZ_I,-:(%(()’j*l)(”*cyczj(P)))' (12.33)
PeA, i n(B) \J=0

An obvious approach to prove Conjecture 12.1 is to give a combinatorial proof
that the recursion of H,f_n(B,cLyo7 ...,¥p—1) in (12.32) holds. We were not able to
find a natural way to paftition the rook placements in .4 (B) to account for the two
terms on the right-hand side of (12.32). Our next example will show that while we
can verify the recursion holds for B = F(p,2p,3p,4p) C [4] X [4p], the way that
we can divide the partition the rook placements in B to account for the two terms
on the right-hand side of (12.32) is quite complicated. Thus we do not see how the
recursion can be derived naturally by extending the rook placement corresponding
to the permutations of n — 1 numbers.

Example 12.3. We consider a staircase board B=F (p,2p,3p,4p) C [4] x [4p]. Then
B—hy—dy=F(p,2p,3p) and the recursion (12.32) when k = 1 is

Hf,A(B’quOv"' aypfl) = [yo+ : "+ypfl +P]qu3(B*h4 *d47q7y07"'aypfl)
+ 0T [l Bl HY 3 (B—ha —da,q,y0, - yp-1)- (12.34)

For a rook placement P € .7, ,(B), let

Ty ) (P)FEy Ei(P)HE] g (= 1) (n—cyes (P))]
wi(P) = | TTble ™" ) g2 PHE BP0 Dleres (),
=0
Then for o = (1)(2)(3) € S3,
olo|X
o[X| e
X|eo| @
HY3(B—hs—da,q,y0,--,yp-1) = Y, wi(P)=[yo+-+yp1];-
PeCpio

This can be extended to a placement in 723 4(B) as follows.
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X

o X|e|e

°
X
°
°

<o 0|0

® [ <

oo (<o
o X|e|e

Hlo|o|e

o |o|e

o X|e|e
°

oo [Xle

2717

o1=(14)(2)3), Y wi(P)=[o++yp-1¢" "1 [plg,

PECpZG]

(12.35)

o= (1)(24)(3), Y wt(P)=Do+-+yplod® " 1 [pl,,

PEC,;ZGZ

(12.36)

o3 =(1)(2)(34), Y, wi(P)= [0+ +yp-1]g” " plg.

PeCploz

(12.37)

There are four permutations in S3 which can be considered for Hf 4(B—hs —

d4’q7y07"'

X

X

°
X
°

<o |o|@
°

o Xlole

o o0 X

o X

<o |o|@
°

o Xlo|e

oo Xle

o[ <|e

o= (1)(23), ) wi(P)=

Cpla

o) = Z Wt

CpZOll

o =(1)(243), ) we(P
CpZOQ

2), Y wi(P)

CB

,¥p—1) and they can be extended to a placement in 23 4 as follows.

[Vo+-- +yp71]2qy0+-~'+yp*1 [Plq

= Do oo+ [ o,

(12.38)

2

= [yo+- +yp_1]2g? 00T 1) p]2,

(12.39)

= Do+ +yp-1l5@0 T [plg
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o [ Xle]e

<o |o|e®

o|e|e X

o (Xleo]|e

oo X|e

<le|e|e

o X<

°
o (Xle

o Xlele

o|e|e X

< o|o|e

oo X

< o |o]|e

o Xo|e

oo Xle

>
[

oo ¥
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B = 4), Y wi(P) = [yo+ - +yp 30t P ]
Cplﬁl
(12.40)
Bo=(143)(2), Y wit(P) = [yo+ -+ +yp1)2g?00 -1 p]2,
Cp ﬁz
(12.41)

y=(132), Y wt(P) = [yo + - +yp_1]2g700 T -1 p]2

(132)( Z Wwt(P) = [yo+ -+ yp_ 1]2q2(\0+ “+yp- 1)+p[p]2,
CpZVI
(12.42)

Y =(1432), ) wi(P)=[yo+ - +yp71}qq3(y°+"'+y’”‘)[P]i
o
(12.43)

§=(12)(3), Y wt(P) = [yo+ - +yp1log® 1P p],
Cpié
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=
o|o[X
o[X| e
X|o|o|o®
X[ele| & =(12)(3)(4), L wt(P) = [yo+---+y, 1 2g0 T Hr 142 p]
C[;?S]
(12.44)
X|o|oflo
eoleo[X|eo
oleoX
X|o|e®

& = (142)(3), ¥ wt(P) = [yo+-+ +yp1]2g?00t Pt [p]2.
Cpids
(12.45)

(12.35) + (12.40) + (12.44) has a common factor ¢*°" " ™r-1[p],[3],» which is
the coefficient of HY (B — h4 — ds,q,y0,...,yp—1) in (12.34) and the rest makes

H(i3(B—h4—d47¢1a)’0;---7)’p71)'

(12.35) + (12.40) + (12.44) = [yo + - 3,1 Jgg" 71 [ply (14 4" +7)

_ y0+...+y,,_1[y0+...+yp_1]3[17]q[3]qp

= 001l 3gp HY 3 (B — hs — di. 4,0, ., yp—1),
Similarly, ((12.36) + (1245)), ((1237) + (12.41)), ((12.39) + (1243)) and

((12.38) 4 (12.42)) have a common factor [yg + - +y,—1 + p|, which is the co-
efficient of H{ ;(B — hs —da,q.,Y0,...,yp—1) in (12.34).

((12.36) + (12.45)) + ((12.37) 4+ (12.41))
+((12.39) 4+ (12.43)) + ((12.38) + (12.42))
= ([yo R +yp71}§qYO+"'+fol [p]q([yo . +yp71]q 4 qyo+<~+yp—1 [p]q))
+ ([yo . +yp71]$q.vo+~~+yp71 [p]q([yo N +yp71]q + qyo+'~+yp71 [p]q))

+ (LVO +ee +)’p71]qqz(y0+m+yp71) [PE{([YO o Yptlg g [P]q))

+ (Dot Yo 1 lo@ T Pl (o + -+ ypilg +470 T ply)
= (bo+-+yp-tlg @01 [ply)
X Ao+ +yptlg@ P [Pl (o + - Fyp-ilg 0T p])
+ Doty lgg P [l (14 ¢7) )
= [yo R +)’p—1 +p]qqy0+"'+Yp71 [P]q
Xot-+yp-ilg (Dot +yp1+plg+ 2o+ +yp-ilg)
= Do+ +yp-1+plgH{ 3(B—hs —da,q,y0,- -, ¥p-1)-



280 J. Haglund, J. Remmel, M. Yoo

References

1. Barrese, K., Loehr, N., Remmel, J., Sagan, B.E.: m-Level rook placements. J. Combin. Theory
Ser. A 124, 130-165 (2014)
2. Briggs, K.S.: O-Analogues and P, Q-Analogues of Rook Numbers and Hit Numbers and Their
Extensions. Ph.D. thesis, University of California, San Diego (2003)
3. Briggs, K.S.: A combinatorial interpretation for p,g-hit numbers. Discrete Math. 308, 6078—
6103 (2008)
4. Briggs, K.S., Remmel, J.B.: A p,g-analogue of a formula of Frobenius. Electron. J. Combin.
10, Article #R9, 26 pp. (2003)
5. Briggs, K.S., Remmel, J.B.: m-Rook numbers & a generalization of a formula of Frobenius to
Gm§-7n. J. Combin. Theory Ser. A 113, 1138-1171 (2006)
6. Butler, F.: Rook theory and cycle-counting permutation statistics. Adv. Appl. Math. 33, 655—
675 (2004)
7. Butler, F.: Symmetry and unimodality f the g,x,y-hit numbers. Sém. Lothar. Combin. 54A,
Article B54Ae, 11 pp. (2006)
8. Chung, F., Graham, R.: On the cover polynomial of a digraph. J. Combin. Theory Ser. B 65,
273-290 (1995)
9. Dworkin, M.: An interpretation for Garsia and Remmel’s g-hit numbers. J. Combin. Theory
Ser. A 81, 149-175 (1998)
10. Ehrenborg, R., Haglund, J., Readdy, M.: Colored juggling patterns and weighted rook place-
ments. unpublished manuscript (1996)
11. Foata, D., Schiitzenberger, M.-P.: Théorie géométrique des polynomes Euleriens. Lecture
Notes in Mathematics, vol. 138. Springer-Verlag, Berlin (1970)
12. Garsia, A.M., Remmel, J.B.: Q-Counting rook configurations and a formula of Frobenius. J.
Combin. Theory Ser. A 41, 246-275 (1986)
13. Goldman, J.R., Joichi, J.T., White, D.E.: Rook theory I. Rook equivalence of Ferrers boards.
Proc. Amer. Math Soc. 52, 485-492 (1975)
14. Haglund, J.: Rook theory and hypergeometric series. Adv. Appl. Math. 17, 408—459 (1996)
15. Haglund, J.: g-Rook polynomials and matrices over finite fields. Adv. Appl. Math. 20, 450—
487 (1998)
16. Haglund, J., Remmel, J.B.: Rook theory for perfect matchings. Adv. App. Math. 27, 438-481
(2001)
17. Hsu, L.C., Shiue, PJ.S.: A unified approach to generalized Stirling numbers. Adv. Appl. Math.
20, 366-384 (1998)
18. Miceli, B.K., Remmel, J.: Augmented rook boards and general product formulas. Electron. J.
Combin. 15, Article #R85, 55 pp. (2008)
19. Remmel, J.B., Wachs, M.: Rook theory, generalized Stirling numbers and (p,g)-analogues.
Electron. J. Combin. 11, Article #R84, 48 pp. (2004)
20. Kaplansky, I., Riordan, J.: The problem of rooks and its applications. Duke Math. J. 13, 259—
268 (1946)



