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Abstract

We prove a recent conjecture of Egge, Haglund, Killpatrick and Kremer (Elec.
J. Combin. 10 (2003), #R16), which gives a combinatorial formula for the coeffi-
cients of a hook shape in the Schur function expansion of the symmetric function
Ve,, which Haiman (Invent. Math. 149 (2002), 371 — 407) has shown has a
representation-theoretic interpretation. More precisely, we show that (Ve,, e,—_qhq)
can be expressed as 3 ¢ °*tPoUnee  where the sum is over all Schroder lattice paths
and area, bounce are simple statistics on these paths. For d = 0 this reduces to
Garsia and Haglund’s formula for the ¢, t-Catalan sequence (PNAS 98 (2001), 4313-
4316). Our results build on symmetric function identities for sums of generalized
Pieri coefficients and Macdonald polynomials due to Bergeron, Garsia, Haiman and
Tesler (Asian J. Math. 6 (1999), 363—420) and Garsia and Haglund (Discrete Math.
256 (2002), 677-717). We also derive several transformation identities for sums of
rational functions occurring in the theory of Macdonald polynomials and Diagonal
Harmonics, and apply these to obtain a combinatorial formula for (Ve,, h,_qha).
We discuss how our formulas for (Ve,, e,_qhq) and (Ve,, h,_qhq) prove two special
cases of a recent conjecture of Haglund, Haiman, Loehr, Remmel and Ulyanov.



1 Introduction

Let
R":Q['xla"'axnayla"wyn/<ZxyZ,Vh+k>O>. (1)

R., is known to be isomorphic to
={f: Zaxhay f=0,Yh+k >0}, (2)

the so-called “space of Diagonal Harmonics” [Hai94]. The symmetric group S, acts on
H, via of = f(Toy,- s T, Yors - - Yo ) If we let HEI denote the portion of H, of bi-
homogeneous (x,y) degree (i, 7), then the S,-action respects the bigrading. We define the
Frobenius Series F,,(q,t) to be the sum

Z Z gtmult(*, HE) s,y (3)
A i,>0

where A\ F n means A is a partition of n, sy is the Schur function, and mult(x*, H%7) is
the multiplicity of the irreducible S,-character x* in the character of H%/ induced by the
S,,-action.

Let e; be the jth elementary symmetric function and h; be the jth elementary sym-
metric function, with generating functions

H 1+ za;) = sze] H 1= 22 szh (4)

We adopt the convention that e, and h,, are zero if n < 0. Both e, = s;» and h, = s,
are special cases of Schur functions.

Given partitions A, p1, let K ,(q,t) be Macdonald’s (g, t)-Kostka polynomial [Mac95].
Furthermore set n(p) =Y. (i — 1),ui, Ky u(q,t) ="K, (g, 1/t), and let

X q7 ZK)‘“ Q7 8)\ (5)

be the modified Macdonald polynomial. The study of F,,(q, t) is closely connected to these
polynomials via the following theorem, which was conjectured by Garsia and Haiman in
the early 1990’s.

Theorem 1 (Haiman, [Hai02])
Falg, t) = Vey, (6)
where V is a linear operator defined on the ﬁu basis via
\V4 gﬂ = () (k) ﬁm (7)

with p' denoting the conjugate of .



Let C,(q,t) = (Ve,,sin), where (,) is the usual Hall scalar product defined by
(sg,s,) = 1if B = p and 0 otherwise. A few years ago Garsia and Haglund [GHO1],
[GHO2| proved that

Cn(q, t) _ Z qarea(ﬂ)tbounce(ﬂ)’ (8)

where the sum is over all Catalan lattice paths g from (0,0) to (n,n), which are paths
consisting of N (0,1) and E (1,0) steps which never go below the diagonal y = z. Here
area([3) is the number of “lower triangles” (triangles whose vertex set is of the form (i, ),
(i+1,7) and (i + 1,7+ 1)) between [ and the diagonal y = x. The statistic bounce was
first introduced in [Hag03] (although called differently there). To calculate it, first form
the “bounce path” for 3 (if 3 is the path on the right in Figure 1, the bounce path for 3 is
the dotted line) by starting at (n,n), going left until we reach the top of an N step of £,
then “bouncing” down to the line y = x, then iterating: left to the path, down to the line
y = x, and so on until we reach (0,0). As we travel from (n,n) to (0,0) our bounce path
hits the line y = z at various points, say at (ji1,j1), (J2,72), - - -, Uk, Jx) ((3,3),(1,1),(0,0)
in Figure 1) with n > j; > -+ > jp = 0. We then set

bounce(3) = j1 + jo + ... + Jr-1- 9)

Figure 1: On the left, a Schroder path II, with the top of each peak marked by a dot. To
the right of each row is the length of the row. On the right is the Catalan path C(IT) and
its bounce path (the dotted path).

Recently Egge, Haglund, Killpatrick and Kremer [EHKKO03| introduced extensions of
(area, bounce) to Schroder paths, which are paths that are identical to Catalan paths



except diagonal D (1,1) steps are also allowed. Specifically, given a Schréder path 11,
we let area(II) be the number of lower triangles between the path and the line y = x as
before. To calculate bounce(II), first remove all the D steps from II and collapse in the
obvious way to form a Catalan path C(II). Next construct the bounce path for C(II);
note that NV steps of this bounce path occurring just before E steps are also N steps of
C(IT). The corresponding N steps of II are called the “peaks” of II. For each D step «
of IT let b(«v) denote the number of peaks above it, and define

bounce(II) = bounce(C(II)) + Z b(a), (10)

where the sum is over all D steps of II. For the path of Figure 1, bounce = (3+1) + (1 +
1+2)=28.

Let S, 4 denote the set of all Schroder paths from (0,0) to (n,n) with exactly d D
steps, and let

S, d(q7 t) _ Z qarea(H)tbounce(H)' (11)

HGSn,d

Egge et. al conjecture that
Sna(q,t) = (Ven, en_aha) . (12)
By the the Pieri rule for multiplying Schur functions [Mac95],
en—ahd = Sg41 1n—d—1 + 54 1n—d, (13)

so (12) gives a combinatorial expression for the sum of two consecutive hook shapes in Ve,,.
One of the main results of this article is a proof of this conjecture. Our proof makes heavy
use of extensions of results of Bergeron, Garsia, Haiman and Tesler [BGHT99], and Garsia
and Haglund [GHO02], involving summation formulas for generalized Pieri coefficients and
Macdonald polynomials.

Garsia and Haiman [GH96] obtained an explicit expression for (Ve,, sy) as a sum of
rational functions in ¢,t. We use our Pieri coefficient summation formulas to obtain some
transformation identities for these and other related sums of rational functions, which
allow us to also find a combinatorial expression for (Ve,, hgh,_4). We then show how
this result and (12) are special cases of a general conjecture of Haglund, Haiman, Loehr,
Remmel and Ulyanov [HHL].

2 Transformation Formulas

We begin by reviewing some notation and basic results in the theory of symmetric func-
tions. By convention we say there is one partition of 0, the partition (). For n > 0, we
label the squares of the Ferrers diagram of a partition of n with (row, column) coordinates
so that the upper left-hand square has coordinates (0,0). For a given square (i, j), we let
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0,0

Figure 2: Arm a, leg [, co-arm «’ and co-leg I’ of (i, j)

the arm a, leg [, coarm o' and coleg I’ be the number of squares in the Ferrers diagram
of the partition in question to the right, below, left, and above (i, j), respectively. For
example, for the cell labeled (7, j) in Figure 2 we have a =5, ' =4, [ =3 and I’ = 2.

In [GH96] Garsia and Haiman proved that

MH,,B,(q,t)
n — 5 14
ey = 3 M i
pukn
where
Hu — H (1 _ qa/tl/)’ Bu(q,t) — Z qa/tl/’ (15)
(4,5)€n,(1,9)#(0,0) (i,4)En
wy =[] (¢ = —¢) and M =(1—q)(1-1). (16)
(4,5)€En
Thus
~— MK, I1,B,(q,1)T,
(Ven, 53) = o : (17)
puEn
where
T, = {10 ') (18)
It is known that
Kiny =Ty Knp=1, (19)
and more generally that [Mac95, p.362, ex. 2]
<ﬁ1p, en_dhd> —enalB), 0<d<n. (20)



We let N stand for the nonnegative integers and ¢, ;, denote the function which is one
if n = k and zero otherwise. If P is a symmetric function we write P € A, and if in
addition P is of homogeneous degree n we write P € A™. Unless otherwise stated, any
P € A will depend on a (possibly infinite) set of variables X, which we supress, so for
example P will stand for P(X) = P(x1,xs,...). As usual w denotes the homomorphism
on symmetric functions defined on the “power sum” symmetric functions p, = ), kb
wpr = (—1)k1py, or, equivalently, on the Schur basis by wsy = sy. Also, given symmetric
functions P and @, P[Q(X)] will denote the “plethystic” substitution of Q(X) into P(X).
To define this, first express P(X) as a polynomial in the py(X), then replace each py(X)
by Q(z%,a5,...). For example, to evaluate P[*= Z)] we would first express P(X) as
a polynomial in the py(X), then replace py(X) by pk(X)(l — 2" /(1 — ¢*). Note that
P[X] = P(X), and that inside the plethytic brackets a minus sign has special meaning,
so for example pi(—x1, —22,...) = (—=1)*pp(X) while py[—X] = —pi[X]. When we need
to discriminate between the two types of minus signs we use €X to indicate the set of
variables (—x1, —5,...). Thus pi[eX] = (=1)*p, and for any P € A, P[-eX] = wP.
Recalling that A/ stands for (1 — ¢)(1 —t), we will often abbreviate P[X/M] by P*.

Two identities which will be very useful to us are the “addition” formulas

en[X + Y] =) ex[X]en Y], WX Y] = th (21)

k=0
and the Cauchy identities
e[ XY] =) sy[X]sy[Y],  ha[XY] =) si[X]s\[Y]. (22)
An An
We will also make use of Cauchy’s g-binomial series [GR90, p.7];
3 (@ @n_n _ (a2 Doc. (23)
— (¢:9)n (2 @)oo
1

where (a;¢), = (1 —a)(1 —aq)--- (1 —ag" ") and (a;¢)oo = [[1o0(1 — ag’). Two special
cases of (23) are

k=0
=3 (e (1) m (25)
and
L < Lk n—1
:gzklk‘—kz—l}q (27)



Here [Z]q is the g-binomial coefficient, defined as

[ZL - % (28)

with [n]l = (¢:¢)n/(1 — )" = [[[Lo(L +q+...+¢"7).
In [GHO1] Garsia and Haglund define symmetric functions E,  via

en le - Z} - i (2 q>’“En,k. (29)

1—q] &= (GO

They prove that
k oy + k-1
<VEn,k7 en) = q(Q)tn_k Z |: r :| <VEn—k:,ru en—r> ’ (30)
r=0 q

and then show that (8) follows easily from this recurrence. Based on Maple calculations,
Garsia and the author conjecture the following.

Conjecture 1 For alln,k, A,
<VETL,I€7 SA) € N[Qa t] (31)

In this section we will obtain formulas for E,, ; which will allow us in later sections to
prove some significant special cases of this conjecture.
Haiman [Hai02, Thm. 3.3] has proven that for any partitions \, /3,

(As,Ven, sy) € N[g, 1, (32)

where for any symmetric function P, the operator Ap is a linear operator defined on the
modified Macdonald basis via

ApH, = P[B,]H,. (33)
Note that if u F n, then by (19) and (20)
A, H,=VH, (34)

We now advance a more general form of Conjecture 1, which has also been tested using
Maple, namely

Conjecture 2 For all n, k,\, (3,

(A, VE, 1 s\) € Ng,t]. (35)



(In [BGHT99] it is also conjectured that (A, e,,sx) € Ng,t], although this stronger
conjecture doesn’t hold with e, replaced by E, ;. In particular (E, x, s\) is generally not
in N[g, 7].)

The following result shows Conjecture 2 is true if £ = n. We will also prove it holds
for k =n — 1, although we defer a proof of this until Section 5 in order to quickly arrive
at more significant results.

Proposition 1 For any partition 3 and A\ - n,
(A VEnn sz) =splliq,..q" 1 > ™", (36)
TeSYT())
where the sum is over all standard Young tableaux T of shape A, and
maj(T) = > i (37)
i:141 1s belowi in T
Proof. From (29) we see that

1—=2

mo 1
Ay, Veo| X5 )

L = —1 nq(2
gl =) (¢ O)n
where f(z)|,» stands for the coefficient of z™ in the Maclaurin series expansion of f(z).

On the other hand, (22) implies

A, VEn, (38)

1—2z X
X = / 11—z
Xy g1 = o only it =3 (39)
This together with the well-known fact that
(=)™ if A =17
1 - n = 40
sl ==l {O otherwise (40)
gives
X 1
Ay Vi [ ] = ¢(5) Ay VEnn. 41
? [1—q] (Ga)n 7" (41)
Now, as noted in [GH02, (2.16)],
~ X
H, = (Q; q)nhn[l—_q]v (42)
SO
X n X
Ay, Vhn[——] = s5[Bulg) by [-—— 4
Y n[l _q] ssBnlq n[l _q] (43)
_1q (m 1
= solLaroq"Na® Y Xsaly ] (by (22) (44)
A
_ n 1 maj
= ssllq,-...q" 1]q<2>ZsA[X]( D DR (45)
A T 9n TeSYT(N)



by [Sta99, p.363]. a

Given A € A, define generalized “Pieri” coefficients d), via

AH, =) H,dj,. (46)

uov

Let At be the “skewing” operator which is adjoint to multiplication by A with respect to
the Hall scalar product; i.e., for any symmetric functions A, P, Q,

(AP,Q) =(P,A"Q). (47)
Define skew coefficients ¢/);" via
ANH, = Hy e (48)
vCpu

The ¢/, and df, satisfy [GH02, (3.5)].

clw, = dﬂ*wu. (49)

0%
One of the important tools used in the proof of (8) is the following.

Theorem 2 [GH02, pp.698-701] Let m > d > 0. Then for any symmetric function g of
degree at most d, and p '+ m,

N T, = T,G[D,(1/q,1/1)), (50)
m—dygg\l;\gm

and
; ¢4, = FIDu(a, 1), (51)
where o
61X = (s | =D —17a | ) 52)
FIX]=v! ((Wg) [Xj\; ED : (53)
and

Du(g.t) = MB,(g,1) — 1. (54)

We will use Theorem 2 to obtain the following formula for VE, ;.



Theorem 3 For k,n € N with 1 <k <n,

n— Ty ] h [%}
wm:tm—ﬂE:JmeM

vkn—k Y udv
pEn

Proof. From (1.6), (1.11) and (1.20) of [GHO02] we have

k

v&kZE:E}tﬁﬂ%%kavm{Xl_¢}

i=0 1—=q

Using the following formula [GH02, p. 693]

Vh. [Xl - qz} — (—tyig (1 ) S T, H,,e;[(1 - t)B,(1/q,1/t)]

q
1- q ukEn Wy

we then have

w

k _ 5
VEw =3 [1] (@ e S B 1 - 08,1 /a.1/0)

i=1 ukEn B

On the other hand,

n—k k T, 5 hiel725]
- Y Ly and

v
vkn—k pw2v
puEn

B[

H,II dyy " T w
:tn—kz _k | ] 124 vWy
CEPED R pi
ukEn H vCp v
vkEn—k
H,II
== Yt D G (by (49))
ukEn B igﬁk

(55)

(57)

(58)

(59)

(60)

(61)

H,I1,T, HX +1
=1 g 3 Py ([T g (b Theoren ) (62

w
ukEn K

~ k
. a,1,T, X 1
=1 q (1 _ qk) E #wv E hj [ﬂ} hkfj {ﬂ} ’X:Du(l/q,l/t)

pEn B 7=0

(63)

o i
:tnqk(l_qk)ZH,LHuTMZq@e,[u 1/a)(1 = 1/8)B,(1/a,1/1) 1] .

J
w 1-
pEn B 7=0 q

10



using the n = oo case of (27) and (42). After using (21) again, (64) equals
k

(1 — ) S el Zq(é)—jﬁ -l = 0B.(1/q.1/0)e; [1__(]2} . 1

ukn Wy =0 i=0 qu)kﬁ
(65)
- k » i
—gh(1— ) S BT i B (17g.10) Zq - ” L (60)

P T (¢:9)j-i(q; @)1—

since e€;_;[—1/1 —¢q] = (=1)77"h;_;[1/1 — q] = (=1)"""/(¢;q);—i- The inner sum in (66)
equals

k—i g+z i k=i s AW s i s
g ZEE: _ g g+ (qys(1 = ghiy (1 = gEime
s— q)k i—S (q7Q)k71 s—0 (qu)s
(67)
B tiiq(@_i b q( )+ZS+(}€ i)s— ( )(1 — q*kJﬂ') e (1 _ q*k+i+sfl)
(@3 Q- = (¢:9)
(68)
_ tigl) i (@75 0)s i (69)
q; Q)kfz s—0 (Qa q)s
tiiq(@ v . 1
=—(1-9q¢)--(1—¢q by (23)), 70
L (1—a) (=) (by (23) (70)
and plugging this into (66) and comparing with (58) completes the proof. O

Given a partition v we let [v| = Y, 14, and for any P € A we let P* = P[s] =
P[m]. The following summation theorem for the dﬁy will be crucial in reducing
the inner sum in (55) to more useful forms. The case A = 11"l is essentially equivalent to
Theorem 0.3 of [GH02|. The statement involves a new linear operator Kp, where P € A,

which we define for P = s, on the modified Macdonald basis as follows.
Ko H, =Ky, H,. (71)

Theorem 4 Let A € A°, \,v partitions with |v| > 0,|\| = m € N. Then

X
Z diy ,5\[BuJIL, = T1, (A aparx) s [M})[MBV] (72)
Map
and
min(b,m) X
> a =1k (3 (P M MB,) (73)

lul=Tv]+b

11



Here
f=7VrA (74)

with T a linear operator defined by 1,A = A[X + a|, and for any g € A, (g), denotes the
portion of g which is of homogeneous degree v (so (g), € A”).

Proof.  Our proof follows the proof of Theorem 0.3 of [GH02| closely. By definition,

> ait H,=AH,. (75)

uov

We now apply the following result, known as the Koornwinder-Macdonald reciprocity
formula (see [GHT99]), which holds for any partitions p, A with |ul, [A\| >0

H,[1+ 2(MBx(q,t) = )] _ Hy[1 + 2(MBy(q.t) — 1)]
igen(d = 2¢7t") [T pen(d — 2¢¥1")

Evaluating both sides of (75) at X = 1+ z(M B, — 1) and then applying (76) to both
sides gives

(76)

ZdA H(i,j)eu(l — 2q"t"YH 1 + 2(MB, —1)] _
o H(i,j)e)\(l — 2q”t")
[ jyen (1 = 2q* ")V HA[1 + 2(MB, — 1)]

H(i,j)e)\(l — 2q”t")

uov

A[l + 2(MBy — 1)]

(77)

Since |v| > 0 there is a common factor of 1 — z (corresponding to (i,7) = (0,0)) in the
numerator of both sides of (77). Cancelling this as well as the denominators on both sides
and then setting z = 1, (77) becomes

> di T,H\MB,] = A[MB\|II,H\[MB,). (78)

n2v
Since the H form a basis this implies that for any symmetric function G,

> di I,GIMB,) = TL,(Aapx)G)[MB,]. (79)

n2v

Letting G = s} proves (72).
Given G € A™, m > 0, by definition

GIX] = df,Hs. (80)
BFEm

12



Thus

> AMBgld§Hs = Aapuix)G-
BEm

Now by Theorem 2 we have

L
A[MBﬁ] = Z Cgoﬂ

aCp

where

or equivalently
wf*=71VrA.

Hence using (49) we have

Apaux)G = Z gﬁdgw Z Cé:

Brm aCp

=3 S S sl

r=0 abm—r ¢ B2a
BFm

One of Macdonald’s basic identities implies [GHT99, (1.18)])

en|
M Brn We

Combining this with (22) yields

A7
or equivalently
Sxk N3
dgy =—
B

13

g] Zgﬁ[X;q,t]f:fg[Y;q,t]‘

(81)

(84)

(85)

(86)

(87)

(88)



Thus setting G = s} in (86) we have

* - 1 7 wf*
Aaprx)sh = D — Y " HyKy pdy! (90)
r=0 abm—r & B2a
BEm

— Ko, (>0 S Al (o1)
—K (0 Y ) (92)

= ’Cs/\/( e:jn—r(wf*)r) (93)

using (88), and the fact that the degree of wf* is at most the degree of A, so (wf*), =

for r > b. Plugging (93) into (81) we see the right-hand sides of (72) and (73) are equal.
O

Corollary 1 Let 1 <k <n and m € N with A\ m. Then

Sy T:UHVICSM mm(im) [’“Lq(ﬁ)a_qp)emp [%] h, [L] [MB,). (94)

vkEn—k v p=1 p 1= q

Proof. Since 1 <n — k, for v+ n — k we can apply Theorem 4 to the inner sum on the
right-hand side of of (55) to get

(A \VEyk, sn) =" Z Zdw = Husk ) (95)
vkn—k Wy ZEZ
. . TII min(k,m)
=" (1 —g") Y o sl > (e IMB], (96)
vkn—k v p=0

14



f= TEVTlhk[f] = 7.Vhi| - ] (97)
k
= TeVZhj[ﬂ]hk—j[T] (by (21)) (98)
k
=Sl ) (o (42) (99)
k ) p
=3 T ) (100)
b j / X € 1
= ;q@ pgohp[l—_q]hj_p[l — il (101)
k koo
-3 ol ] > a1 —hol) (o)
The inner sum in (102) equals
;q(b;p>(_1>bhb[1 - el - )2 R P P 7
(103)
| 1
= ql¥) > Nl el (10
_ ) e -
e (105)
B 4 N S T
T (106)
=q® l: :;L. (107)
Plugging this into (102) we see
(Mo=mlr @[ 0 (108
Using this and
-, 21 —a-a]] (109)



in (96) completes the proof. O

The following lemma will allow us to obtain a formula for (Ay, VE, x, s,) without the
IC operator.

Lemma 1 Given positive integers m,n, k, a partition X\ = m and a symmetric function
P of homogeneous degree n,

I, (H,, P k
> < = > K., g[ ] p)e;php[li_q])[MBy]
- ; (1 — ™)1 - t)fj:](wp)[B“]H“KA’“. o)

Proof. By linearity, it suffices to prove the theorem if P = s3. By Theorem 4 with
A = hi[(1 — t)X] and the proof of Corollary 1, for v - n we have

k

k p D * X
S0 ) 00Dl s
= (1= ") (Anj0-0x)53)[MB,] (111)
=(1-¢"> %[ﬁ Whi[(1—1)B,]  (using (88)). (112)
Thus
;n Ko pzmq (1— et h[l)_(q])[MB] (113)

-y U OB LB o
=, o )hk[(; sULILEY > s HiWB“] Kz, (using (76)) (115)
= Z (1—¢q )hk[(lw— t) B K 11 sy(B.] (by (88)) (116)

O

Since IC.,  is the identity operator, if we let £ =1 and A = 1" then the left-hand side
of (110) becomes

11, MB,ep1[B,] <H P>

11
wy ’ ( 7)
vkn

and we get the following.

16



Corollary 2 For n,m positive integers and P € A",
<A€m71€n7 P> = <AwP€m7 Sm> . (118)

Example: Let H,(q,t) be the bigraded Hilbert Series of H,, i.e.

H,(q,t) =Y q't'dimM}/. (119)

i,j>0
Letting m =n + 1 and P = A} in Corollary 2 we get
o M(Bu)n+lﬂu
H,(q,t) = ,;;1 w : (120)
As another consequence of Lemma 1 we get
Theorem 5 Forn,k € Nwithl <k<n
(VEnk, $n) = On - (121)

In addition if m >0 and A= m

1 _
<A8)\VEn7k, Sn> = tnik <Ahnkem[X 1 _qq ], 8)\/> s (122)

or, equivalently,

k)hk[(l - t)Bu]hn—k[Bu]Huf(X,u
wy, ’

1—
(ASAVEpp ) = 1775 Sl

pukFm

(123)

Proof. Eq. (121) follows for k < n from the A = () case of Corollary 1 and for k = n
by the § = 0 case of Proposition 1. Next we note that for m > 0, (122) and (123) are
equivalent due to the following result [GHO02, p.692]

Xl — ¢ Z (1— qk)hk[(l - t>Bu]HuHH'
1—gq wy,

pukFm

(124)

If £ = n, (122) follows from Proposition 1, (22) and (45). For k < n, to obtain (123)
apply Lemma 1 with n =n — k, P = syn—« and A replaced by )\, then use Corollary 1. O

3 The Hook Case

In this section we use the results in Section 2 and combinatorial reasoning to show both
sides of (12) can be subdivided into components which satisfy the same recurrence and
inital conditions.
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Theorem 6 Let n,k,d € N with 1 <k <mn. Set
Frar = (VE,, en_aha) .

Then
Fn,n,k = 6n,k7
and if d < n,
min(k,n—d) n—=k
e k p+b—1
Foap=1" ) { } ¢t { } Fokp—k+dyp
P b
p=max(1,k—d) q b=0 q

with the initial conditions

Foor =00 and F, 0= 0n0040-

Proof. Eq. (126) is equivalent to (121). Now assume d < n. If k =n,

Fn,d,k = <VEn,n7 6n—dhd>
= <Aen_dVEn’n, sn> (by (20))
=en_d[l,q,...,¢" '] (by Proposition (1))

_ { ”qu(”Ed) (by (25)).

n —

Using the initial conditions this agrees with the right-hand side of (127).
If k <n,

Frak = (VEnk en_gha) = (Ac, ;VEuk, s,)  (by (20))
min(k,n—d)

v

ey Bl T )l’;]qq@)(l_qp)endp[B,,]hpw—t)Bu]

vEn—k p=max(1l,k—d

(125)

(126)

(127)

(133)

(134)

by Corollary 1 with A = (n —d). (In the inner sum in (134), e,,_q_p[B,] =0if n—d—p >

n — k since B, has n — k terms). Reversing summation (134) equals

LY e 1 — @)hy[(1 — )BT Lyen_g_p By
ot S g 3 Qo -on. B,

2
D Wy

p=max(1,k—d) vkn—k

(135)

(136)

(137)

min(k,n—d) 7 ) 1—¢qP
= t"fk Z :| q(2) <Venk[Xf]7 endphd+p]€> (by (124) and (20))
_ LP q
p=max(1,k—d) q
min(k,n—d) n—k
. k +b—1
— gk Z ] q( ) [p ; } (VEn_kp: en—d—phdasp—r)
p=max(1,k—d) LP q b=1 4
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by letting z = ¢? in (29). The inner sum in (137) equals 0 if b = 0, so by the initial
conditions we can write (137) as

min(k,n—d) n—k

- k Th1

k3 H q®) [p ) } Foo by db- (138)
p=max(1,k—d) p q b=0 q

O

Recall that S, 4 is the set of Schréder paths from (0,0) to (n,n) with d D steps. Let
Sn.akx be the subset of these which have k total D + E steps after the highest IV step, and
define

Sn,d,k (q’ t) _ Z qarea(H)tbounce(H) ) (139)

HESn,dyk

If IT has no peaks, then d = n and we set S, nx(q,t) = 0. We let pword(Il) denote
the word of 0’s, 1’s and 2’s obtained by starting at (0,0) and travelling along IT, adding
a 0, 1 or 2 to pword(II) depending on whether the corresponding step of II is an FE,
D or N step, respectively. For example, if II is the path on the left in Figure 1 then
pword(Il) = 2120211020200.

We now derive a recurrence for S, 4x(g,t). This is similar, but not identical to, re-
currences for stratified versions of S, 4(¢,t) obtained in [EHKKO03]. In fact, it was the
discovery of (127) and a search for a corresponding way to stratify S, 4(q,t) which led to
the following.

Theorem 7 Let n, k,d be positive integers satisfying 1 < k <n and 0 < d <n. Then

min(k,n—d) L (p) n—k D i b—1
S, t)y=t"* 2 S drnin(q, 1), 140
ak(q:1) > M q Zl b } kdtp—kb(1: 1) (140)
p=max(1,k—d) q b=0 q
with the initial conditions
SO,O,k: = 6k,0 cmd Sn,d,O = 57170(5(170. (141)

Proof. Lets say Il has p E steps and k — p D steps above the highest peak (hereafter
referred to as peak 1). We first asume p < n — d, which means II has at least two
peaks. We now describe an operation we call truncation, which takes a Schroder path
Il € S, 4% and maps it to a Schroder path II' with one less peak. Given such a II, to
create II" start with pword(II) and remove the last k letters. Also remove all the 2’s
which correspond to N steps above the second highest peak of II (which we call peak
2 of II). The result is pword(Il"). For the path on the left in Figure 1, we start with
pword(Il) = 2120211020200 and k£ = 2. We then remove the last two letters to form
21202110202, then finally remove the last two 2’s (which correspond to N steps between
peaks 1 and 2) to get pword(Il') = 212021100.
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Lets say that II' has b total D + E steps after its highest peak (peak 2 of II). How
does bounce(I) compare to bounce(Il')? First of all, by construction the bounce path
for C'(II") will be identical to the bounce path for C(II) except the first (top) bounce of
C(11) is truncated. This bounce step hits the diagonal at (n —d —p,n —d —p), and so the
contribution to bounce(Il’) from the bounce path will be n —d —p less than to bounce(IT).
Furthermore, for each D step of IT below peak 1 of II, the number of peaks of II' above
it will be one less than the number of peaks of II above it. Thus the contribution to
bounce(Il") from the D steps will be d — (k — p) less than that of bounce(II). In summary
we have

bounce(IT) = bounce(Il') + n —d — p+ d — (k — p) = bounce(Il') + n — k. (142)

Note the factor of "% in Theorem 7.

Next we will consider how area(II) relates to area(Il’). We will use Figure 3 as a visual
aid in our argument. Since II has p F steps above peak 1, there is a p X p triangle (region
0) of area (5). It is not hard to show (see the proof of Lemma 1 in [EHKKO3]) that the
area of region 1 equals the number of inversions in the last & letters of pword(II), where
an inversion in a word is a pair of letters (a,b) with a > b and a occurring before b in the
word. When we sum over all IT which get mapped to a given II" under truncation, the
contribution of region 1 to area will thus generate [l;] . which is MacMahon’s formula for

q to the number of inversions, summed over all words of p 0’s and k& — p 1’s.

Again by [EHKKO3], the area of region 2 equals the number of inversions of the section
of pword(IT) corresponding to the steps of II between peaks 1 and 2. After truncation, the
inversions of this subword involving 0 and 1 letters becomes part of area(Il’), so we wish
to count only the inversions between 2’s and 1’s or between 2’s and 0’s. Since II’ is fixed,
to count these we might as well assume we are summing ¢ to the number of inversion over
all words of p — 1 2’s and b 0’s (Although there are p N steps of II above peak 2, the last
one, peak 1, is fixed and contributes no inversions). Again by MacMahon’s formula, this
sum is [p*fb}q. Eq. (140) now follows (since p < n — d, we must have b > 0, which is
compatible with (140) since if b = 0 the initial conditions force S,k a1p—ks(q,t) = 0).

We now consider the case where p = n — d, so Il has only one peak. Clearly
bounce(IT) = n — k, since there are d — (k — (n — d)) = n — k D steps below peak
1. By the above analysis, the case p = n — d contributes

t"kq(ngd)[ k } ln—k‘—f-n—d—l (143)
n—dq n—k ‘

to S,.ak. This also agrees with (7), since by definition and the initial conditions we have
Sn—kn—kp = Opn—t for n —k > 0. 0

Since Sy, qx(q,t) = Fyar when d = n, and for d < n they satisfy the same recurrence
relation and initial conditions, we have the following.

Theorem 8 Let n, k be positive integers satisfying 1 < k <n, and let d € N. Then
<VEn,l€7 enfdhd> = Sn,d,k(q7 t) (144)
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Region 1

\ k—p [;steps

Region 2 _
Region (

Figure 3: A Schroder path with p E and k — p D steps above peak 1, and b E + D steps
between peaks 1 and 2
By summing Theorem 8 from k = 1 to n we obtain (12).

Corollary 3
<ven7 en—dhd> = Sn,d(q7 t) (145)

In [EHKKO03] it is shown that (12) is equivalent to the following result, which now follows
by Corollary 3.

Corollary 4 For 0 <d<n—1,

<v€n7 Sip1qn-d 1 > _ Z qarea(H)tbounce(H), (146)

II
no D before first E in pword(II)

where the sum is over all IT which have no D step below the lowest E step.
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Combining Theorem 8 and (122) we obtain an alternate formula for S, 4x(q,t).

Corollary 5 Let n, k be positive integers satisfying 1 < k < n, and let d € N. Then

1— k
Sn,d,k(Qa t) = tnik <Ahnkend[X 1 qq ]7 Snd> . (147)

It is easy to see combinatorially that S,4141(q,t) = t"S, a(q,t). Thus Corollary 5 also
implies

Corollary 6
Sn,d(q, t) - <Ahn€n+1—da Sn—d> . (148)

We should mention that Corollaries 5 and 6 are new even in the d = 0 case, where they
give new formulas for the ¢, ¢-Catalan.

Corollary 6 allows us to obtain the following result, which was an unpublished conjec-
ture of the author (based on hueristics and Maple calculations) dating back to 2001.

Theorem 9 Forn € N,

lim Sy:0a(q,1) [T +d?2). (149)

4,520

Proof. By Corollary 6 we have

M B, hy,.q[B,TI
S _ plin+ Pz w
wrad(g:t) = Y ” (150)
pFn41 H
Now
) . 1
Jim hpa[By] = lim 1 mbwd (151)
(i,5)€n
1 1
= 1i —|.on 152
1= 2 H 1—q“/tl/z|z - (152)
(4,5)Enp
(i,9)#(0,0)
1 1
= —_— = — 153
I s (153)
(4,9) €, (1,5)#(0,0)
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Thus
MB

lim S,144(q,1) = ; o (154)
_ M <en+1[%], elhn> (by (88) and (20)) (155)
_ MAFZ;I <3A[X]SX[%], elhn> (by (22)) (156)
= Mhi[Jeal ] (157)
_ en[%}. (158)
By (4)
IL 0+ 92 = ) (159)
and the result follows. 7 O

Corollary 7 For|q|,|t| <1,

H (1 + qitjz)‘zn _ i Z qarea(H)tbounce(H) (160)

1,70 d=0 HeSytd.d
IT ends in an E step

_ Z qarea(H) tbounce(H) ) ( 16 1)

IT has n N, E steps, arbitrary # of D steps
II ends in an E step

Proof. Note that if we add a D step to the end of a path II, area(Il) and bounce(II)
remain the same. We fix the number of N and E steps to be n, and require d D steps,
and break up our paths according to how many D steps they end in. After truncating
these D steps at the end, we get

d
Sn-i—d,d(qa t) — Z Z qarea(H)tbounce(H)‘ (162)
p=0

€Sy 4p,p
II ends in an E step

Assuming |q, [t| < 1 (159) implies (162) converges absolutely as d — oo, so it can be
rearranged to the form (161). O
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4 Shuffles and (Ve,, h,_qhq)

We now show how the results of Section 2 yield a combinatorial formula for the polyno-

mials (Ve,, h,_qhq).
Defnition For 1 < k <n and j € N, let

Hn,k,j = <AhjenEn,l€7 Sn> .
Theorem 10
Hn,k,O - 5n,k7

and if 7 > 0,

J
_ k+b—1
H’ﬂyk7j :t g |: b :| vabvnik'
b=1 q

(163)

(164)

(165)

Proof. The fact that H,, ;o = 0, is equivalent to (121). If j > 0, by (122) we have

n—k - qk

ey [P (e Binss) by (29)

b=1

J
E+b—1
- kE |: :| ibn—k-
q

b=1

Corollary 8 Forn,d € N, (Ve,, h,_q4hg) € N[q,t].
Proof. By Corollary 2 with P = h,,_ghg,

<Aen€nu hn—dhd> = <Aen_ded€n+17 hn+1>
= <Aen_den+17 hn—d+1€d> (using (20))
= <Ahden_d+1en—d+17 hn—d+1> ’
by Corollary 2 again, this time with P = ejh,,_411 and m =n —d + 1. Since

n—d+1

<Ahden,d+1en7d+175n7d+l>: g <Ahden,d+1Enfd+1,kaSn7d+1>7
k=1

and since Theorem 10 implies

<Ahden,d+1 EnfdJrl,ka 8n7d+1> € N[Qa t]:
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O
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the result now follows. O

Both Corollary 3 and Corollary 8 prove special cases of a recent conjecture of Haglund,
Haiman, Loehr, Remmel and Ulyanov known as the shuffle conjecture, which is described
in detail in [HHL']. We will provide a brief description of this here. It builds on a
conjecture of Haglund and Loehr [HLO2|] which gives a combinatorial formula for the
Hilbert Series H,,(q,t) in terms of statistics on parking functions. We will view a parking
function P = P(B,C,n) as a triple (B, C,n), where B is a Catalan path from (0,0) to
(n,n) and C'is a placement of the integers 1 through n (or “cars” 1 through n, respectively)
in the squares immediately to the right of the N steps of B. We denote the ith row (from
the top) of B “row; = row;(P)”, and we call the number of lower triangles in row ¢ the
length of row;, denoted by area;, = area;(P), and set area(P) = ), area;(P). If car; is
in row;, we say occupant; = i. We require that cars are decreasing down columns, so if
area; = area;y + 1, then we must have occupant; > occupant, ;.

We define the statistic dinv(P), or the number of “inversions” of P, to be the number
of pairs (4,7), 1 <1i < j < n such that

area; = area; and occupant; > occupant; (174)
or
area; = area; — 1 and occupant; < occupant; (175)

An example is provided in Figure 4.

8

.

4 2

2 1)
S 2
3 1
1 0 = area,

6 0 = areag

Figure 4: A parking function with dinv = 3 inversions, area = 11, and reading word
78452316

Define the reading word of a parking function P to be the permutation on {1,...,n}
obtained by listing the cars along diagonals, starting with the diagonal farthest from the
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main diagonal and moving inward. Within a given diagonal we move from top to bottom.
For example, the parking function in Figure 4 has reading word 78452316.

Let 7 = 77y -+ -7, be a permutation. Given sets Ay, As,... A, of pairwise distinct
integers whose union is {1,2,...,n}, we say 7 is a shuffle of Ay, Ay, ..., A if for each
triple (4, 7,1), with i,7 € A; and i < j, then i occurs before j in 7. For example, 3124
is a shuffle of {1,2},{3,4}. In its simplest form, the shuffle conjecture says that given a
partition A F n with parts Ay,..., A,

<V€n, h)q h)\z o h)\l> = Z qdinv(P)tarea(P)’ (176)
P
where the sum is over all parking functions P whose reading word is a shuffle of Ay, Ao, ..., A;,

with

i—1 i—1 7
A = {14 0,2+ N, > A} (177)
j=1 j=1 j=1

For example, the conjecture predicts that (Vey, hshy) equals the sum of g@v(P)¢garealP) gyer

all parking functions whose reading word is a shuffle of A; = {4,5} and A, = {1,2,3}.
If A = 1", then the sum is over all parking functions on n cars, and (176) reduces to the
conjectured formula for H, (g, t) in [HLO2|.

We now show how to derive the case | = 2 of the shuffle conjecture from Theorem
10. Given integers by, By, By with 1 < b < By, 0 < By, let Ay = {1,2,..., By} and
Ay ={By+1,By+2,...,By+ B;}. Furthermore set n = By + By and define

M Bla BQ, bl Z qarea(P tbounce ) (178)

where the sum is over all parking functions whose reading words are shuffies of Ay, As,
which have b; of the cars from A; in rows of length 0, and in addition have car,, in row,,
(i.e. m is in the bottom row). The following proposition is implicit in [HHL", Eq. 62].
We give a self-contained proof, using ideas from the proof of [HL02, Thm. 1], since we
will soon use similar reasoning to derive other results.

Proposition 2
M(Bl707b1) - 5Bl,b17 (179)
and if By >0,

by +by — 1] [ba+b3—1 bj—1+0b; =11 p
MBLBb) =Y S [ " u , L{ e

7j>2 bo,b3,..., bj>0
b2+b4+...:]5’2
b3+bs+...=B1—by

(180)

where F' = by + by + 2(bs + bg) + 3(b7 + bs) +
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Proof. 1t is clear combinatorially that M(B;,0,b1) = dp, s, since if By = 0, then our
reading word must be 1,2,... n, which forces all rows to have zero length, and all our
cars must be on the main diagonal. If B, > 0, the summand in (180) corresponds to
those parking functions whose reading word is a shuffle of Ay, A5, and which have b; cars
from A; in rows of length 0, b3 cars from A; in rows of length 1, b5 in rows of length
2, etc., and have by, by, bg, . .. cars from A, in rows of length 0,1, 2,..., respectively. F|,
the power of ¢, is the area for these parking functions. To see how ¢4 generates the
g-binomial coefficients, begin by placing the b; cars in rows of length 0. Note that the
shuffle condition forces these to be the cars n—b; +1,...,n. Then insert the by cars, also
in rows of length 0, in any possible way, but recalling that car,, must occupy the bottom
row. From the definition of dinv, this generates the [bﬁbl;rl] term. Next we insert the b3
cars in rows of length 1. Each car in this set is smaller than any of the cars in the b; set,
so cannot be placed above these cars without violating the parking function condition.
They are all larger, however, than the cars from the by set, so they can be placed above
any of these cars. After inserting these cars, all of the b3 cars must be in rows above the
largest car in the by set; otherwise the b, and b3 cars can be interleaved in all possible

ways, thus generating the [bﬁbb;*l]q term. We continue in this way until some b, = 0,
which forces by, to equal 0 (else [bﬁbi’fll’l] = 0), and hence b; = 0 for 7 > k, and obtain
q
(180). O

Now if By > 0 and b; < By, by (180)

b1+bg—1 b2+bg—1 bjfl_'_bj_l F
M (B, By, by) :Z Z [ b, ] { b, ] { 5 +
q q q

§>2  baibg,.bi>0
bo+bg+...=Bgy
b3+bs+..=B1—by

(181)

B>
— ba+bs+br+... ¢
3] KRre PSS oD SN e I LB I

ba=1 j>3  b3bg..b;>0 J
by+bs+...=B1—by
by+...=Bg—bg

(182)
where F' = by + b5 + 2(bg + b7) + . ... It follows that if B, > 0 and b; < By,
D2 T by — 1
M(By, By, by) = t%77 )~ { b ] M (B, By — by, by). (183)
bo b2 q

By inspection this recurrence also holds with b = B;. Hence by Theorem 10, M (By, Bs, by)
satisfies the same recurrence and initial conditions as Hp, 3, B,, and so we have

Theorem 11

M(nv ju k) = <AhjenEn,ka Sn> . (184)
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Corollary 9 Eq. (176) is true if | = 2.

Proof. 1If car, is in the bottom row, it doesn’t contribute any inversions or area. Thus

By

> M(By, By, by) (185)

b1=1

equals the right-hand side of (176), with n = B; + By — 1 and A = By, By — 1. On the
other hand, from Theorem 11 and the proof of Corollary 8,

B1 B
Z M(Bla B27 bl) = Z <Ah32€131 EB17b17 SB1> (186)
b1=1 b1=1
<Ah32631 €Bys SB1> (187)
= <V631+32,1, thhB1*1> : (188)

O

There is a more general form of the shuffle conjecture, which involves replacing any
subset of the hy,’s in the the left-hand side of (176) with e),’s (and also involves the
“parameter m” extension [GH96], [Hai98| of Diagonal Harmonics). A special case of this
more general form says that

<v€m en—dhd> _ Z qdinv(P)tarea(P)7 (189)
P

where the sum is over all parking functions whose reading word is a shuffle of {1,2,...,d}
and {n,n —1,....n —d+1}. For 1 < k < n, let 7, 45 denote the subset of this sum
involving Catalan paths with k& rows of length 0. The reader may find it an interesting
exercise to show that if we define

Tn,d,k (q7 t) _ Z qdinv(P)tarea(P)7 (190)

PEde’k

then T}, 4x(q,t) = Sn.axr(q,t) since it satisfies the same recurrence and initial conditions.
In [EHKKO3] it is shown that

Sn,d(qat> _ Z qdinv(H)tarea(H), (191)

HGSn,d

where dinv(IT) is a certain statistic on Schroder paths which involves inversions. The
reader may also want to verify that dinv(IT) = dinv(P(II)), where P(II) is the parking
function obtained by replacing the d D steps of II by N E pairs, to form a Catalan path,
then placing the cars n — d 4+ 1 through n where these D steps used to be, and the
cars n — d through 1 in the remaining spaces, in such a way that the reading word is a
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shuffle of {n —d +1,...,n} and {n —d,...,1}. II uniquely defines P(II), and clearly
area(Il) = area(P(II)). Thus Corollary 3 is equivalent to (189).

There is a more general form of (183), which relates to the right-hand side of (176)
for arbitrary [. Let’s first consider the case [ = 3. Let

M(By, By, B3, by, by) = Z glinv(P)qarealP), (192)
P

where this time the sum is over all P whose reading word is a shuffle of sets of size
Bs, By, By, and which have b; cars from the By block and b, cars from the By block in
rows of length 0. As before, we require that car, is in the bottom row. By the argument
in the [ = 2 case, if in addition to the by, by cars we want bs cars from set Bs in rows of
length 0, we will get a factor of

{61 + beQ—i;):Sbg — 1] 193)
where
A+B+C] _[A+B+C]
[ B, C }_W (194)

is the g-trinomial coefficient. If we want by, b5, bg cars from sets By, By, B3 in the rows of
length 1, then we will also generate the factors

{@+@+@—1[@+m+%—1{m+%+%—1 (195)
by . bs ‘ be q'

The main difference between the [ = 2 and | = 3 cases is that if [ = 3, we could have say

by = 0 but b3 > 0, and the term [bﬁzztsrl} would not be 0. However, if say b; = b;11 = 0,
, q

then we must have b, = 0 for £ > 7 + 1. Thus we have

M(By, By, B3, by, by) = > tF (196)

7>3 b3,b4,...,b]‘,120,b]‘>0
X{m+@+%_1l®+%+m_1{%+m+%_1'”
q q q

197
b2, bs ba bs (197)

where F' = by + b5 + bg + 2(b7 + bs + bg) + ... and in the sum over bs, ..., b; we require

b; >0, bi+bi+1 > 0, b1+b4+...:Bl, by +bs+...= By and by + bg + ... = Bs.
Now if we try and write M (By, Bs, Bs, by, bs) recursively by first summing over b3 then
expressing the remaining sum over by, bs, ..., b; in terms of M (By, B, By — by, by, b3) as in

the [ = 2 case, we run into the problem that by may equal 0, while in M (By, Bs, Bs, by, bs)
we require b; > 0. We can get around this problem by breaking the recurrence into two
cases, one where b, = 0 and one where b, > 0. In the first case, since by = 0 we must
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have b3 > 0 and we get

by +b3—1] [b —1
M(By, By, B3, by, 0) = ) { L ] { st D ] ghabotbr bt (198)
bs>1,64>0 b3 a b q
y Z Z b3 +bs+05 —1| [ba+0b5+bs—1] . $b6-+br+bs+2(bo +bio+b11)+..
: bs be
7>5 b5,b6,...,bj,120,bj>0 q q
(199)
by +b3—1
_ Z [ 1 +b3 ] Bi—b1+B; Z (200)
bs>1,b4>0 3 a i>5
y Z |:bg + b4 -+ b5 — 1:| |:b4 + bS + b6 - 1:| o tb6+b7+b8+2(b9+b10+b11)"""-
b5,b6,...,bj,120,bj>0 b4’ b5 q b6 q
(201)
by +b3—1
= Y { ' +b‘°’ } t9 =052 M (By, By — by, By, bs, ba). (202)
b3>1,64>0 3 q
In the case where by > 0, we get
by +by+ b3 —1
M (B, Bz, B3, b1, ba) = Z l v ;—2 ’ } harbre (203)
b3 >0 2, VY3 q
<3 Z botbs+by— 1) b3 +batbs — 1) b2 tbotbio) .
: by bs
§>4 bg,bs,...bj—1>0,b;>0 q q
(204)
= by, b3 ‘ [by + b — 1]!
" Z {bz + b3 + by — 1} {53 + by + b5 — 1} . gbsHbobr2(bs-+b+bro)+.
ba,bs,.nsbj—1>0,b;>0 bs, by q bs q
(206)
by +by + b3 —1 . [b2 — 1]1[b3]!
= Z [ 1 2b 3 :| tBl bl%M(BQ,Bg,Bl —bl,bg,bg). (207)
b3 3 q 2 + 03 '
For general [, define
M(By, ..., Byby,... boy) =Y g P, (208)
P
where the sum is over all P which are shuffles of blocks of length By, ..., By, with car

n = B;+...+ B; in row n, and with b; cars from set B; in rows of length 0, 1 <14 <[—1.
To write this recursively, assume we also have b; cars from set B; in rows of length 0, and

30



let m be the smallest number satisfying 1 < m <[ for which b,, > 0. By the argument in
the [ = 3 case, we obtain

bi +by+... 4+ 0 —1
M(Bla"'aBlablaoa'"707bm7bm+17"'7b171) Z |:1 b o b ;
by,bi41eesbmy1—22>0 mo ) ol q

(209)

by + ...+ bl+1 - 1:| o |:bm +o+ bm+l—2 - 1:| tFl [bm - 1]' e [bm+l—2]! (210)
i1 ‘ bingi—2 g bt A b — 1]

X M(Bma Bm-‘,—lu SRR B17 By — b17 BQu SRR Bm—h bm7 bm+1 SRR bm+l—2)7 (211)

where F/:Bl —b1+Bg+...+Bm_1.
The author doesn’t know if M(By,..., By, by,...,b_1) can be expressed in terms of
the V operator for [ > 2.

5 A formula for £, ,_;

In this section we sketch a proof of the following result, which shows Conjecture 1 is true
when £k =n — 1.

Theorem 12 For A+ n,

—1 )
(VEpn-1,8:) = t{n ) } oo g (212)
q

TESYT(N)
n is belown —1 in T

Proof. Let Y be the linear operator defined on the modified Macdonald basis via

YH,=1,H,. (213)
Another way to express (55) is
guTuhk[i]
VE — =k _ k 1—q
e =" (1= )Y ( > o (214)
vEn—k
X X
=" (1 - ¢")Y (h”_k[ﬂ]hk[l — q]) (using (88)), (215)
which holds for 1 < &k < n. Using (42) we get
t(1—q™ 1) .
VE, 1= Y(XH,— 216
T g, 210
t(1— g™t N N
_ (1—q") Y (ds) yHy +d ). (217)

(1=8)(1 = q) (¢ @)n
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The case v =n — 1 of [BGHT99, Eq. (1.39)] implies

o1 1—1t e 1—q¢"!
d"vnfl - qn—l —t and d(n—l,l),n—l = t— qn_l : (218)
Plugging these into (217) and using the fact that
M, = (¢;¢)n1 and 11y = (¢ ¢Qna(l —1) (219)
we get
t(1—q" ) 1—t - 1—q" ! -
VEpn1= H, 7 q)n— 7Hn— $q)n—2(1—1t
N T T O ) IR e (@ @) t—q1 1) (@5 Dn-all = 8))
(220)
t(1—q"") i, - -f{(n—l,l)
T Tt ) 220
t(1— ¢ f()\ n f()\ (n—1,1)
_ : (=11 9222
(1-q) (;SA ¢t —t ) (222)

Eq. (212) can now be derived from known identities for Ky, when y is a hook [Ste94]. O
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