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A New Recursion
in

the Theory of Macdonald Polynomials

by
A. M. Garsia and J. Haglund

Abstract.

The bigraded Frobenius characteristic of the Garsia-Haiman module M, is known [7] [10] to be
given by the modified Macdonald polynomial H u[Xq,t]. It follows from this that, for u - n the symmet-
ric polynomial d,, H,[X;q,t] is the bigraded Frobenius characteristic of the restriction of M, from S,, to
Sn—1. The theory of Macdonald polynomials gives explicit formulas for the coeflicients c,, occurring in the
expansion 9, H,[X;q,t] = > ¢ H,[X; ¢, t]. Tn particular it follows from this formula that the bigraded
Hilbert series F},(q,t) of M, may be calculated from the recursion F,(q,t) = 3., ., cunF(g,t). One of the
frustrating problems of the theory of Macdonald polynomials has been to derive from this recursion that
F,(q,t) € Nlg, t]. This difficulty arises form the fact that the c,,, have rather intricate expressions as rational
functions in ¢,t. We give here a new recursion, from which a new combinatorial formula for F),(q,t) can be
derived when g is a two column partition. The proof suggests a method for deriving an analogous formula
in the general case. The method was successfully carried out for the hook case by M. Yoo in [15].

I. Introduction
Let us recall that the Garsia-Haiman module M, for p - n is defined in [7] as the linear span of the

i j=1 where (p1,q1), (P1,q1); - - -, (Pn; qn) are the cooordi-
nates of the south-west corners of the cells of p. It was conjectured in [7] and proved in [10] that the bigraded

derivatives of the polynomial A, (z,y) = det||z}’ y’

Frobenius characteristic of M, under the diagonal action of S;, on the coordinates x1,22,...,Zn; Y1, Y2, -, Yn
is the modified Macdonald polynomial H,[X;q,t]. Denoting by F,(g,t) the bigraded Hilbert series of M,,,
it follows that we must have have

Fu(a.t) = 85, Hu[X;q.1]. 11
Now it is shown in [6] that the Macdonald Pieri rules [11] yleld
Opy H,[X; ¢, 1] Z (g, t)Hy[ X5 g, ] 1.2
v—

with
qu“(‘s) _ tlﬂ(é)-‘rl
Il oo—mo L3
SGC“/,,

tl () _ qa“(a>+1
lu(s) — qau

CHV(qat) = H

SER,/u
where R/, (resp. C,/,) denotes the set of lattice squares of v that are in the same row (resp. same column)
as the cell we must remove from p to obtain v and for any cell s € p, the parameter [,,(s) gives the number
of cells of p that are strictly north of s and a,(s) gives the number of cells that are strictly east.

In particular, upon differentiation of both sides of 1.2 by 9!, we derive that F),(q,t) may be
computed from the recursion

FulX;0,t) =Y cula, ) [X;q.1] 14

v—
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and initial condition F(qy(¢q,t) = 1. Although in [7] the nature of the coefficients c,,(q,t) was given a
representation theoretical interpretation, their complexity, prevented obtaining any kind of explicit formula
for F,(q,t) from 1.4.

Being Hilbert series of finite dimensional modules the F},(g,t) are necessarily polynomials with posi-
tive integer coefficients. Thus a problem emerged form the onset of the Theory of Macdonald polynomials to
obtain, a recursive construction of the F),(g,t) from which the combinatorics of these remarkable polynomials
would emerge in a natural way, directly from the representation theoretical model.

Although both H,[X;q,t] and (consequently) also F},(¢,t) have recently been given purely combi-
natorial constructions [9], the latter were derived from an entirely manipulatorial path based on identities
in the original Macdonald work [12], and their relation to the modules M, is yet to be found.

In this paper we show that, at least in the two column case, a recursion may be given that stems
right out of the representation theory of M. This recursion may be stated as follows

F2b’1a—b(q,t) = [b]t(l +q)F2b—1)1n,—b+1 (q,t) + [a— b]ttbF2b71a—b—l(q/t,t) L5

It is quite straight forward to show that, 1.5 is equivalent to the combinatorial formula

Bt = Y L@l [ a+e®) L6

TEST () i€T i€Co(T)

where the sum is over all standard tableaux of shape p = 201, 197%+1 d,(T) is the number of rows of length
equal to the length of the row of i in the tableau obtained by removing from T all the entries j > 4, the
second product is over the entries in the second column of T and b;(T") denotes the number of entries j > 4
in the first column of T'.

Remarkably, it turns out that 1.5 is only the tip of an iceberg. Indeed, the underlying representation
theoretical identity is none other than the Frobenius characteristic recursion

6p1]~{2b’1a—b(q, t) = [b+(1+ q)ng—l’la—b+1 (g, t) + [a— b]ttbﬁQb,la—b—l (g/t,t) 1.7

from which 1.6 immediately follows upon differentiation of both sides by 8;1%*1.

The main result in this paper is a proof of 1.7. In final analysis, our argument again only uses
identities of the theory of Macdonald polynomials and could be presented in this manner without much
further ado. However, this type of treatement would leave the reader puzzled as to how we could come up
with the various manipulations we carry out to achieve the final result. For this reason and for the benefit
future research aimed at finding an analogous formula in the general case, we will carefully go over the
representation theoretical reasoning that guided every step of our argument. At the end we will also explore
in detail the case of = (3,2,1) as evidence suggesting that the same representation theoretical reasoning
can be carried out in full generality. We should mention that the hook case was carried out in the PhD
thesis of M. Yoo [15].

Our developments here rely heavily on the contents of [1] and [5]. In particular, we will show that
1.7 can be beautifully imbedded into the “Science Fiction” heuristics introduced in [1]. In fact, we will see

)

that 1.7 adds a new twist into the “Science Fiction ” of the modules M,,. This given, the reader is urged
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to have at hand at least [1], since for brevity, we will have to assume some familiarity with the results and
notation introduced there.

1. The case a=3 and b = 2.
It will be good to represent Macdonald polynomials by Ferrers diagrams. This given 1.2 becomes

3plﬁa(q, t) = 1+ + q)aﬂ(q,t) + EE(q/tvt) £ 1.1

Let us see then how we can interpret this identity using the Science Fiction model. Our point of departure

is the determinant
1 1 1 1 1

1 Y2 Y3 Ya Ys

A% = det T T2 I3 Ty Is5 1.2
T1Yr T2Y2 T3Ys T4aYs TsYs
o R

with expansion

A% = A% + y5Aﬁ: + 335A% + x5y5Aaj + x?)Am 1.3

aysA% = Aﬁ:l + $5AE:I 1.4
awsA% = A% + ySAE:I + 21)5AE 1.5

5‘m53y5A% = Aﬁj 1.6
335A% = 2AE 1.7

To construct a basis for the linear span of derivatives of A%, we will seek for 5 collections of monomials in

This gives

the alphabet x1, 22, ..., 24;Y1,Y2,..., Y4
Boo, Bo1, Bio, Bi1, Bao,

such that the collections

{boo(a)A }booeBoo’ {b01(8)ay5A }bo163017 {blo(a)ars }bIOEBlo,
R Ex
{bll(8)6z5(i)yfwA%}buelgu7 {bzo(a)aisA%}172065207 (*)

form a basis for the module M3s;. The collections B;; must be determined so that the cardinality of their
union is 5! and for any choices of b;; € B;; the identity

boo(ﬁ)A% + bm(@)aysA% + blo(a)ﬁst% + b11(8)8x58y5A% + bgo(a)aisA% =0 1.8
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forces

boo = bot = big = by = by = 0

Now using the identities in 1.3-1.7 the equality in 1.8 converts to
boo(0)(Ag. + ysAg  + 5Ag + TsysAg + 2EA +
R R R R
bm(@) (Aﬁ: + 1‘5Aa:|> +
blo(a) AD + y5A + 21‘5A +
(8 + mag + 20pg)
b11(8)AE:—|—

2020 (0) AE =0

equating to zero the terms independent of x5, ys and equating the coefficients of ys, x5, z5y5 and z? yields

the system
boo(a)A% +  bo1 (8)Aﬁj + blo(a)A%—F bll(a)Aa:l+ 2b2g (8)AE =0
boo (6)Aﬁ: + 610(8) =0
boo(a)Aéﬁ- bo1 (8)A 4+  2byg (a)AE =0
boo(a)Aaj + =0
boo(a)AE =0

1.9

Note that the last two equations say that byo(0) kills both Aﬁj and AE this given these two equations will

force by to vanish identically if By is chosen to be a basis for the subspace Ma:l Vv ME of M% We shall

represent this by writing
By = EZIVE

with this choice of Byg 1.9 reduces to

b10(9) =0

I
o

b(n(@)Aa:l—l- leo(a)AE

Now the second equation will force b1g = 0 if we set (using the notation in 1.10)

B -

1.10

1.11

1.12
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with this choice of Big 3.11 reduces to

bo1(8)Aﬁ:+ b11(0) + bgo(a)Am =0

bm(@)AE:' =0

1.13

and the second equation here will force the vanishing of byg if we set

By = a:! 1.14

with this choice of Big 1.13 reduces to

b11(8)Aa:|+ 520(8)AE =0 1.15

At this point we will choose
B = E: 1.16

To guarantee that 1.15 will force the vanishing of b1y we need only assure that the term “bgo(a)AE” will
not produce an element of Mﬁj Now Science Fiction states that if

By = EJ/\E 1.17

then by (O)AE will fall in the space LA ME and in particular not in Mpg . With these choices

let us now compute the cardinalities of the resulting collections. In fact, in order to derive the implications
of 1.1 it will be informative to compute the Frobenius characterists of the spaces spanned by the chosen
collections. From Science Fiction again we know that in this case every Frobenius Characteristic can be
expressed in term of the Frobenius Characteristic of the S module Ma:l A ME Denoting by “F” the

Frobenius map, Science Fiction gives

qﬁ — tH
w B FH - M

o = 84 +1ts31 + 822t2 + q(831 =+ 8211t) 1.18

Denoting this symmetric function by ¢s2(q, t; ) we derive that (again using Science Fiction)

Hﬁj = ¢32 + Tﬂj | @32, ffm = ¢32 + Tm | ¢32, 1.19

where for a symmetric polynomial P with coefficients in Q(g,t) we set

P = wP‘ 1

1
tH?’qHE
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Since T = t3q and TE = t2¢2 our choices then give

FByy — FB:I+F57FEJ/\E = g2 + 1% | b2 + 2¢° | b3z (3 x 4! dimensions )

2

FByy = Hﬂj = 32 + t°q | ¢32 (4! dimensions )

FByy = Hﬂj
FBi1 = Haj

FByy = Fﬁj/\m = @30 ( % x 4! dimensions )

b30 + 3¢ | d30 ( 4! dimensions )

t32 + 13 | a2 ( 4! dimensions )

The Frobenius characteristic of the modules spanned by the collections in (*) is thus
ﬁhl(ﬂ+ﬂﬂ+ﬂﬂih+ffl¢n+ﬁ%ﬂ

or

te?((1+1/0(1+1/q) | Hﬁn+ 122052 + 1/ | 632) 1.20

since t3q | ﬁﬁj = ﬁa:l 1.20 becomes

u+ﬂu+@ﬁ%+ﬁ%rH%%¢w
In conclusion Science Fiction gives
amﬁ% = 1+ + ‘J)ﬁaj + P32 + 127 | hs2
Now recall that the recursion in 1.7 for a = 3 and b =2 is

3plﬁa(q7t) = (1+)(1+ Q)H:l(%t) + 2 B/t 1)

we see that to understand this identity we need only explain why
P32 +1°¢> | p32 = 17 gE(Q/tvt) 1.21

Now recall that we have the direct sum decomposition

Mg = MH:IAME ® (MEJAME>L/\ME 1.22
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which combined with Science Fiction yields that
1
F Maj MM = ¢ and T (MHj A MEE) "M = 2¢% | 3 1.23

causing the identity

HE = 32 + 1% | 32

In summary we must understand why the replacement ¢35 — t2¢3o in this identity can be achieved by the
substitution ¢—¢/t in HE followed by multiplication by #2. Note that classically we used to write

qf[ — tﬁm qﬁ - tﬁm
P32 = E:ql—t 2q° | ¢32 = HE* E:é—t = qzt(ﬁmffaj)

which gave that

qHﬁj o (q—1%) (2 - 1)
2 2 2 _ 42 q i O _ \a— i gt — 1) ~
Pow w0 Low = 0—R g+ (i g ) = i g

and this was responsible for the rationality of the recursion we had before (in terms of the dual Pieri “c,,, 's).
Now we see that 1.21 is an incredibly simple way of avoiding the rationalities that have pestered us for so

many years!.

The explanation of 1.21 comes from a totally unexpected source: “k-schurs”! Indeed it follows from
the Morse-Lapointe-Lascoux theory [11] that all our ingredients in 1.21 are in the linear span of the 2-schur
“atoms”

2 2
As o =54 +1531 + 17522, Ao 11 =531 +1s211, Ar11,0 =822 +1ts211+t"S1,1,11

sdydy sdydy

For instance we have

I:IE = Ao+ qAsi1 + qtAsiq + q2A1,1,1,1 1.24
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or in matrix representation ()

f{ _ 0 Asqq 0
HH Azo Aon A
and
P32 = Aso+qAs11, t2¢* | ¢32 = qtAz11+ ¢ Ann
thus
Azo  Aony
3o = 0 0 , ¢ | 32 = [0 Azn 0 }
0 0 0 0 Aun
)
Azp  Aonr 0
h30 + 2¢7 | ¢32 = 0 Ao 0

0 0 A

Now from 1.24 we derive that

tQﬁE(Q/tat) = t?Ago + tq(As11 + tAs11) + A1

what has happened is that the two atoms A 2, A3 1.1 which where in the bottom row of ﬁm have been lifted

differently (the first to the 3rd row and the second to the end row). Moreover the atom A; ;.11 remained
unlifted. This permits a recombination of atoms causing the left hand side of 1.21 to be equal to the right
hand side. This recombination is also clearly visible from the manipulations below

g0 + 2¢° | ¢30 = t*(Ao2+qAs11) + (qtAoa1 4+ ¢*Anin)
= t?As0 + (t2qA27171 + th2,1,1) + ¢ A1
= t2A2,2 + tQ(A2,1,1 + tA2,1,1) +¢*Ann
= tQﬁE(q/t,t)

In the next section we will use another heuristic that will substantially short cut the derivation of the general
form of the latter identity.

2. The general 2-column case, with kicking identities

The point of departure here are the two kicking identities [6], (see also [4

8p1H2b1a b = [Cl_b E ta b E‘f’ q & 2].
Op Hoprov = t°la—1b E—i—q E E 2.2

(t) We use the matrix ||c;; || osish to represent the polynomial P(g,t) Z Z c”t’
=0 j=0
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where for convenience we have used the notation

Hgbla—b—l - E H2b—11a—b+1 - E

and the symbol “E” represents a Frobenius characteristic to be determined from 2.1 and 2.2 In fact sub-

)

tracting 2.2 from 2.1 we get

[a — b}tE + t“b[b]tE + q[b]tE — | t’la— b],& + q[b]tE + [b]t& =0
Gl q[b]t)E = (= 1)a- b]tE + [l (1 - q)E

using [b]; = (1 —t*)/(1 —t) and [a — b]; = (1 —t*7%)/(1 — t) and cancelling [b]; this becomes

(¢t — q)% = (b~ 1)& + (1 - q)&

yielding

2.3

Now Science Fiction gives

E = ¢ap + t(a;1)+(g)qb | bab E = Qup + t<;)+(b;1)qb71 1 bap 2.4
¢y = F E A E 2.5

E (1270 = 1) (dup + 102 L gn) + (1= ) (6w + 1)1 | 6y)
= ta—b _ q

where

Using 2.4 in 2.3 gives

a—1 a b—1

(o=t — 1“2 )HE) g 1 (1 — B+
ta—b _ q

= d’ab"’
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71)+(b;1)qb_1 (ta‘_b - 1)tb_1q + (1 - q)t“_l

¢ab + t(a2 fa—b _ q l ¢ab

71)qb—1 ta—lq _ tb_lq + ta—l _ qta—l

dap + {72+ prE— | dab

) (b 1)qb71 ftbflq + tol

= a + (22 b _q

l ¢ab

by + L 11 g,

In summary

E = ¢ab + t(agl)Jr(g)qb_l l¢ab

We now use 2.4 and 2.6 in 2.2 and obtain

Oy, Hopras = t'Ja —b)s (¢ab + ()G | ¢ab>
+ q[bls (¢ab + ()G g1y ¢ab)
+ [ble (%b + 1)+t %b)
(t°la — by + q[bls + [b]t)Pas
+ 12O g (10 — )t g + gBlt® ™t + (Bt | b
= (t"la—bl + qlb]: + [b]¢)das
+ 2O 1 (g — blg + qlbl + 1) | ba

We thus obtain
~ a—1 b—1
Opy Hyremr = ([ale + qlb))da + 220207 (alg + 011" ™) | fus
As a check note that for a = 3 and b = 2 we get

Op Haor = ([Bli +q(1 + )32 + ¢'t*([3lig + (L +6)t') | ¢32
= (Ble +a(l+1)ds2 + (Blt?a* + (L +1)t°q) | d3,2
= Phsa+(1+ (L +1)ps2 + (P +1°¢ +t'¢> + (1+1)t° Q)l¢32
= (14+q)(1+t)ds2 + (g+tqg + (1+1)t%q | 32 + P32+ °¢° | b3
= (1+q)(1+0)¢s2 + L+ @) (1 +1)t°q | dzo + P32 +12¢> | d3
= (14+q)(1+t)Hay + Pp32 +12¢% | 30 2.7(x)

10

2.6

2.7

This is what we previously had using only Science Fiction and we saw that a comparison with 1.1 yielded

the identity
Poss + Tgg L ése = BB/t

It turns out that an entirely analogous result holds true in full generality. More precisely we will show that
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Theorem 2.1

For all a > b the recursion in 1.1 is equivalent to the identity
tb¢a,b + TE l qba,b = th(Q/t,t) 2.8

Proof
Our point of deparure is the identity in 2.7 which combined with 1.2 implies that

([ale + qlble)ap + (2 )10 (alog + [B:4%70) | g =
= [b+(1+ q)g2b—171a—b+1 (q,t) + [a — b]ttbg2b’1a—b—l (q/t,t)

or better, using 2.4 and making the substitutions [a];—[b]; + t*[a — b]; and a—1+(*5")—(2), b-1+("31)—(3)

2

(e + 'l = bl + abl)gas + ([alt2)FE) g + BB 1) |6, =

= [b]¢(1+4q) (¢ab 1 G+ g1 lqﬁab) + [a — blst* Hop ya—v-1(q/t, 1)

We will now proceed to eliminate equal terms from both sides until we are left with 2.8. This gives

a—1 a b—1
2

¥ — bleday + [alit2 )T | ggy + ]+t | 6y =
= )1 | gy, + 01 | Gy + [0 — )it Hop yamomi (g/1, 1)

and using [a]; = [a — b]s + t27°[b]¢

a—1 b
2 2

Pl — Bsgas + [a— Bt (2 )FE g | gy 1000l )HE) g | g =
= BltGTC) g | Gay + [0 — bltPHop ya-s-1(q/t,1)
and using a — b + (a;l) + (127) = (;) + (bgl)
la — Bigas + [a—blt(2 TG0 | gy + G20t | g, =
= [t | goy + [a— )t Hy 1o (g/t8)

and we are left with
tla = spar + [a— bt 2 )G g | guy = o — bt Hoo yumsr (q/t,1)

and this is 2.8 after cancelling the common factor [a — b];.
It is interesting to see how 2.8 for a = 4 and b = 2 follows by means of the Morse-Lapointe 2-atoms.
In this case 2.8 reduces to

Phan + 1% | un = t*Haoi(gq/t,1)
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Now the 2-atom expansions of ¢4 2 and ,Hggl(q, t) are
a) Ga2 = As111 + qAaa, b)  Hayoi(q,t) = Agor + (¢ +tq)Asi11 + ¢*A11111D) 2.9
and the identity I~{221(q, t) = ¢ao + t'q* | da 2 gives
t'¢® | dap = tqhornn + ¢*Ainin 2.10
In matrix notation 2.9 b) becomes

0 Aoins 0

ﬁggl(q,t) = A221 211

A2111 A11111

where we can distinctly see both ¢40 and t%¢? | ¢42. Now raising ¢4o up two levels upon multiplication by
t? yields the matrix
Az Aoinn 0

0 Aan 0 = t*Hy(q/t,t) 2.12

0 0 A1
which is exactly the same as raising the first column in 2.11 up two steps, the second column up one step and
the third column up zero steps, which is precisely what the substitution ¢—gq/t followed by multiplication
by t? does on the matrix of ﬁ[27271]. We can thus clearly see that 2.8 is a new phenomenon to be added to
Science Fiction! More precisely we see that certain “irreducible” submodules occurring in the Science Fiction
decomposition of the modules M,, may be recombined into new submodules whose Frobenius characteristics
are suitable combinatorial deformations of the Macdonald polynomials H (x5 ¢,t). It just happens that when
p is a two column partition, this deformation takes the simple form t* H, 1 (X;q/t,t). Later examples strongly
suggest that this recombination of irreducibles is a general phenomenon.

The challenge is to see in which manner the Frobenius recursion in I.2 can be replaced by a recursion

in which the terms ¢, H, (X; ¢,t) are replaced by terms where c,,, is replaced by a polynomial in NJg, t| and

H,(X;q,t) is replaced by a deformed version.

3. The Science Fiction-less derivation of the equivalent symmetric function identity .

Since, to this moment, most of Science Fiction is still conjectural, we will avoid in the next two
sections to make any direct use of it. Nevertheless we must acknowledge that this proof 1.7 would not have
been possible without the guidance provided by Science Fiction heuristics.

The proof will consist of two separed parts. In the first part we will manipulatorially transform the
equality in 1.7 into an equivalent simpler identity by eliminating terms that are common to both sides. In the
second part we give a proof of the simpler identity. We should mention that Science fiction plays a role only
in the first part. The second part is based on the fact (first noticed by Stembridge [14]) that the ¢, t-Kostka
polynomials K,(q,t) for © a two-column partition may be given a completely explicit expression for all A.

Our point of departure here is the classical identity

8p1fiﬂ(x;q,t) = ch(q,t)f{,,(x;q,t) 3.1

V=
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In a form given in the “Lattice diagram” paper [3]. To this end we need to recall some of the notation and
definitions used there. For a partition g with m corners, denote by

yD @ m)

the partitions obtained by removing one of the corners of p in succession from left to right. Let us call these
corners Ay, Ao, ..., A,,. That is

Ay =p/vV Ay =/ Ay = p /D
The weights of these corners are respectively denoted
T1, Tgy ove y Tg .
More precisely, if the i*" corner, has coleg I and coarm af in p, we set
T, = x; :tliq“’/i 3.2

Moreover, we call B; the cell of u that lies below A; at the intersection of the column of A; with the row of
Ait1, and call u; its weight. We referred to the Bls the “inner corners” of u. Clearly we must have

up = theig® (for i=1,2,...,m—1) 3.3
The picture is completed by adding three more cells Ag and By, B, with weights
u = th /g, Uy = qom /t and =xy = 1/tq . 3.4

To appreciate the geometric significance of these weights, in the figure below we illustrate a 4-corner Ferrers
diagram with corner cells Ag, A1, Aa, Az, A4 and inner corner cells By, By, By, B3, By.

m A
By A,
B, 00 )
[
B A
m 4
B3
AOI_ B4|_

It was shown in [1] that the original dual Pieri coefficients ¢, (g,t) undergo massive cancellations
which reduce them to relatively simpler expressions in terms of the corner weights. This results in the

formula .
1 1 II2o (@i —uy)

T= /(1= 1/9) i T — 23) 3

Cuv(i) (Qa t) = (
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In the two column case p = 2°1%7° the diagram degenerates to

A
BOE
Ay
By

O
AO B2

with Ag = (=1,-1), A; = (1,a), A2 = (2,b) and By = (—1,a), By = (1,b), By = (2,—1). To use 3.1 with
the ¢, (g, t) given by 3.5, it will be convenient to set

_IZIlea—b(fE;t) = ﬁa,b , .Hlea—b—l(x;t) = ]ffaflyb , ﬁ2b711a7b+1 (ﬁ;t) = Hi'aybfl ,

and rewrite 3.1 as

6p1 Ha,b = Ca(Qyt)Ha—l,b + Cb(qat)Ha,b—L 3.6
with 3.5 giving
1 1 (21— - -
calat) = — S (1 — o) (x1 7u1)(901 us) 3.7
(1-1/t)(1-1/q) = (1 — x2)
and
1 1 (22— - -
e(,1) . . 1 (22 — uo) (22 - u) (w2 — us) 3.8
(1-1/t)(1—1/q) =2 (w2 — 1)
Since in this case we have
zo=1/tq, =z =t""1, xy=1t""1q
and
ug=t"1/q, wu=t"1, wuy=gq/t,
formulas 3.7 and 3.8 give
e - ! 1 (et - gt — ) — g
APU T Ao - 1/g) e (to=1 — t7-1¢g)
and
(2. 1) 1 1 (g =t gt g — (g — q/t)
N -1 67 (B Tg =)

Canceling repeated factors finally yields

(=" = 1)(t* —q)
(t =1~ —q)

ca(q;t) =

and
(I~ 1) — ¢?)

(t =1~ —q)

Cy (qa t) =
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and 3.6 becomes

N eV e N GV Ui e O F
Onfler = g Tt TG g

Now Science Fiction suggests that the rational functions appearing in the right hand side can be

3.10

unraveled by means of the substitutions

Hoo1p = ¢ap + TocipVap,  Hopo1 = Gap + Tap1Vap 3.11

with

Ty =t @)y =20+ 312

In fact, using 3.11 in 3.10 gives
Proposition 3.1

aplga,b = (1 + q)[b]tﬁa,b—l + [Cl - b]t(tb ¢a,b + Ta—l,b wa,b) (*) 3.13

Proof

To begin note that from 3.11 we derive

Ta,b—lHa—l,b - Ta—l,bHa,b—l Ha,b—l - Ha—l,b

a,b = 5 ab = 3.14
¢ Ta,bfl - Tafl,b ,(/) Ta,bfl - Tafl,b
Now from the definitions in 3.12 it follows that
Ta,b—l/Ta—l,b = taib/q 3.15
and using this in 3.14 gives
taibﬁa— bqu:Ia b— Ha b— *f’{a— b
a) ¢ap = = = b) Ta-1pPap = Q% 3.16

tmb—gq —q

Using these expresions in 3.13 yields

a1J b, 1] 7 ]
Op Hop = (Lt )bl Hopr + o= 0,1 H“‘;’jfb iqu“’b‘l + qH“’b;f,b_f]T_l’b)
(L+ @)1=t = q)Hap1 + (1=t (" — @) Ha1p + g(1 = t*)Happ—1)
(L=t —q)
(1=t ((L+q)(t" — q) + q(1 — t*7°)) Hopp—y L= ta=)(#9 — ) Hyy
1=t —q) (1—t)(t* v —q)

and we see that 3.13 is simply another way of writing 3.10, since

I+qt" P —q)+ql—t"" = t* P —q+qt* P~ +q—qt*" = t* " —¢°

(*) Here as customary [z]; = (1 —¢*)/(1 —t)
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This proposition has the following immediate corollary

Proposition 3.2

The recursion in 1.7 is equivalent to the identity

tb ¢a,b + Tafl,b wa,b = tbﬁQb,la*b*I(q/tt)

Proof

Note that converting th first two members of 1.7 to the present notation we get
Op Hapy = (14 @)BliHap1 + [a—blt"Hy 1ov-1(g/t:1)
Comparing this with 3.13 we see that 1.7 is equivalent to
[a—b]:(t* bap + Tum1p%Pap) = [a—blet"Hopo 1a-v-1(g/t,t)
and 3.17 is simply obtained by cancelling the common factor.

4. Enter Hall-Littlewood polynomials

Our point of departure is the Macdonald specialization

) pi
Hul —zq.t] = T]T[Q -2t
i=1j=1
Now, for = 20197t 4.1 gives
_ a b
Hypia-v[l — 2359, t] = H(l —atT) x H(l —qzt'™Y) = (z;t)q(qz;t)y.
i=1 i=1

Recalling that we have set ﬁa}b(X; q,t) = .Hgbla—b(X; q,t) it will be convenient to also set
ﬁa,b(X; t) = ggbla—b (X, O, t)

and 4.2 reduces to

Hop(1—xz3t) = (x;t)q

16

3.17

4.1

4.2

4.3

Since the Macdonald polynomials are triangularly related to the Hall-Littlewood polynomials we will have

coefficients (g, t) such that

b
Ha,b(X;Qat) = ZHaJrs,bfs(X;t)eg’b(qvt)
s=0

specialising to the alphabet X =1 — x and using 4.2 and 4.3 this relation becomes

b

(@i talgm;thy = > _(@5t)ars02"(q,1)

s=0

4.4

4.5
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From which we derive that

00 (q,t) = (x5t)algm;t)y 46
(;C§t)a+s
and 4.4 becomes
b
Hop(X5q,t) = ZHa+s,bfs(X;t)(x;t)a(qfv;t)b( ) 4.7
s=0 Tit)ats

To complete our proof of the recursion it will be more convenient to work with our parameters a, b
shifted to a + 1, b, and work with the symmetric functions in 3.16 replaced by

ta7b+1ﬁab*qﬁa+1 b—1 Hab*Ha+1 b—1
(1) (z)a—l-l,b = ta_7b+1 —q : ’ b) Ta,b wa—kl,b =9 W 4.8
Our goal here will then be to prove the identity
tb ¢a+1,b + Ta,b ’(/}a+1,b = tbga,b(Q/t7 t) 4.9
With the same parameter changes the definitions in 3.10 give
Hop(X59,1) = Gatrp + TapVatip 4.10
Now making the replacements a—a + 1 and b—b — 1 in 4.7 gives
b—1
Hop1p1(X50,8) = D Hagrs s 1 (X5 8)(25)as (a5 )1 )
= Zit)a+1+s
=0 4.11
b ~
= ZHaJrs,bfs(X;t)(x;t)aJrl(qx;t)bfl .
s—1 ($§t)a+s
Using this and 4.7 in 4.8 a) we get
(fa_bH = Q)Pat1p = ta_bﬂﬁa,b(XZt)(ﬁC;t)a(qx;t)b (a:t)
b 4.12
+ Y Hapops(X;1) (t“_b“(ﬂc;t)a(qx;t)b —q(; t)a+1(qx§t)b71) -
— Tit)ats
Now we have
7 @ a(g2i o — ¢ (@5 Darr (quithoor = (@30alges o (7T A 2" — g —wt))
= (7" — q)(wt)alqw; )
and 4.12 becomes
ta7b+1 ~ b ~
Pat1,b mHa,b(X;t)(xét)a(qI;t)b‘(z;t)a + ZHa+s,b—s(X§t)(x§t)a(qx§t)b—1 A 4.14

s=1
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To get Ty p Vat1,5 We note that

b
Hop(X50,) = Harrp-1(X3¢,8) = > Hayopo(X5) (5 )a(qs )
s=0

(z3t)ats
b
- Z ﬁa«ks,bfs(X; t) (‘T; t)a+1 (QUC, t)bfl
s—1 (@5t)ats
b
= Hap(X;t)(x; t)a(q:c;t)b’(x‘t) + D Haps s (X ) (@5 t)aqrs t)pr (1 — qat®™ ' — 1+ 2t%)
e s=1
b
= Hop (X3 1) (23 )alga; ) e, T ot Y Hopops (X3 0)(@58)a(qes )o-1 (— g +1%7"1)
e s=1

and 4.8 b) becomes

b
Tob Yat1,p = ﬁHa,b(X;t)(ﬂt)a(qf;t)b t_qxtb_l ZHa+s,bfs(X§t)(x§ t)a(qz;t)p—1 (z:0) 4.15
— Zit)a —1 Tit)a+s
Next note that 4.7 gives
~ b ~
tha,b(X; Q/ta t) = tb Z Ha-l—s,b—s(X; t)(l‘; t)a(qx/t; t)b (w:t) 4.16
s—0 Tit)ats
and since
t(qz/t;t)y, = t°(1 —qz/t)(1 —qx)--- (1 — qut®=2) = "1 (t — qz)(qz; t)p_1
4.16 becomes
~ b ~
tha,b(X§ Q/tv t) = (tb - tb_qu) Z Ha—&-s,b—s(X; t)(x; t)a(qx§ t)b—l (z30) 4.17
Tit)a+s
s=0

Thus to prove 4.9 we need only show that the right hand side of 4.16 can also be obtained by adding the
right hand sides of the following two equalities.

taJrl b

ooy = Hop(X5t) ()0 (g t)s Y Hovsps(X;)(238)a(q2; t)p—1
(I;t)a s—1 (I;t)a+s

ta—b+1 _ q

b
— qut’™ Y Hapapo(Xit) (@5 )a(qe; )1

(x5t)a s—1 (T3t)a+s

—q .
Yap = mHmb(X; t)(zt)alqr;t)s

In fact doing this gives this gives

t _ G g X (s ) gst
Gab + Vap = P — ab(X5t)(25)a(qes t)s

(z5t)a

4.18

(@5t)a+s

b
+ (1" = qut"™ ") Y Hapopo(Xi1)(w5)alqm; )1
s=1
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Comparing with the right hand side of 4.17 reduces us to proving the equality

m(m) (qz; 1) = (" — qut* V) (23 t)a(gz; t)
fa—b+1 B 3 0)algT; 1)y (@3t)e = q y0)a\qT;l)p—1 (@:t).
Or, equivalently show that
(" — @) (s t)alqr; )y — (7 — @) (8" — qut®™ ") (25 8)algm; 1)1 i, 0
Now this is best rewritten in the form
(" =) =gt ™) = @ = )" — qat*™) ) i )l | =0 419
zit)q

But a simple calculation gives
(tF = q)(1 —qut®™ ") — (17" — ) (t" — qut"™") = q(t" — 1)(1 — at?)

and 4.19 becomes
=0

alt = )1 = 2t) (s ol |

or better

=0
(z3t)q

q(t" = 1) (@ t)as1(qz; t)p—1

which is patently obvious.
This completes the proof of 4.9 and thus by Proposition 3.2 the identity in 1.7 as well as the recursion
in 1.6 are thereby established.
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5. The [3,2,1] case.
For convenience we will set

o =[3,2] = Hin ﬂ:[3,1,1}:a:n 7:[2,2,1]:&.

and also use the same symbols to represent the corresponding modules as well as their Frobenius character-

? i

istics. Science Fiction states that in the this case the .S,, module

B B BB

decomposes into the direct sum of 7 modules precisely as the union of three sets decomposes into 7 disjoint
subsets. Thus this decomposition may be depicted by a 3-subset Venn Diagram as follows.

E&. N
(K2
i

1
where “111” represents the module My, = mﬂ /\EZE /\&, “011” represents the module Mg = mﬂ A aI' /\ﬁ ,
i 1
“010” represents the module Mpgig = E:I A E:IJ /\& , etc. Moreover, denoting by flip , ﬁipa:n ,

ﬂip& respectively the maps
M — M 1b—b(0z,0y)A (x,y)
Hi

:b—b(0,, 8y)AaI (z,y)

-

Ha

M — M
B

Mp —
£

&

:b— b(0,, (%)A&(as,y)
Science Fiction asserts that
a) flip Mi11 = Mg, b) flip M0 = My, 5.1
He- H
a) ﬂipa:n Mi11 = Moo, b) ﬂipa:n Mpyp11 = Mo, 5.2

a) ﬂip&Mln = Moo1 , b) ﬂipﬁl\/hm = Mo, 5.3
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Denoting by ¢111 , ¢o11, ¢101 5, @110, P100 , Po10 , Poo1 , the corresponding Frobenius characteristics we see
that these equations respoectively yield the following identities

a) ¢i100 =Ta | o111, b) 101 =Ta | 110, 5.1%
a) ¢o10 =15 | ¢111, b) ¢110 =13 | ¢o11, 5.2%
a) ¢oio =Ty | é111, b) ¢on =T | ¢101, 5.3*

Note then that from 5.1% b) and 5.2* b) we derive that

To
101 =Ta | (Tp | ¢o11) = T do11
B
or better

Todo11 = T o101

similarly we derive that
Tsp101 = Ty o110

Denoting by ¢3 the common value we get that

a)  ¢gonn = ;é—z b) b1 = ?—Z c)  ¢uo = % 5.4
In a similar manner from 5.1% a), 5.2* a), 5.3* a), we derive that setting
o1 = TIBT, | ¢111 5.5
we get
a) 100 % b)  do10 % ¢) ool % 5.6

In particular combining these identities with the direct sum decompositions expressed by the Venn diagram
at the end of the paper, and setting ¢3 = ¢117 we derive that

b2 P2 1

i = ¢111 + P101 + Q110 + P00 = P3 + 5+ 5 F 5.7
m:! T,B TA/ TQT7
H = ¢111 + ¢o11 + P110 + o0 = P3 + @ + @ 4 ¢ 5.8
L Ta T'y aT’Y
P2 P2 59

Hq = P2 P2
& d111 + Po11 + P101 + Poo1 = @3 + T. + T, + T Tg

Our goal in this section is to show how the restriction to S5 of the Garsia-Haiman module M3y, may be
decomposed as a direct sum of submodules isomorphic to the submodules appearing in our Venn diagram.
From this decomposition it will ultimately follow that

Opy Haor = (L+8)(1+q) + 2+ %) g3 + (1+)(1+q)(t* +tq+¢* )ﬂ + (tq(1+t)(1+q) +12 +¢ )tﬂ 5.10
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Our final task will be to reassemble the resulting terms into what we might believe is a 321-analogue of the

E:-. 5.11

two decompositions in 5.6 and 5.7, namely

apE:n = tla— 1]tE:n + t%ap + TEI' | ¢ap + [b+1],

and
8p1& = t’la—blipap +[a — b]tTE | fap + (14 q)[b]tE. 5.12

Note that setting

Ta:T :t2q4 7Tﬁ:T :t3q3 77"}}/:7"’ —t4 2’
z: B
the relations in 5.7, 5.8 and 5.9 become
N ®2 b2 ¢1
H = = —_— + = + == 5.7*
&, ¢111 + 101 + P110 + D100 b3 + 1345 + 2 + 745
N b2 o) P1
i _ P2 P2, O 5.8*
a:n ®111 + Po11 + D110 + Po10 ¢3 + o + g2 + 1645
_ b2 P2 1
H, — e L —— —_ = 5.9*
& $111 + Po11 + D101 + Po01 o3 + 240 + B + t5q7
This given a possible 321-analogue of 5.11 and 5.12 could be
Op Hsa1 = (1+1)(1+ ‘J)I:Iﬂ:n + (P + 1)1 + L+ )1+ q)bro1 + d100 + oot 5.13

since this is one of the ways to use the identities in 5.7*%-5.9* to re-express 5.10 making maximal use of one
of the H,, for € {[3,2],[3,1,1],[2,2,1]}. We can easily check that no more than three copies of Hzy or Haz
can be sutracted from 0y, Hsy, and still yielding a positive remainder. More precisely Op, Hso1— (1 +t+t2)]§I 392
and 8p1ﬁ321 — (1 + g+ ¢®)Hag; are both Schur positive, but any more subtractions produces negatives.

Our next task is to derive the identity in 5.10. We will proceed first by the “kicking” method
combined with a minimal use of Science Fiction as we did for the two-column case. This done we will

illustrate a general algorithm for obtaining such an identity for any partiton by applying the algorithm to
the 321-case.
Our point of departure are the two kicking identities

3],11{[321 = ﬁh: + tﬁh +t2ﬁh + qﬁ&: —|—tqﬁ&: + qZFIh 5.14
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(9171];[321 = tQﬁh: + tqﬁh + qzﬁh + tﬁ&: + qﬁ&: + ﬁh 5.15
Using the equivalences
- O
de ey BB

The identities in 1.14 and 5.15 become

Opy H3o1 = HHL HHE’E HQﬁEE: MFIﬁm +tqﬁl:ﬂ: +q2f{& 5.16
Opy Hso1 = tzﬁHEl: +th§rE:E +q2ﬁfaa: Hﬁﬂ: +qHEE: +FI& 5.17

and by subtraction we derive that

(t* - cf)ISIEE:I = (- 1)1?9}_' +t(q — DFIE:E +(t—q) A +aq(l - t)ﬁcﬁ: +(1- CIQ)ffﬁa' 5.18

But we cannot derive anything from this until we construct E and . To do that we carry out

another kicking scheme as decribed by the following display

and derive the two identities

apl.gﬁ:ﬂ = (1 + t) E:E +t2ﬁ11 X ng + qH& + q2ﬁ211 X E[l + tﬁa:n 5.19

8p1f{ﬁ:E = (t2 —|—t) E:E + ngll X Hgl + qﬁ% + tﬁgll X gl + Hﬂ:n 5.20

and by subtraction we derive (note % cancels!)

(t2 - 1>ﬁE:E = (- q2)ﬁ11 X Hay + q*Hopy x Hy + tlffa:n 5.21

Using the Pieri rules

(¢-D@-8 5 (==, (-Bg-Dg-1) ;  (1+t-1?2;

Hyy x Hyy = m (q—1)2(q+t)(q—12) 221 (@ —0)2(q — 13) Hsi1 + m
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- - (¢—D(¢"—1) - # -1 —-9q) (1=t)(g—t°)
H H, = —H —H —H
211 X 3 q—2)(g %) 2111+(q—t)(q— 2) 221+( (= P) 311
The equality in 5.21 yields
. q—1 1 -
H; = 5.22
By ~ o 1By ot E&.
and by conjugation we obtain
- _ 1 -

Hl:ﬂ: P a:n t—q 5.23

Using 5.22 and 5.23 in 5.18 gives, after simplifications

5 _ la=D(@?-1) (1-H-1) ~ 1—t)(q—t2) -
%: = Wlhm + (g 12 Hziy + CEICESE H32 5.94

Notwithstanding the rationality of these expressions, substituting in 5.22, 5.23 and 5.24 the relations in 5.7*,
5.9*% and 5.9%, gives

I?E:E = fit s i +tf2 +t%
H,:ﬂ: = fst oo £ +tf2 +tfl
5 ®2 P2 o1

H =
%: fst+ s g3 T B 3¢ + t7q7

We are now finally in a position to prove 5.10. To do this we use these last relations and 5.7*, 5.9*
and 5.9% in 5.17 and obtain

2 ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
8p1H321:t2<¢3+ ;+—2+ﬁ> <f3+ ;—F 2 +ﬁ) ((f3—|— ;4— 2 +—1>

tiq? t3g* B¢t 77
¢2 ¢2 o1 o2 o2 o1 ¢>2 02 o1
(‘bi” toitas g2 + 646 s+ 53 2q4 + g3 + 647 3 + 1t 33 1343 + t5q7
= ((1+t)(1+q)+t2+q )¢3+
+ (t3q+t2q2+tq3+t2q+q3+q2t+t3+tq2+qt2+q2+t2+tq)%4—
¢
+ (P +1¢* + ¢ + g+ tg + 7) ﬁ
= ((1+0)14+ ) +t*+¢*)ds + (L +t+qg+tq) +t>(1+t+q+tq) +qt(l+t+q+tq)) tf24+
¢
+(tq(tq+q+t+1)+t2+q2)ﬁ

(L+)A+q) + 2+ %) ¢s + L+ 1)1+ q)(t* +tqg+ ¢ )“>2 + (ta(1+ 1)1+ )+ +¢°) 7= ¢1

This completes our proof of 5.10.
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It turns out that 5.10 is but a particular case of the following result which may derived from

Proposition 1.2 of the “Lattice Diagrams” paper [3].
Theorem 5.1

where w1, wo, . .

For a partition . = (u1, 2, - - -, bk) with m corners we have

ko 1 1 1
aplgp, = Zzti_lqj_l <Z Z e Z (bel,ez,...,emX(j S 6wy + €qwo + - - - ETini)> .25

i=1 j:l 61:0 62:0 CmZO

., Wy, are the lengths of the successive landings in the Ferrers diagram of A (see figure) and r; is

the number of corners of u that are weakly above row i.

L 4
>
W—P

w

€N5 =)

Note that we may view the summand in 5.25 as an assignment of modules M, , ..., to the cells

of the diagram of p. Now this assigment in the case of [3,2, 1] reduces to

Cell 00
Cell 01
Cell 02
Cell 10
Cell 11
Cell 20

— Z;:o 222:0 Z;:o PerenemX(L < €1+ e2+€3) = @oo1 + Po1o0+ Po11 + @100 + 101 + P110 + G111
— E;:o Z;:o Z;:o Beyenem X(2 < €1+ €2+ €3) ®o11 + ¢101 + P110 + Y111

- 231:0 Z;:o Zigzo ¢61,62,emX(3 <e+e+e€3) o111

— Zilzo Z;:o Z;:o Geren,emX(1 < €1+ €2) = G010 + o011 + P100 + P101 + P110 + D111

- Zil:o Z;:O Z;:o PeryeremX(2< €1+ €2) = P10+ din

— Zilzo Z;:o Z;:o GerrenemX(1 < €1) = br00 + d101 + D110 + D111

This assignment can be visualized as follows
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