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Constant Term Methods in the Theory of Tesler matrices
and Macdonald Polynomial Operators
by
A. Garsia, J. Haglund and G. Xin
ABSTRACT
The Tesler matrices with hook sums (ay, as,...,a,) are non-negative integral upper triangular ma-
trices, whose i*" diagonal element plus the sum of the entries in the arm of its (french) hook minus the
sum of the entries in its leg is equal to a; for all i. In a recent paper [6], the second author expressed the
Hilbert series of the Diagonal Harmonic modules as a weighted sum of the family of Tesler matrices with
hook weights (1,1,...,1). In this paper we use the constant term algorithm developed by the third author
to obtain a Macdonald polynomial interpretation of these weighted sum of Tesler matrices for arbitrary hook
weights. In particular we also obtain new and illuminating proofs of the results in [6].

I. Introduction
Denoting by UP the collection of upper triangular matrices with non-negative integer entries, let us
set for a given integral vector (ay,az,...,a,)

n s—1
T(a1,a2,...,an) = {A=|lai;|}—; €UP : as s+ Z asj — Zai,s = a, V 1<s<n}. 11
j=s+1 i=1
We will here and after refer to this as the collection of Tesler matrices with hook sums (a1, as, ..., ay).

To present our results we need to use plethystic notation. Readers unfamiliar with this notation
are urged to read at least the beginning of the first section where we include an introductory Macdonald
polynomial “tool kit”.

The modified Macdonald polynomials {H u[X;q,t)}, we work with here are the unique symmetric
function basis which satisfies the two triangularity conditions

a) ﬁ#« = Z SA[%]GA;L(‘IJ) ) b) FIM = Z SA[%]Z’M(‘]J), 1.2
A<p AZp
together with the normalizing condition

Hu|s =1 for all p. L3
Setting for a given partition u = (1, 2, .- ., fg)
k
n(p) =Y (i— D,
i=1
the operator V was defined in [1] by setting
VH, = T,H, (with T}, = "W gn()). L4

Now it was conjectured in [3] and proved in [7] that the Hilbert series of the Diagonal Harmonics modules
is given by the polynomial
Oy, Ve,

1
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With this notation the result in [6] may be expressed in the form

0y Ven = (—3)" Y. wi(A), L5

where for convenience we set for A = |la; ;[|7';_,
Gl g=

ot
wt(A) = | | wt(a; ;) , wt(a) = ~M = 1fa>07 M=(1-t(1-g9q). 1.6
@ =wttey),  wite) { [ o> (1= -q)

In the same paper [6] it is also shown that

MV e, = (=) > wi(4) (for all m > 1). L7
AeT(1,m,...,m)

Note further that, as long as the hook sums (aj,as,...,a,) are strictly positive, each row of a matrix
A € T(a1,aq,...,a,) has to have at least one positive element. This is quite evident from the definition in

I.1. Thus, in view of 1.6, in spite of the denominator factor (—M)", the expression

Py an,..an (@,1) = (—ﬁ)n Z wt(A) 18
A€T (ar,a2,...,an)

will necessarily evaluate to a polynomial. Further experimentations revealed that when a1 <as <--- <a,
the polynomial Py, 4, .4, (g, t) turns out to have non-negative integer coefficients. One of our identities may
lead to a Hilbert Scheme proof of this non-negativity. More precisely, we obtain the following equality

Pa1,az7~~>an(qa t) = (_1)nMap1v—anaplvan—an—l o 'am v(13_(126171vaz_a18p1 Valpn-H [%]’ L9

which (as we shall see) is easily shown to contain both 1.5 and 1.7.

The proof of 1.9 is based on two identities which are of interest in their own right. The first of these
identities involves the plethystic operators D, introduced in [4], which may simply be defined by setting for
any symmetric function F[X]

D, F[X] = F[X + 2]Q[—2X] 1.10

za

This given, we will show in section 2 that

Pal7a27'”7an (Q7 t) = (7ﬁ)nDa1—1D02—1 e Da7,,—1en+1 [%} ’XHM. L1

In addition, also in section 2, we will give a new proof of 1.5 as well as a proof of the surprising identity

LD wi(A) = (~f)" ' Dlipa[3] = O Venon. 112
AeT (n—1,-1,-1,...,—1)

We should note that both these two results will be derived by manipulations involving only identities from
our “tool kit”.
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Section 3 will be dedicated to the proof of a truly remarkable recursive algorithm for the construction

of the polynomials Py, 4,.....a, (¢, t). To state this result we need notation.
To begin, for any indeterminate z let us set

(A—2)(1 ~ 2qt)
(1—2t)(1—2q)

Next let 7, be the set of all Standard Young tableaux with labels 0,1,2,...,n. For a given T' € T,,, we let
wr (k) = ¢ 711 if the label k of T is in the i-th row j-th column. We also denote by St the substitution

set {z; ' = wr(k) : 1 <k <n}. For instance, for T = ( 10 ;L 3) we have

f(z) = L.13

Sp={xt=t2"'= q,,23_l =q% 2t = qt}.
This given, it will be shown in section 3 that

Puvasan (@) = D Mo [J( = zewr (k)™ 114

s
TET, 1<k<n T

where
Mo = (=39 I £ ] fGi/z).
1<i<n 1<i<j<n
We must emphasize that 1.14 is not a formula but rather an algorithm, since it should be understood that
each summand must be separately constructed by progressive applications of the substitutions in the set St,
and in the successive order k£ = 1,2, ...n. This provision non withstanding we will show that the combination
of .11 and I.14 proves 1.9.

1. A Macdonald Polynomial tool kit

The space of symmetric polynomials will be denoted A. The subspace of homogeneous symmetric
polynomials of degree m will be denoted by A=™. We will seldom work with symmetric polynomials expressed
in terms of variables but rather express them in terms of one of the six classical symmetric function bases

(1) “power” {p.}t, , (2) “monomial” {m,}, , (3) “homogeneous” {h,},
(4) “elementary” {e,}, , (5) “forgotten” {f,}, and (6) “Schur” {s,},
We recall that the fundamental involution w may be defined by setting for the power basis indexed
by = (p1, pa, .- pg) En
wpy = ()" Fp, = (=T, 11

where for any vector v = (vy,ve, -, v;) we set |v| = Zle v; and I(v) = k.

In dealing with symmetric function identities, specially with those arising in the Theory of Macdonald
Polynomials, we find it convenient and often indispensable to use plethystic notation. This device has a
straightforward definition which can be verbatim implemented in MAPLE or MATHEMATICA for computer
experimentation. We simply set for any expression E = E(t1,ts,...) and any power symmetric function py,

pe[E] = BE(t¥ ¢k ... 1.2
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This given, for any symmetric function F' we set

F[E] = Qr(p1,p2,...) 1.3

. b
pr—E(th k)

where Qr is the polynomial yielding the expansion of F' in terms of the power basis. Note that in writing
E(ty,ts,...) we are tacitly assuming that ¢1,t9,13,... are all the variables appearing in E and in writing
E(tk, k... .) we intend that all the variables appearing in E have been raised to their k** power.

A paradoxical but necessary property of plethystic substitutions is that 1.2 requires

pr[—E] = —pilE]. 1.4

This notwithstanding, we will still need to carry out ordinary changes of signs. To distinguish it from the
“plethystic ” minus sign, we will carry out the “ordinary ” sign change by prepending our expressions with a
superscripted minus sign, or as the case may be, by means of a new variables € which outside of the plethystic
bracket is simply replaced by —1. For instance, these conventions give for X,, =2y + 22+ -+ 2,

pel-"Xn] = (—DFY al, 15
=1

or, equivalently
n

pr[—eXn] = *ekaf = (fl)k*zxf.
=1

i=1

In particular we get for X = x1 + a0 + 3+ - -
wp[X] = pe[-"X].
Thus for any symmetric function F' € A and any expression F we have

wF[E] = F[-"E] = F[—E). 1.6

F[-E] = wF[ E] = (-1)*wF[E)]. 1.7

The formal power series

0 = (3

E>1
combined with plethystic substitutions will provide a powerful way of dealing with the many generating
functions occurring in our manipulations.
Let us recall that in 1.10 we have set

DyF[X] = F[X + X]0[-2X]|, for —0 <k <40, 1.8

z
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with
Q[—zX] = szhm[—X] = Z(—l)mzmem[X]. 1.9
m>0 m>0

“

Here * | .7 denotes the operation of taking the coefficient of z* in the preceding expression, e,, and A,

denote the elementary and homogeneous symmetric functions indexed by m. coarm )

To present our Macdonald polynomial kit, it is convenient to identify

¢ € p1, Macdonald introduces four parameters | = l,,(c), I’ = I},(c), a = a,(c)

partitions with their (french) Ferrers diagram. Given a partition p and a cell I %T H

and o/ = a@(c) called leg, coleg, arm and coarm which give the number of -G’
lattice cells of p strictly NORTH, SOUTH, EAST and WEST of ¢, (see attached
figure). Following Macdonald we will set

1
|

1) i ul
) = Y0 = YU = Y- Gm

cep cep =1
Denoting by p/ the conjugate of u, the basic ingredients playing a role in the theory of Macdonald

polynomials are

T, = g ) B (g ) = 3 #h©n© | 1L, (g,0) = [ - th©gu@),

ceEp c€ep;e#(0,0) 1.10
wula,t) = [T (a1 — (a0 (i)
cep

together with a deformation of the Hall scalar product, which we call the “star ” scalar product, defined by
setting for the power basis

(P, pu), = (1l H(l — ") = ¢") 2. x(A = p),

where z,, gives the order of the stabilizer of a permutation with cycle structure p.

The operators in 1.8 are connected to V and the polynomials H u through the following basic iden-

(4) Do Hy, = —Dy(q,t) Hy,

(44) Dyey —e; Dy = M Dy

(ii7) Ve,V =—-Dy 1.11
(iv) V1oV =:4D,

(U) Dk (91 - 81Dk = Dk—l

where ¢, is simply the operator “multiplication by e,”, and 0, denotes its “Hall 7 scalar product adjoint.

tities:

Recall that for our version of the Macdonald polynomials the Macdonald Reciprocity formula states
that

Huol+uDg]  Hg[l+uD,]
[leca (X —ut’q") [Lees(1 —utq™)

We will use here several special evaluations of 1.12. To begin, canceling the common factor (1 — u) out of

(for all pairs a, B). 1.12

the denominators on both sides of 1.12 and then setting u = 1 gives

H,IMB Hs[MB
o[M Bg] — s[MBa] (for all pairs a, f3). 113
I, g
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On the other hand replacing v by 1/u and letting u = 0 in 1.12 gives

(,1)Ia|% = (fl)w‘% (for all pairs a, B). 1.14
a B

Since for 8 the empty partition we can take 1{[3 =1 and Dg = —1, 1.12 in this case reduces to

H1-u] = JJa-ut"¢) = (1-wu) i(—u)re,«[Bﬂ —1]. 1.15
cEx r=0

This identity yields the coefficients of hook Schur functions in the expansion.

ﬁu[X§Q7ﬂ = ZSH[X]K)\H(Qat)' 1.16
AR pl

Recall that the addition formula for Schur functions gives

(—u)"(1—w) ifpu=Mnm-r1")
spll —u] = 1.17
0 otherwise
Thus 1.16, with X = 1 — u, combined with 1.15 gives for pFn
<}~Iu , s(n_r717v)> = ¢[B,—1]
and the identity e,.h,—r = S(n_p,1r) + S(n—p—1,17-1) gives
(Hy, e;hn—y) = er[B,]. 1.19
Since for 8 = (1) we have H s =1 and IIg = 1, formula 1.13 reduces to the surprisingly simple identity
H,[M] = MB,I,. 1.20
Last but not least we must also recall that we have the Pieri formulas
a) e H, = Z dWFIH , b) ef‘ﬁ“ = Z cwﬁy , 1.21

p—v V=l

Here v— i simply means that the sum is over v’s obtained from p by removing a corner cell and p<—v means
that the sum is over u’s obtained from v by adding a corner cell. _‘?‘0 _|B1

The final ingredient we need, to carry out our proofs are expressions, proved A B
n [11], for the coefficients d,,, in terms of the corner weights of the partition u. ks 2

More precisely, let y have m outer corners Ag, 41, ..., A, (see adjacent figure) and

inner corners By, Bo, ..., B,,. Then the weight of A; is x; = t*+1¢% with a; and 1

B; the coleg and coarm of B; in u. The weight of B; will then be u; = t®i¢%. It is As

also convenient to set 3y = 0 and a;,+1 = 0.
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This given, in the proof of 1.9 we will make use of the following two identities
To+x1+ - F Ty — UL — - — Uy, = —MB,(q,t) + 1 1.22
and

1T (- /)

Ti H?:O,j#i(l —xj/%;)

where p! is the partition obtained by adding to v corner A;. The proof of both identities is given in [11]. We

dyiy = 1.23

must note that 1.22 follows easily from the geometry of the above diagram, while 1.23 results from massive
cancellations occurring in the original Macdonald Pieri formulas.
It will also be useful to know that these two Pieri coefficients are related by the identity

d;u/ = Mc,uu%:' 1.24
Recall that our Macdonald Polynomials satisfy the orthogonality condition

(Hx, Hy), = x(\=pwu(q.1). 1.25

The *-scalar product, is simply related to the ordinary Hall scalar product by setting for all pairs of symmetric
functions f, g

(f.9), = (f, wdy), 1.26

where it has been customary to let ¢ be the operator defined by setting for any symmetric function f

¢ fIX] = fIMX]. 1.27
Note that the inverse of ¢ is usually written in the form

ff1X] = fIX/M]. 1.28
In particular we also have for all symmetric functions f, g

(f,9) = (frwg"), 1.29

The orthogonality relations in 1.25 yield the “Cauchy” identity for our Macdonald polynomials in the form

Hy[X)H,[Y]

Q-eXf] = YT 1.30
nw

which restricted to its homogeneous component of degree n in X and Y reduces to

en [XY] = ZiH“[X]H“[Y]. 1.31
pukn

Note that the orthogonality relations in 1.25 yield us the following Macdonald polynomial expansions
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Proposition 1.1
For all n > 1 we have

O @il = X B o] = X B g )= 3
ubn R & M > ;
B 1 = (- g Y el
ukn w
o A= ZW@M&?) 1.32
f) e, = Z%M

w
pEm H

Finally it is good to keep in mind, for future use, that we have for all partitions

T,wH,[X;1/q,1/t] = H,[X;q,t]. 1.33

Remark 1.1
It was conjectured in [3] and proved in [7] that the bigraded Frobenius characteristic of the diagonal

Harmonics of S,, is given by the symmetric function

T, H,(X;q,t)MB,(q,t)I,.(q, t)

1.34
w,u(qa t)

DH,[X;q,t] =

pukEn

Surprisingly the intricate rational function on the right hand side is none other than Ve, . To see this we
simply combine the relation in 1.20 with the degree n restricted Macdonald-Cauchy formula 1.31 obtaining

Z H, [X]MBHHH_

enlX] =€, [3F] = 1.35

M
pEn Wn
This is perhaps the simplest way to prove 1.32 f). This discovery is precisely what led to the introduction

of V in the first place.
2. Iterated plethystic operators identities

Our first goal here is to obtain our new proof of 1.5 based on the connection between Tesler matrices
and plethystic operators. The basic ingredient in this approach is provided by the following

Proposition 2.1

For any symmetric function F[X] and any sequence of integers a1, as, . . .,a, we have

Da, -+ DuyDuy FIX]| = F[M+Y Y| [[Q-zM] [[ Ql-2M]
i=1 =1

1<i<j<n

ay _az  _an
2, 2y Zn

:F[M+Zn:g]ﬁgl—zi)(1—tqzi) I (1-2)1—tq2)

ey 1— tZZ)(]. — qzi)ngan (]. — t%)(l — q%) zflz?.‘.zﬁ"

2.1
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Proof
The definition in 1.8 gives

Da1F[X] - F[X+ %]Q[leX]

ay
Z1

and using 1.8 again we get

Do, Do, FIX] = FIX + 2 + 0[-2 (X + 2))Q[-2X] e an
1 2

= FIX + 2+ H0-2MQ[- X])|Q[-2X]| , ..

21 2

This given, it is easy to see that the successive actions of Dy, - - D,, will eventually yield the identity

Dg, - Da,Do, F[X] = F[X+zn:%] 11 Q[—%M]ﬁﬁ[—ziX]z
=1 1

1<i<j<n i=

Setting X = M gives the first equality in 1.6, but then the second equality holds as well since for any

indeterminate v we have

(1= )(1 - qt0)
(1 —tv)(1—qu)’

Two immediate corollaries of Proposition 2.1 are identities I.11 and I.12:

Theorem 2.1

Q—-vM] = Qut +vg— v — gtv]

Pa1,a2,...¢an (Q7t) = (_ﬁ)n‘Dalleazfl T Dan*16”+1 [%] )X*)M
DY wtlA] = (=3p)" ' Dlypa[3g] = G Ve
AeT(n—1,—1,-1,...,—1)
Proof
Setting F[X] = e,11[3] the second equality in 2.1 gives
D.. Da2Da1F[X]’ = en[L+ Y LTI I e-2m|, L
B i=1 i=1 1<i<j<n 21 R En
= H Q[_ZZM] H Q[_%M} a1+l _ag+1  _ap+1’
i=1 1<i<j<n Fioo P2 En
where the second equality is due to the identity
17 _ 1
En+1 [1 + Z 27} T zizazn
i=1

Now note that the generic summand produced by the expression

n

H(bibo, o) = [[OaM] [T o-2Mm)), ,,

i=1 1<i<j<n rEn

2.2

2.3

24

2.5

2.6
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after we expand all its factors according to 1.9 is

n
Hzflhpz [_M} H (Zl/zj)p”hp”[_M] by _ba  _bp "
i=1 1<i<j<n PR
This forces the equalities
n s—1
ps + Z Dsj — Zpis = bs (for all 1 < s < ).
j=s+1 i=1

We may thus associate to each summand an upper triangular matrix A = ||a; ;|| by setting

i,5=1

pi ifi=j,

aij; = §piy ifi<y,
0 otherwise.

Since it can be shown that

a_jga |
ho[-M] = {—qu_t ifa>1
1 ifa=0

we immediately derive from this observation, and the definition in 1.8 that

L= > wt(A).

Zbl zb2 e 2.
r 2 AET (by,ba,....bn)

n

[[orza T e-2u

i=1 1<i<j<n

Thus 2.3 follows from 2.5 with the replacements a;—a; — 1.
To prove 2.4 we start with the definition of D_; and get

Doipaly] = (al3f] + 27)Q[—2X] = (—1)" en-1.
Using this and 1.11 (%) we derive that
(=) DM palar] = ()" DM tenoy = V'O Ve = 07 Ve,
On the other hand Proposition 2.1 with a; = a3 =+ =a, = —1 and F[X] = pn[%] gives
Dﬁlpn[%}‘xwz 1+ ) [I0-=0) [ Q-2M|
= i=1 i=1 1<i<j<n F1oFz En

and 2.9 gives

n—1 _ 1 \n—1 1 Zi

O Ven 1= (—3)" 1+ =) [[o==m] [ @-2M] i
i=1 i=1 1<i<j<n T2 "

Note next that if we set FF'=1and a; =as =--- =a, = —1in 2.1 we obtain

11—
zy T2y Zp

0=D’111(X:M= EQ[—ziM] [1 o-2Mm

1<i<j<n

10

2.7

2.8

2.9

2.10

2.11

2.12



A. M. Garsia, J. Haglund & G. Xin Tesler matrices September 16, 2011 11

that eliminates one of the terms in 2.10. We claim that the only term that survives in 2.10 is the one yielded
by Z% That is we have
1

zy —1,-1 =1
1?2 n

LI[e-m=) I Q[szi/zj]L ) —0  (forall2<k<n). 2.13
=1

1<i<j<n

To see this let us rewrite the LHS in the expanded form, that is

LISl [ Soh, oM

i=1p; >0 1<i<j<nr; ;>0 ’ Fi Fa En

The exponent of z; in the generic term of the product of these geometric series must satisfy the equation

P1+Z7‘1,j = —L
=2

This is, of course impossible, causing 2.13 to be true precisely as asserted.
Now using 2.13 and 2.12 in 2.11 gives

(9;L1_1ven*1 — (_ﬁ)n—l HQ[—ZZM] H Q[—%M] o1 1 . 2.14
i=1 1<i<j<n 1 B2 En
and this, combined with 2.8 and 2.9 proves that
8,7?1_1ven71 = (_ﬁ)n_lDilpn[%] = (_ﬁ)n—l Z ’LUH[A]
AeT (n—1,—1,—1,...,—1)
and our proof is complete.
Our proof of 1.5 is more elaborate and requires the following auxiliary identity.
Proposition 2.2
For any symmetric function F[X] we have
MB,I1,
> —FEFMB,] = A, FIX] . 2.15
Wy X=M
pEn+1
Proof
We need only prove this for F[X] = H,[X] for arbitrary . In this case 2.15 becomes
MBI, - ~
> —ELEH[MB, = H,[Mle,B,] = MB,lle,[B,]. 2.16

w
pEn+1 H

Since by the reciprocity in 1.13 we have
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2.16 becomes MB
IL, Z w “Hu[MB,] = MB,ILey[B,].
pEn+1 H

Or better MB
SHu[MB,] = MBye,[B,].

w
pEn+1 H

But recall that we have

B, = ZCW

V=i

and 2.17 becomes u
Z UTHM[MBW] Z cw = MByey[B,].

pukFn41 H Vi
Now for the left hand side we have

1 Mw, -
LHS = Zw— —~ ¢, H,[M B,

w
vbn Y pev s

(by 1.24) = Z ,wi Z d;wgu[MBv]

vbn Y pev

(by 121 0) = 3 —e[MB,]iL,[MB,]

1%
vkn

MB
(by 1.32a)) = e1[MB,]en [7”} = MBye,[B,] = RHS (Il
and our proof is complete.
As a corollary we obtain
Proposition 2.3
For F € A=F with k < n we have
MB, 11 VF[X ’ if k=
3 SOSLFIMB,) = { X1 : n
pubn41 K 0 ifk<n
Proof
From 2.15 we get that the left hand side of 2.19 is
A, FIX]|
X=M

12

2.17

2.18

2.19

but for a symmetric function F[X] of degree n we have A, F[X] = VF[X]. Thus the first alternative in
2.19 is immediate. On the other hand for k£ < n the expansion of F' in the Macdonald basis will involve I:I,’ys

with v k and even before we make the evaluation at X = M the identity

Ao, H,[X] = euB,JH,[S] = 0  (forall vk <n)
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forces A, F =0, yielding the second alternative in 2.19.

We are now in a position to give our new and direct proof of I.5.

Theorem 2.2

_ 1 n X
Ve, = (—) Dgenﬂ[ﬁ]‘X:M. 2.20

Proof
From 1.32 a) and 1.11 (i) we get

n X _ n © ' 1) = E K L2 k
Dg%ﬂ[ﬁ]’X:M_ (DO Z T)‘X:M_
pFn+1

k=0 pEn+1 H
and Proposition 2.3 with F' = e; [%} b and 0 < k < n gives
1\ yn X nlX
(= 30)" Diennll| _ = Ver[¥]|
T,H,[X], -
(by 1.32 e) and the definition of V) = ; Hw/;[]<H”’ )] ‘X:M
T.MB,JII,  ~
(by 1.20) = Y “—FF(H, e})
pukEn Wn

(by 1.32 f) and 9, =ef) = 9 Ve,

This proves 2.20 and completes our argument.

3. Constant terms and positivity of Tesler matrix polynomials
Our first goal here is to establish 1.9. It will be convenient to write it here in the form

Pa1,a2 ..... an (qv t) = Mapl (H viaiapl Vai) (—]_)npn+1 [%] 3.1
=1

provided it is understood that the operator factors are successively applied from right to left, starting with
V=9, Vo and ending with V=19, V.

Our starting point is a semi-combinatorial interpretation of the right hand side. To state it we need
some notation. As in the introduction, we let 7, be the set of all Standard Young tableaux (SYTs for short)
with labels 0,1,2,...,n. For a given T € T,,, we let wr(k) = ¢ ~'t'~1 if the label k of T is in the i-th row
j-th column and let sh(T') denote the partition giving the shape of T. Recall that we have set

St = {z;' =wr(k): 1<k <n}. 3.2

For a tableau T' € 7T,, we let T() denote the tableau in 7; obtained by removing i +1,i+2,...,n from 7. It
will be convenient to also let 7" = T'. This given, for any 0 < i < n we set
CP@) -1 = Coh(TM)Y,sh(TG-DY 5 Ap@) jpa-1 = (1)), sh(T(-D)

3.3
W) = Wep(1@) Bra = By Hpe = Ugproy-
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Note that if 4+ n+ 1 then I.4 and 1.21 b) give

V_aaplvaffu = Zcu,y(%)aﬁy. 3.4

vV

Since the monomial % is none other than the weight of the corner cell that we must remove from pu to

get v. To avoid notational conflicts let us set, for a moment % = wt(u/v). Now it is easily seen that
wt(sh(T™)/sh(T*=1)) is precisely the weight of the cell that contains k in T*), which was earlier denoted
wr (k). Thus here in the following we can set

wt(sh(T®)/sh(T*D)) = wp(k). 3.5

This given, we can now give the right hand side of 3.1 the following standard tableau expansion.

Proposition 3.1

p1<HV_a 3plval>( D'pnia[37] = Z H (1 —wr(k))dpo jpo— 3.6
eTnk

i=1
Proof
Using 1.32 d) the left hand side of 3.6 becomes
Ml . W\ =
s = % w#“ (apl [Iv-0.v I)HH[X]. 3.7
pEn+1 i=1

For n =1 we have for p = (1,1) and p = (2)
0p, V™10, VU Hy [ X] = e ) s 0p, V™10, VU Hp[X] = g™ c(a),0)-
Thus we can inductively assume that for v - n

n—1 n—1
Op, ( H V™0, Vai)HV [X] = Z H 'lUT(k)akCT(k)/T(k—l) . 3.8
=1

TeTn-1;sh(T)=v k=1

But for = n + 1 we have

v_anapnvalﬁ#[X] = Zwt(u/y)a”cﬂ’yﬁy[)(]

v
and 3.8 gives
n ~ n—1
Op, (H V““@IHV‘”)HH[X] = Z wt(p/v)* cu, Z H wr (k)™ e jpo-1).
=1 g TeETn—-1;sh(T)=v k=1

Now this can clearly be rewritten as

Op, (H V™40, Vai)gu [X] Z H wr(k)** CT(R) JT0—1) 3.9

i=1 TeT, ;sh(T)=p k=1
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completing the induction. Using 3.9 in 3.7 yields that

LHS = Z MHM Z H’U}T(k)akCT(k)/T(k—l)

Wy,
pEn+1 TETy ; sh(T)=p k=1

M
= E My — || k)ox —n.
TwT 11 U)T( ) CT(k)/T(k 1)

Since the definition in 1.10 gives W(;) = M we can write

M - Wrp(h—
_ _ (k:) T(k—1)
HT E— I I (1 CU)(T ) 7“}/1"(]\3)

and 3.10 becomes

a W (k—1)
LHS = Z HwT(k) k(l —cw(T(’“)) ’LZT(k)l CT(k)/T(’cfl)
TET, k=1
. 1 n “
(Using 1.24) = -0 Y [T wr)™ (1 = cw(@®)dgw jzo-n,
TET, k=1

completing our proof of 3.6.

Now recall that we have shown in 2.8 that

> wt(A) = H I,Q[—ziM] T @-2Mm

2
AeT (an,an—1,-..,a1) i=1"" 1<i<j<n

0,0...,0
Z1Rg" En

which 2.2 allows us to rewrite in the form

¥ wi(d) = [ 1 (1 —2)(1 —qtz) (1—2;/2)(1 — qtz;/z)

A=) - e2) g, (- 12— e/7)

0,0...,0"

21252
— 122" %n

A€T(an,an—1,...,a1) i=1

Thus our proof of 3.1 will be complete by showing that

n

1 (1—2z)(1—qtz) (1—2;/2z)(1 — qtz;z)
11 zit (1 —tz;)(1 — qz) 11 (1 —tzj/z:)(1 — qz/z)

0
1

0

z n

0.
Zy %

i=1 1<i<j<n

= Z H wr (k)™ (1 — wT(k))dT(k)/T(k—l).

TET, k=1

Remark 3.1

15

3.10

3.11

3.12

3.13

We will find it convenient to note that the factor dpe ype-1) and 3.13 itself can be given a revealing

expression by manipulations with our “2” symbol. To see this we start by rewriting 1.23 in terms of Q as

follows
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R N 7o M | VN G )) (1= 2zy)
Ti H;ﬁ:o,j#(l —xj/%;) H;’n:O,j(l — 2x;) '

= 2Qz(zo 4 HTm —ur— o — )| (1= 2ay)

d

v

z=1/xz;

Taking account that x; is the weight of the cell that contains k in T®), using 1.22 we obtain

dT(k)/T(kfl) = ZQ[—Z(MBT(IC—I) - 1)] (1 _Z'U)T(k))‘l/ (k)
z=wT

= 2Q[ - 2MBru-v +zfsz(k)]‘l/ w
Z=wT

= 7’11}7“1(/6) Q[ ( )MBT(k 1) + (k) 1)]

= ! Q MB -1
wr (k) (1= ) = 7 MBro-y ~ 1))

(

Using 1.22 again this may be rewritten as
(1 — wT(k‘))dT(k)/T(k—l) = - Q[— ﬁ(l@)M(l +wr(l) + - +wp(k — 1)) — 1)]

Thus 3.13 becomes none other than

ﬁ 1 (1—2) 1—qtzz H (1 —2j/2z)(1 — gtz;/z)

S (L= tz) (1 —qzi) oy L (L—tzj/2)(1 — qz;/ %)

0
202925

= Y 0" [Jwr)™ Q[ - FHp M1 +wr() + - + wr(k = 1)) = 1)]

TET k=1
n n k—1
= 3 o JTwr™ o[ = Mjwr)] TT [ = M (3 weh)/wr (k) = 1]
TeETn k=1 k=1 h=1

In summary, the proof of 3.1 is thus reduced to verify the constant term identity

0
202920,

ﬁ (1—2)(1 — qtz) (1 —25/2)(1 — gtz /)

(U= t20) (1= g20), AL (U=t /20) (1 — 42/2)

- Z(—ﬁ)"ﬁwT(k)“kQ[—MZ -M Y wr(h)/wr(k) - }

TeT, k=1 1<k<n 1<h<k<n

16

3.14

3.15

This will be done by means of the partial fraction algorithm developed in [9]. To benefit the reader who is

unfamiliar with this algorithm we will briefly review here its basic steps.

Firstly, to avoid ordinary convergence problems we need to work in the field of iterated formal
Laurent series. The definition of this field is recursive and is determined by a chosen total order of all the

variables appearing in our given “kernel” H. In the applications we are to compute the constant term of H,

usually denoted H—g. To be precise this operation will involve only a specific subset of the variables. For

simplicity let us assume this subset to be 21, 29, ..., 2k, and here we use the notation H 0 o
Zl 22"'Zk
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The first operation consists in expanding H as a formal iterated Laurent series and selecting the
terms that do not contain any of the variables z1, 25, ... zx. This is done by a succession of a single variable
constant term extractions.

Supposing that our variables, in the chosen total order, are 21, 22, ..., z,. Then, for a given field of
scalars K the initial field is K((z1)) consisting of formal Laurent series in z; with coefficients in K, that is
the series in which z; appears with a negative exponent only in a finite number of terms. In symbols

K((z)) = { Z amz7" : am EK} .
m>Mo

This given, recursively we define the field of iterated Laurent series K((z1))((22))---((zn)) to be the field
of formal Laurent series in z, with coefficients in K((z1))((22)) - ((zn—1)). The fundamental fact is
that the total order allows us to imbed the field of rational functions K(z1,z29,...,2,) as a subfield of
K((z1))((#2)) - - ((zn)). We shall only describe here how this imbedding is carried out but leave all the
matters of consistency to the original works [9], [10]. The important fact is that under this imbedding all
the identities in K(z1, 22, ..., 2,) become identities in K((21))((22)) - ((zn)).

We will begin with the recipe for converting each rational function in the given variables into a
formal Laurent series. The rational functions we will work with here may all be written in the form

P

F = = m) (= my)

with P a Laurent polynomial and mq,mso, ..., my monomials in the given variables. Our first need is to be

171m, should be converted to

a) me or b) —Z% (zl__i)

s>0 s>1t mi

able to decide whether a given factor

The decision is based on the idea that the total order forces one of the two “formal’ inequalities m; < 1 or
m; > 1 to be true. In the first case, we choose a) (the “ordinary form”) and in the second case, we choose b)
(the “dual form”). The criterion is as follows: we scan through the variables occurring in the monomial m;.
Suppose m; has the variable z; but not z;11,...,2,. Then m; < 1 if z; has positive exponent and m; > 1 if
z; has negative exponent.

For simplicity of notation we will avoid using summations and simply rewrite the given rational

F:Px(H 1_1mi)><<H 1__"11) 3.16

m;<1 m;>1 m;

function in the form

We shall refer to this symbolic expression as the “proper form” of F.
To compute F'| , o o by the partial fraction algorithm, at each step we use a partial fraction
172 k
expansion to eliminate one of the variables 21, 2o, . . ., zk-

To see how this is done, assume that to begin we have chosen to eliminate the variable z. This given,
by suitable manipulations we rewrite our rational function in the form
R(z)
(1=2U01)-(1=2U)(z=V1) (2 — Vi)

F=0Q(z) +
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with Q(z) a Laurent polynomial, R(z) a polynomial of degree less than h + k and Uy, Us, ..., U, as well as
V1, Va, ...,V are monomials not containing z. The nature of the denominator will be determined by the
requirement that

z2U; <1 for1<i<h and Vi/z<1 forl1<j<k.

The next step is to derive the partial fraction expansion:

Qe+ Y +i B T
Zl(l—zU V; '

]:1

which, as customary, is obtained by setting

A; = (1—2U)F d Bi=(z—V)F .
(L=2U)F(@)| _ . an i = (= Vi)F(z) v,
This immediately yields the equalities
h
Fl = Q@)|, + Z;Ai. 3.18

The reason for this is that V}/z < 1 by assumption, so that the proper form of the last summation
in 3.17 will be

and we see that the corresponding series contains only negative powers of z and thus yields no contribution
to F . For this reason we say that the denominator factors (1 — zU;) are “contributing ” and the factors
z
(z —V;) are “not contributing ”
Keeping all this in mind, we will proceed to establish, by these methods, an auxiliary constant term
result which at the same time will yield us both 1.14 and 3.15.

To begin, for convenience, since we plan to eliminate the variables z1,zs,...,2, in their natural

order, we will write our kernel in the form

Hn(z;q,t) =

H f(z) H f(zi/z). 3.19

1<’L<TL 1<i<j<n

with
(1—2)(1 —qtz)
(1—t2)(1 —qz)’

This given the auxiliary constant term result may be stated as follows.

f(2) 3.20
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Theorem
oy

Suppose F(2) = 32, 51 Cay,....an %1
not depend on the z's. Then

.-z, %" contains only negative powers in the z's and cq, ... 4, do

Hn(z;q,t)Fr(z)

= S Ha(zig)Fa(z) [ (- zwr (k)| . 3.21

TeT, 1<k<n St

Here it must be understood that the substitution St has to be carried out iteratively. That means we first multiply
by (1 — zywr (1)) and make the substitution for z1, then we multiply by (1 — zowr(2)) and make the substitution
for zo, and so on, always keeping track of the cancellations that occur.

Proof

We will proceed by induction on n. For n = 1 we need to compute the constant term

1 (1—=21)(1—gqtz)

Hi(zq,t) = — (1—qz1)(1—tz1)

Fl(Z) o

z

This is a proper rational function in z; and both denominator factors (1—gz;) and (1 —tz;) are contributing,
so the constant term is equal to

Hi(z:¢,0)Fi(2) - (1 = 219)

ot Hi(z3q,t)Fi(2) - (1 — 21t)

z1=q z1=t~1!

This agrees with the right hand side of 3.21 since

T = { m [0 } and [, = (z7' =1},S0 = {z" = q}.

Now suppose the theorem holds for n and we need to show that it holds for n + 1. So we need to
compute the constant term

(1 —2)(1 — qtz) (1 —2;/2)(1 — qtz;/2)
Hog1(25¢, 1) Fry1(2) = nt1(2)
202020, 191;[”“ (1 —qz)(1—tz) 1§i<]1,_£n+1 (1—qz;/z)(1 —tz;/z) 2029
- 11 (1—2)(1 — qtz) 11 (1—2/z)(1 - thj/Zi)F/(z)
1oien W maz)(L—tzi) | o (1 —qz;/2i)(1 = tz;/2i) R824
= Halzig, ) F'(2)| .
21727 Fn4
where
F’(z):Fn+1(z)( Z +1)( qiz +1) ( Z +1/Z )( qiz +1/Z)
(1= qznt1)(X —tzng1) 22 (L= qznia/2)(1 — t2ny1/2i)
contains only negative powers in z; for ¢ = 1,2,...,n. Thus the inductive hypothesis applies to the variables
Z1,...,%n, and we obtain
Hng1(25,t) Frga(2) 00 D Halza)F'(2) [ (1= zwr (k) o lo
1727 #p 41 TET, 1<k<n T %41
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Since every SYT on {0,...,n + 1} is uniquely obtained from an SYT on {0,...,n} by adding n + 1 to an
outer corner, it is sufficient to show that for every T € 7T,, we have

Hn(Z7Q7t)FI(Z) H (1 N kaT(k)) St lz

1<k<n nt1 T 1<k<n+1

=S Han(=a0FG) [ Q- zenwr )|

ST’

where T” ranges over all SYTs obtained from T by adding n + 1 to an outer corner.
When taking constant term with respect to 2,11, we only need to consider factors containing 2,1,
so we only need to work with the product

(1= 2zn11)(1 — qtzny1) H (1 = znt1/21)(1 — qtzni1/2k)

Foi1(z
g )T ) L (T @z /o) (L o 20))

(1 —2n+1)(1 — qtzny1) (1 — zpp1wr(k))(1 — gtzpi1wr(k))
st (1= qzpt1)(1 = tzny1) (1 = gzpr1wr(k))(1 — tznprwr (k)

= Fuyi1(2)
1<k<n

This is a proper rational function in z,41, since Fj,+1(2) contains only negative powers in z,.1. But it is
not clear which denominator factors are contributing. Indeed there are plenty of cancelations that are easier
to describe using the Omega notation. Now, the key part of our product can be rewritten in the form

Q-Mza] [ QU=Mzoprwr (k)] = Q=Mzup1 (14 wr(1) + -+ + wr(n)] = Q=201 M Br),
1<k<n

where By is precisely as defined in 3.3. Now using 1.22 we may in turn rewrite this as

H;nzo(l — Zn+1;)
H;‘n:o(l — Zn41%5)’

Q[Zn+1(.230+$1+"'+$m —uo—ul—---—um] =

where ug = 1, xg,x1,...,%y and ug, uy,...,u, are the corner weights of the shape of T'. It results from
this that the contributing factors in the denominators are (1 — x;2,4+1) for x; the weight of an outer corner
of T. For each such corner cell ¢ construct 77 by adding n + 1 to T at the cell c. We thus obtain

Ho(z;q,8)F'(2) H (1 — zrwr(k)) 0 luo ZHn-H 2 ¢, t) Fri1(2) H (1 = zrwr (k)

s
1<k<n nt1 1<k<n-+1 i

where T’ ranges over all SYT’s obtained from T by adding n + 1 to an outer corner.

This completes the proof.

We can clearly see that, by appropriately specializing F,(z), 3.21 gives I1.14. To see that it contains
3.15 as well we need only give the right hand side of 3.21 a non recursive construction. To this end, note that
from the proof, we see that (1 —zzwr(k)) cancels with one factor in the denominator. This is Q[zxwr (k)] and
becomes Q[1] after the substitution z;l = wr(k). The same substitution also produces an “-1” to cancel
this “1” within the Omega bracket. However Q[1] itself has no meaning and the cancelation Q[1 — 1] =1
sometimes is not correct. For instance, we may have the following

1—23

Qlz — 29 =7 =1+2+22 =3.
z=1 — 2 lz=1 z=1
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This is not a problem but rather only another manifestation of the 0/0 form in calculus limits. The general
situation is guided by the following rule:

Q[za1+...+za2_zb1_..._sz]

In our calculations, the a; and b; are all equal to 1, so we can simply cancel them. With this provision the
result of the recursive use of the substitution set St can also be computed as follows

(—3)" II G TI fGirzo T] = zwre)| =

1<i<n 1<i>j<n 1<k<n St
= (- ﬁ)nQ[fM(zl +oidz) - M Z zj/z — Z zkwT(k)}
— St
1<i<j<m 1<k<n
= (=)= M Y w®T =M Y wr(i)/wrl) -
1<k<n 1<i<j<m
Using this expression for the summand in 3.21 we clearly see that 3.15 is also a special case of 3.21.
As we mentioned in the introduction computer data suggests that the Tesler polynomial
Payas,.an (@) = (_%)n Z wit(A) 3.22

A€T (a1,a2,...,an)

has non-negative integer coefficients when a1 < ag < --- < a,. Further computer explorations prompted by
the identity

Payagean (0:1) = (=1)" My, V™40, V==t 0 0 VO 7020, V2710, Vi [57] 3.23

revealed an even stronger fact. Namely, starting with p,,y1 [%], repeated applications of the operator 9,, V*
(with @ > 0) invariably yields a Schur positive symmetric function. Thus it seems plausible that all these
positivities may have a Representation Theoretical proof based on Haiman’s discovery [7] of the role of the
operator V in the Algebraic Geometry of the Hilbert Scheme. The authors have been trying to contact Mark
Haiman regarding this matter, but so far without success.

At any rate it would be preferable to have a more elementary approach to proving these positivities.
In the last few pages it will be instructive to see how this can be achieved by constant term methods.

To this end let us set

1
Klon,. ) = e 11 f@) 1] ssfa), 3.24
1<i<n 1<i<j<n
This given, we can form the generating function
Gu(yr,-yn) = > K(ar+ -4 an+1Lag+ - +an+1,...,an+ 1)yt gyt 3.25

a; ZO

and show that all coefficients of G(y) in the ys are polynomials in NJg, ¢].
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We can obtain a constant term expression for G,,(y) as follows. It is easy to see that

Z I Ty . 3.26
2o et e T (i (1
Thus it follows that
Guly) = Gnly;2)| s 3.27
where
) _ m;l e ‘r’I’_Ll 1
c1 T1T2 T1T2 Ty 1<i<n 1<1<]<n

Using this formula we can compute G, (y) for n = 1,2,3 quickly using Xin’s Ell2 package. For example,

Goly) = LHETa—aty + at*ys + ¢*tys + Pty — qt’yiye — PPy1ye — Ptyiye — PPy1ye — Pyiye
2(Y) = .
(I —ty1) (1 —qy1) (1 — qty2) (1 — ¢y2) (1 — t3y2)
In this form, showing the positivity does not appear promising. The following lemma is straightfor-
ward, but significantly reduces the complexity.

Lemma 3.1
Suppose F(q,t) = 3, ; ¢ijq't’ is a polynomial with integer coefficients. Then the positivity of

F(g,t) = Z(Cz‘,j —¢ja)q't
i>]
implies the positivity of the divided difference

aq,tF(qvt) = = aq,tﬁ(Q7t) € N[qvt]

q—1
Proof
Direct computation yields
N ¢ g2 L gigit ifi> 9,
Oq.eq't’ = {0, if i = j,

—0gu @t = (7MW + 7T g, i<
which clearly implies the lemma.

Remark 3.2

The lemma clearly extends by linearity for series with coefficients polynomials in ¢,¢. Moreover, it
is not hard to see that F(q,t) can be computed by

~ 1 1
F(q,t) = F(O‘aﬂ)m 080 o F(O@B)m a0B0"

=

Theorem 3.2
The positivity conjecture holds forn = 1,2, 3.
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Proof
B e B v
The n =1 case is trivial since G1(y1) = = =T
For n > 2 we can show the positivity as follows. We first take constant term in z;. That is the

constant term in z; of

xll st (1 —21)(1 — qtay) H (1—zj/z1)(1 — qtxj/z1)
== 35) (= qmim) (M= ge) (1 = tn) 5 (1= g /2)(1 = taj/z0)

Only the factors (1 — gz1) and (1 — tx) are contributing, so we have

Gn(yi@)| | =Gn(yso)(l—qz1)| 4+ Gn(yi@)(1 —tar)

z? T1=q

T =t71

Now observe that G, (y; ) is symmetric in ¢ and ¢. Thus if we set

Fo(y;q,t) = (¢ — 1)Gn(y; 2)(1 — qz1)

)
—1]50

T1=4q

then we shall have
Fu(ysq.t) — Fuly;t,q)
q—t '
The El2 package delivers F),(y; q,t) quickly for n = 2,3,4. The n = 2 case is simple:

Gn(y) = 0gtFn(y;q,t) =

q(1+q)
(1—qy1) (1 —qtyz) (1 — ¢®y2)

Fy(y;q,t) =

Lemma 3.1 applies with ﬁg(y; q,t) = F5(y; q,t) and the positivity of Ga(y) follows. For the n = 3 case, we
obtain

(a lengthy polynomial)

Falyia-t) = (1 —qy1) (1 — qtyz) (1 — ¢>y2) (1 — qt3ys) (1 — ¢*t%ys) (1 — ¢>tys) (1 — ¢Oys)

We can use Remark 3.2 to compute Fs(y; ¢, t). By letting F5 = E3(y; q,t) = F3(y: ¢, t/q), we have

(a lengthy polynomial)
(1 —qy1) (1 —ty2) (1 — t2y3) (1 + t2ys) (1 — ¢*tys) (1 — ¢3y2) (1 — t3y12y3) (1 — ¢Bys)”

E3(y;q.t) =
The positivity of G3(y) clearly follows from that of Fs5, which is obvious once we rewrite

(1+q)°¢
(1 —ty2) (1 —qy1) (1 — 2y3) (1 — ¢*tys)
y2q* (1+2q+2¢* + ¢*)
(1 —ty2) (1 —qy1) (1 — t2y3) (1 — ¢®y2) (1 — ¢*tys)
ysqt (t+¢%) (1+2¢+2¢ + ¢%)
(1 —qy1) (1 —2y3) (1 — ¢3y2) (1 — ¢tys) (1 — ¢Oys)
q (1 +t+q+tys + qt?ys + 3y1ys + qt*y1ys + qt>y1ys)
(1 —ty2) (1 —qy1) (1 — ¢*tys) (1 — t3y1%y3) (1 — t1y3?)

Es(y;q,t) =
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The above form is obtained by using partial fraction decompositions and inspections. We first observe the
positivity of E3(y;q,t)(1 — y1q)(1 — y3q¢°t), whose partial fraction with respect to y; is reasonably simple:

q (L4t 4 q+tyr + qt?ys + tPy1ys + qty1ys + qt>y1ys)
(1 —ty2) (1 +t2y3) (1 — t2y3) (1 — t3y12y3)

where @ is a little complex and the second term is already positive. Now the partial fraction decomposition

Es(yiq,t)(1 — y19)(1 — y3¢”t) = Q +

of () with respect to ys is

Pt 2qt+ P+ Pt +¢P) ¢ (1+29+2¢*+¢%)

(1 —tya) (1 —t2y3) (t —¢3)  (t—¢3) (1 — q3y2) (1 — ¢Oy3)

It is an easy exercise to obtain from the above the desired form.

Our method at the moment appears forbidding for n = 4. The formula for ﬁ4(y;q,t) is already
significantly complex.
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