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Abstract

Let k be a perfect field of characteristic p > 0. Let X, Y be isoclinic Barsotti-Tate
groups with Frobenius slopes µX , µY respectively, with µX < µY . The “extension part”
DE(X,Y ) of the equi-characteristic deformation space Def(X,Y ) of X × Y has a natural
structure as a commutate smooth formal group over k. We show that the central leaf in
the deformation space Def(X,Y ), the locus in Def(X,Y ) defined by the property that
the fiber of the universal Barsotti-Tate group of every geometric point of the central leaf
is isomorphic to X ×Y , is equal to the maximal p-divisible subgroup DE(X,Y )p-div of the
smooth formal group DE(X,Y ). We also determined the Cartier module of the p-divisible
formal group DE(X,Y )p-div in terms of the Cartier modules of X and Y . A “triple Carter
module” BCp(k), defined to be the set of all p-typical curves of the Cartier ring functor,
plays an important role.

The “two-slope case” treated in this article is an essential ingredient of a general local
structure theory for central leaves, which covers both the case of a central leaf in the
deformation space of an arbitrary Barsotti-Tate group over k and the formal completion
at a closed point of a central leaf in a modular variety of PEL-type over k.
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§1. Introduction

Let k be a perfect field of characteristic p, p > 0. Recently Oort defined the notion of central
leaves in the moduli space Ag of g-dimensional principally polarized abelian varieties over k;
see [17] for the properties of central leaves, as well as the companion notion of isogeny leaves.
Recall that the central leaf C(x0) passing through a closed point x0 = [(A0, λ0)] ∈ Ag(kalg)
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is the smooth locally closed subset such that for every algebraically closed field K ⊇ k,
C(x0)(K) consists of all points [(A, λ)] ∈ Ag(K) such that the quasi-polarized Barsotti-Tate
group (A[p∞], λ[p∞]) is isomorphic to (A0[p∞], λ0[p∞])×Spec(k) Spec(K). The above point-
wise definition of central leaves has a drawback though, because it is not easy to use for
local calculation. The purpose of this article is to lay the foundation for an independent
characterization, as well as a structure theory, for the formal completion of a central leaf
C(x0) at a closed point.

The motivation of this article came from the Hecke orbit problem, conjectured in [17], that
every prime-to-p Hecke orbit is dense in the central leaf containing it. To study the Zariski
closure of a Hecke orbit at a point with a large local stabilizer subgroup, it is imperative to
characterize the formal completion C(x0)/x0 of a central leaf C(x0) inside the local deformation
space Def(A0) of (A0, λ0). The central leaves rewarded our inquiry by revealing its beautiful
structure: The formal completion of a central leaf at a closed point is “built up” from many
p-divisible formal groups over k through a system of fibrations, with the p-divisible formal
groups as the fibers. On a fixed central leaf, the local completions at any two closed points
are non-canonically isomorphic, so a central leaf is homogeneous in some sense. A special case
of this phenomenon is the classical Serre-Tate coordinates for the local deformation space of
an ordinary abelian variety, discovered forty years ago. Although there is no good notion of
canonical coordinates on the formal completion of Ag at an arbitrary closed point, canonical
coordinates do exist when we restrict to a central leaf. It is tempting to view each central
leaf in Ag as a sort of Shimura variety in characteristic p, because it is “homogeneous” and
exhibits many group-theoretic properties similar to Shimura varieties in characteristic 0. The
modular variety Ag itself, being the reduction modulo p of a Shimura variety, is the union of
infinitely many Shimura-like subvarieties, with continuous moduli.

We will concentrate on the essential case, when the abelian variety in question has only
two slopes. It is convenient to use Barsotti-Tate groups instead of abelian varieties: According
to another classical theorem of Serre and Tate, deforming an abelian variety is equivalent to
deforming its Barsotti-Tate group. Let X,Y be isoclinic Barsotti-Tate groups over k with
Frobenius slopes µX < µY . In particular, Y is a p-divisible formal group, i.e. a Barsotti-
Tate group all of whose Frobenius slopes are strictly positive. Let DE(X,Y ) be the maximal
closed formal subscheme of the local deformation space of X×Spec(k)Y such that the universal
Barsotti-Tate groups over DE(X,Y ) is an extension of the constant formal group X by the
constant formal group Y ; see 2.2 for the precise definition of DE(X,Y ). The formal scheme
DE(X,Y ) is smooth over k, and has a natural structure as a commutative formal group via
the Baer sum.

Every smooth formal group G over k has a maximal p-divisible smooth formal subgroup
Gp-div and a maximal unipotent smooth formal subgroup Gunip. In §3 we show that the
maximal p-divisible formal subgroup DE(X,Y )p-div of DE(X,Y ) is equal to the central leaf in
the local deformation space Def(X × Y ) over k with respect to the universal Barsotti-Tate
group over Def(X × Y ). In the case when A0[p∞] is isomorphic to a product X ×Spec(k) Y
of two isoclinic Barsotti-Tate groups as above, where X and Y are Serre-dual of each other
under the principal polarization λ0, the results in §3 say that the central leaf in Def(A0, λ0)
is the maximal p-divisible formal subgroup of DE(X,Y )p-div fixed by an involution ι0 , where
ι0 is the involution on DE(X,Y )p-div induced by the principal polarization λ0 on A0.

The maximal unipotent smooth formal subgroup DE(X,Y )unip of DE(X,Y ) is also of
interest. It is the intersection of DE(X,Y ) with the isogeny leaf in the local deformation
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space Def(X ×Spec(k) Y ). In the case when A0[p∞] is isomorphic to a product X ×Spec(k) Y of
two isoclinic Barsotti-Tate groups as above, the fixed subgroup DE(X,Y )ι0unip of DE(X,Y )unip

under the involution ι0 is the intersection of DE(X,Y ) with the formal completion at x0 of
the isogeny leaf passing through x0. These aspects are not addressed in this article, however
the readers can find some examples in §6 and 9.9, where the Cartier module of the formal
groups DE(X,Y ), DE(X,Y )p-div, DE(X,Y )unip are computed explicitly.

The bulk of this article is devoted to the properties of the smooth formal group DE(X,Y ),
its maximal p-divisible formal group DE(X,Y )p-div, and its maximal p-divisible quotient
DE(X,Y )p-div of DE(X,Y ). When X is étale, the formal group DE(X,Y ) is naturally isomor-
phic to Tp(X)∨⊗Zp Y , non-canonically isomorphic to several copies of Y ; see Prop. 2.9. In the
rest of this Introduction, we assume that X is a p-divisible formal group. In §2, we show that
DE(X,Y )p-div is isoclinic of Frobenius slope µY −µX . The module BCp(k) of p-typical formal
curves for the functor Cartp plays an important role in the computation of the Cartier module
of the smooth formal group DE(X,Y ) over k. Here Cartp(R) denotes the Cartier ring for R, for
any commutative k-algebra R with 1, and Cartp is regarded as an infinite dimensional smooth
formal group over k. The module BCp(k) has a natural structure as a (Cartp(k)-Cartp(k))-
bimodule, plus a left action of an “extra copy” of Cartp(k) which commutes with the bimodule
structure. The Cartier module M(DE(X,Y )) attached to the commutative smooth formal
group DE(X,Y ) is canonically isomorphic to Ext1

Cartp(k)

(
M(X),BCp(k)⊗

Cartp(k)
M(Y )

)
if X,

Y are both p-divisible formal groups over k; see 5.7.3. Here M(X),M(Y ) are the left Cartp(k)-
modules attached to X and Y respectively. The extension group is computed using the left
Cartp(k)-module structure coming from the bimodule structure of BCp(k). This extension
group has a natural structure as a left Cartp(k)-module, which comes from the action of
the “extra copy” of Cartp(k) on BCp(k). The basic properties of BCp(k) can be found in
§5. Starting from the Cartier module M(DE(X,Y )) of DE(X,Y )), computed by the above
formula involving Ext1, the Cartier module M(DE(X,Y )p-div) attached to DE(X,Y )p-div can
be characterized as a submodule of M(DE(X,Y )) in several ways; here is one: The Cartier
module M(DE(X,Y )p-div) consists of all elements x ∈ M(DE(X,Y ) such that for every n ∈ N,
there exists a natural number m ∈ N such that V m x ∈ Fn(M(DE(X,Y )); see 4.3. In §6, the
Cartier module of the formal groups DE(X,Y ) and DE(X,Y )p-div are computed in several
examples, illustrating the use of 5.7.3 and 4.3.

In §7 we give a precise structural description of BCp(k). The basic idea is that BCp(k)
can be approximated by Cartp(k)⊗W(k) Cartp(k). In fact, BCp(k) is the completion of an
enlargement of Cartp(k)⊗W(k)Cartp(k) in Cartp(k)⊗W(k)Cartp(k)⊗ZQ with respect to a suit-
able topology, and we obtain an identification of BCp(k) with a subset of formal series of
the form

∑
i,j∈Z aijV

i ⊗ V j , with coefficients aij in W(k), satisfying suitable growth con-
ditions; see 7.10 for a precise statement. The above result for BCp(k) in turn provides an
identification of BCp(k) ⊗Cartp(k) N ⊗Z Q with a subset of formal series in powers of V with
coefficients in N ⊗Z Q. This description of BCp(k) ⊗Cartp(k) N ⊗Z Q allows one to compute

Ext1
Cartp(k)

(
M,BCp(k)⊗

Cartp(k)
N
)
⊗Q, using the method of [14, Appendix]: The V -isocrystal

M(DE(X,Y )p-div)⊗ZQ is canonically isomorphic to V -isocrystal HomW(k)(M(X),M(Y ))⊗ZQ;
see §8.6.

It turns out that the Cartier modules attached to the maximal p-divisible subgroup
DE(X,Y )p-div and the maximal p-divisible quotient DE(X,Y )p-div of DE(X,Y ) can be ex-
pressed more directly in terms of the Cartier modules M(X),M(Y ), as follows. The W(k)-
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submodule H := HomW(k)(M(X),M(Y )) of the V -isocrystal HQ := HomW(k)(M(X),M(Y ))⊗Z
Q is stable under the action of F , but not under V . Let H1 be the maximal W(k)-submodule of
H which is stable under F and V , and letH2 be the minimalW(k)-submodule ofHQ which con-
tains H and is stable under F and V . Thm. 9.6 says that H1 is the Cartier module attached
to DE(X,Y )p-div, and H2 is the Cartier module attached to DE(X,Y )p-div. The Cartp(k)-
module H2/H1 is the covariant Dieudonné module attached to DE(X,Y )p-div ∩DE(X,Y )unip;
it is trivial only when Y is a formal torus.

Here are some basic numerical invariants of the formal groupsDE(X,Y ) andDE(X,Y )p-div.
Suppose that dim(X) = r1, codim(X) = s1, dim(Y ) = r2, codim(Y ) = s2, so that the slope
of X is r1

r1+s1
, the slope of Y is r2

r2+s2
, and r1s2 < r2s1. Then dim(DE(X,Y )) = r2s1,

dim(DE(X,Y )unip) = r1s2), and dim(DE(X,Y )p-div) = r2s1 − r1s2. When X,Y are Serre-
dual to each other, induced by a principal quasi-polarization λ on X ×Spec(k) Y , we have an
involution ι on DE(X,Y ). Let r = r2 = s1, s = s2 = r1. Then dim(DE(X,Y )ι) = r(r+1)

2 ,
dim(DE(X,Y )ιunip) = s(s+1)

2 , and dim(DE(X,Y )ιp-div) = (r+s+1)(r−s)
2 . These formulas give the

dimension of the central leaves in Ag in the two-slope case; they were first proved by Oort,
using his results on minimal Barsotti-Tate groups in [18].

In this article we only treat the case when the Barsotti-Tate group in question has exactly
two slopes. As indicated before, in the general case, with no restriction on the number of
slopes, the completion of a central leaf is built up from a system of fibrations, with the groups
DE(X,Y )p-div considered here or a subgroup of DE(X,Y )p-div fixed by an involution, as fibers.
The dimension formula for leaves generalize, using the local structural result of leaves above.
These results will be documented in a planned monograph with F. Oort on Hecke orbits.

It is a pleasure to thank F. Oort for explaining his idea about the foliation structure
when it was freshly conceived, for the many discussions over the years, and for his constant
encouragement. I would also like to thank C. F. Yu for the enjoyable discussions during our
on Hecke orbit in Hilbert modular varieties, one of which lead to the observation that the
maximal p-divisible subgroup of DE(X,Y ) is the central leaf in DE(X,Y ). This paper would
not have existed without them.

§2. The slope of DE(X, Y )p-div

In this section k denotes a field of characteristic p.

(2.1) Notation for Barsotti-Tate groups and commutative smooth formal groups

(2.1.1) Barsotti-Tate groups, or BT-groups, over a scheme are understood to be of finite
height. See [11], [6] for basic properties of Barsotti-Tate groups. A BT-group G → S over a
scheme S is a system (Gn → S)n≥1 of locally free group schemes of finite rank, together with
homomorphisms in : Gn ↪→ Gn+1, [p] : Gn+1 → Gn, satisfying suitable conditions; the group
Gn → S is a truncated Barsotti-Tate group of level n, or a BTn-group, over S. Here we have
used the general notation that, for any sheaf of commutative groups H and any integer n,
[n]H denotes the map “multiplication by n” on H. The Serre dual of a BT-group (Gn)n≥1 is
the system (Gtn)n≥1, where Gtn is the Cartier dual of Gn.
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(2.1.2) Every BT-group G over k of height h has a slope sequence 0 ≤ µ1 ≤ · · · ≤ µh ≤ h,
which depends only on G×Spec(k)Spec(kalg). The multiplicity of any slope µ is a multiple of
the denominator of µ. The slopes of G measures the divisibility properties of iterates of the
relative Frobenius of G. To avoid possible confusion, we sometimes use the term Frobenius
slope to emphasize that the powers of relative Frobenius are compared with powers of p.
Barsotti-Tate groups over an algebraic closure kalg of k are determined up to isogeny by its
slopes, with multiplicity; see [10], [7], [5].

A BT-group (Gn)n≥1 over k is étale iff all of its Frobenius slopes are equal to 0, and it is
of multiplicative type iff all of its Frobenius slopes are equal to 1. A BT-group (Gn)n≥1 over
k is connected, i.e. Gn is connected for every n, if and only if all slopes of (Gn)n≥1 are strictly
positive.

If µ1 ≤ · · · ≤ µh is the slope sequence of a BT-group over k, then the slope sequence of its
Serre dual is 1− µh ≤ · · · ≤ 1− µ1.

(2.1.3) Let R be an Artinian local ring with residue field k. Denote by BTR,conn category of
BT-groups (Gn)n≥1 over R such that each Gn is connected. Denote by CFGR be the category
of commutative smooth formal groups over R. Then there are natural equivalence of categories

ξ : BTR,conn −→ CFGR, ψ : CFGR −→ BTR,conn ,

inverse to each other. For any BT-group (Gn)n≥1 in BTR,conn, ξ((Gn)n≥1) is the smooth
formal group G := lim−→n

Gn, where the limit is taken in the category of formal schemes over
R. Conversely, for any commutative formal group G in CFGR, let Gn = Ker([p] : G → G.
Then the natural inclusions in : Gn ↪→ Gn+1 and the homomorphism [p] : Gn+1 → Gn
induced by [p]G defines a BT-group ψ(G) = (Gn)n≥1. We will freely use the above equivalence
of categories to identify a connected BT-group with a smooth formal group over R, and call
them p-divisible formal groups over R. Passing to the limit, the above equivalence of categories
holds for any complete Noetherian local ring with residue field k.

(2.2) Definition Let X and Y be Barsotti-Tate groups over k.

(i) Let DE(X,Y ) be the functor from the category of Artinian local k-algebras to the
category of commutative groups, defined as follows. For every commutative Artinian
local k-algebra (R,m) with 1, DE(X,Y )(R) is the set of isomorphism classes of pairs

( 0→ Y ×Spec(k) Spec(R)→ G→ X ×Spec(k) Spec(R)→ 0, α ),

where 0→ Y ×Spec(k)Spec(R)→ G→ X×Spec(k)Spec(R)→ 0 is a short exact sequence
of Barsotti-Tate groups over R, and

α : G×Spec(R)Spec(R/m) ∼−→ X×Spec(k)Y ×Spec(k)Spec(R/m)

is an isomorphism which is compatible with the short exact sequence. Notice that the
set DE(X,Y )(R) has a natural structure as a commutative group, from the Baer sum
construction. The zero section in DE(X,Y )(R) corresponds to the direct product of
X×Spec(k)Spec(R) with Y ×Spec(k)Spec(R).
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(ii) The deformation functor Def(X×Spec(k)Y ) is the functor from the category of Artinian
local k-algebras to the category of sets, such that for every Artinian local k-algebra
(R,m), Def(X×Spec(k)Y )(R) is the set of isomorphism classes of pairs (G,α), where
G→ Spec(R) is a Barsotti-Tate group over Spec(R), and

α : G×Spec(R)Spec(R/m) ∼−→ X×Spec(k)Y ×Spec(k)Spec(R/m)

is an isomorphism of Barsotti-Tate groups.

(2.3) Proposition Notation as in 2.2. Let r1 = dim(X), r2 = dim(Y ), s1 = ht(X)−dim(X),
s2 = ht(Y )− dim(Y ).

(i) The functor DE(X,Y ) on the category of Artinian local k-algebras is formally smooth.

(ii) The dimension of the smooth formal group DE(X,Y ) is equal to r2s1.

(iii) The natural morphism of functors, which sends any pair

( 0→ Y ×Spec(k) Spec(R)→ G→ X ×Spec(k) Spec(R)→ 0, α )

in DE(X,Y ) to the element (G,α) of Def(X ×Spec(k) Y )(R), identifies DE(X,Y ) as a
closed subfunctor of Def(X ×Spec(k) Y )(R).

(2.3.1) Lemma Let R be an Artinian commutative local ring. Let 0→ H1 → H → H2 → 0
be a short exact sequence of free R-modules of finite rank. Let Fi be an R-submodule of Hi

such that Hi/Fi is a free R-module, i = 1, 2. Let n be an ideal of R such that n2 = (0). Let
R = R/n. Let Hi= Hi ⊗RR, and let Fi= Fi ⊗RR ⊆Hi, i = 1, 2. Let F be an R -submodule
of H such that H is a free R-module such that F ∩H1 =F1, and the image of F inH2 is equal
toF2.

(i) There exists an R-direct summand F of H such that F ∩H1 = F1, the image of F inH
is equal toF , and the image of F in H2 is F2.

(ii) The set L of all liftings F of F satisfying the properties in (i) above has a natural
structure as a torsor for the group Ψ := HomR (F2, n⊗R (H1/F1) ). The torsor structure
is given as follows. For F ∈ L and ψ ∈ Ψ, choose an R-linear homomorphism

h′ : F2 → n⊗RH1

such that image of h′ under the natural map

HomR(F2, n⊗RH1) −→ HomR(F2, n⊗R (H1/F1))

is equal to ψ. Let h ∈ HomR(F, n ⊗RH1) be the composition of h′ ◦ π, where π is the
natural surjection π : F � F/F1

∼−→ F2. Then the torsor structure sends the pair (ψ, F )
to the R-submodule

F ′ := {x+ h(x) |x ∈ F}

in H. Notice that the R-submodule F ′ ⊆ H above is well-defined, independent of the
choice of h.
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Proof. We first show that the canonical map H → H ′ := H ×H2
H2 is surjective. Here H ′

is the pull-back of H2 � H2 by H � H2. In other words, H ′ is the R-submodule of H ⊕H2

consisting of all elements (u, v) in H ⊕H2 such that u and v map to the same element in H2.
The surjectivity of H → H ′ follows from the commutative diagram

0 // n⊗R H //

����

H //

��

H //

=
����

0

0 // n⊗R H2
// H ′ // H // 0

with exact rows, and the five-lemma.

Let v1, . . . , vr be an R-basis of F2 ⊂ H2. Let v̄1, . . . , v̄r be the image of v1, . . . , vr in
F2 ⊂ H2. Choose elements w̄1, . . . , w̄r in F lying above v̄1, . . . , v̄r under the map F � F2. The
surjectivity of H → H ′ there exist elements w1, . . . , wr in H, such that wi 7→ vi under H � H2

and wi 7→ w̄i under H � H for i = 1, . . . , r. Then the R-submodule F := F1+Rw1+· · ·+Rwr
of H satisfies the required properties in (i).

It is easy to see that the map (ψ, F ) 7→ F ′ described in (ii) indeed defines an action of Ψ on
L. Conversely, given any two elements F, F ′ in L, there exists an element h ∈ HomR(F, n⊗RH)
such that F ′ = {x + h(x) |x ∈ F}. Since F ′ ∩H1 = F1 = F ∩H1, h(F1) ⊆ n ⊗R F1. So the
composition

h̄ : F h−→ n⊗R H � n⊗R H/F

factors through the natural surjection π : F � F/F1
∼−→ F2 to give a map h′ : F2 → n⊗RH/F

such that h̄ = h′◦π. Because the image of F and F ′ in H2 are both equal to F2, the map h′

factors through the injection

 : n⊗R (H1/F1) ∼←− n⊗R (H1/F1) ↪→ n⊗R (H/F )

and gives us an element ψ ∈ Ψ such that h′ =  ◦ ψ. We have (ψ, F ) 7→ F ′ according to the
definition of the action of Ψ on L. We have proved that L is a Ψ-torsor under the action
described in (ii).

Proof of Prop. 2.3. (i) Let R be an Artinian local ring over k, and let n be an ideal of R
such that n2 = (0). We must show that the map DE(X,Y )(R)→ DE(X,Y )(R/n) is surjective.
An element of DE(X,Y )(R/n) corresponds to a Barsotti-Tate group G over R/n, which is an
extension of X ×Spec(k) Spec(R/n) by Y ×Spec(k) Spec(R/n). We need to lift G to a Barsotti-
Tate group over R, as an extension of X ×Spec(k) Spec(R) by X ×Spec(k) Spec(R). We will use
the Grothendieck-Messing theory of crystals attached to Barsotti-Tate groups; see [11, chap.
IV]. Let H = D(G)R�R/n be the evaluation of the crystal D(G) at the nilpotent immersion
Spec(R/n) → Spec(R), with the natural divided power structure on n. Here YR is short for
Y ×Spec(k) Spec(R). The R-module H is free of rank ht(X) + ht(Y ). Let F = ωGt be the

cotangent space of Gt, a direct summand of H ⊗R R/n. Let (F1,H1) =
(
ωY tR ⊂ D(YR)(R)

)
,

and let (F2,H2) =
(
ωXt

R
⊂ D(XR)(R)

)
. Both H1 and H2 are free R-modules, and Fi is a

direct summand of the free R-module Hi, i = 1, 2. Moreover we have a short exact sequence

0→ H1 → H → H2 → 0
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of R-modules, and a compatible short exact sequence

0→ F1 ⊗R (R/n)→ F → F2 ⊗R (R/n)→ 0

of (R/n)-modules. By [11, Thm. V.1.6], lifting the given element of DE(X,Y )(R/n) to an
element in DE(X,Y )(R) is equivalent to lifting F to a direct summand F of the R-module
H, with the property that F ∩H1 = F1, and the image of F in H2 is F2. The statements (i)
and (ii) follows from Lemma 2.3.1.

The statement (iii) is a consequence of the general fact that for any two Barsotti-Tate
groups G1, G2 over an Artinian local ring (R,m), the natural map

HomSpec(R)(G1, G2) −→ HomSpec(R/m)

(
G1 ×Spec(R) Spec(R/m), G2 ×Spec(R) Spec(R/m)

)
is injective.

(2.4) For any finite dimensional commutative smooth formal group G over k, we denote by
Gp-div the maximal p-divisible formal subgroup of G. The formal subgroup Gp-div is a smooth
formal subgroup of G such that the map Lie(Gp-div) → Lie(G) induced on their Lie algebras
is an injection, characterized by the property that Gp-div is a p-divisible formal group over k,
and the quotient G/Gp-div is a unipotent commutative smooth formal group over k. See Prop.
4.3 for a description of the Cartier module of Gp-div in terms of the Cartier module of G.

A finite dimensional commutative smooth formal group G as above also has a maximal
unipotent smooth formal subgroup Gunip such that the map Lie(Gunip)→ Lie(G) induced on
their Lie algebras is an injection, characterized by the property that G/Gunip is a p-divisible
smooth formal group; see [21, Satz 5.36].

The homomorphism Gp-div ×Gunip → G induced by the group law of G is an isogeny; the
kernel of this isogeny is isomorphic to Gp-div ∩Gunip.

The p-divisible formal group G/Gunip is the maximal p-divisible quotient formal group
of G, in the sense that every epimorphism G → G′ from G to a p-divisible formal group
G′ over k factors through G/Gunip. Similarly, the unipotent group G/Gp-div is the maximal
unipotent quotient smooth formal group of G. The kernel of the natural homomorphisms
Gp-div → G/Gunip and Gunip → G/Gp-div are both isomorphic to Gp-div ∩Gunip.

(2.5) Lemma (i) Let α : Y → Y1 be an isogeny of Barsotti-Tate groups over k. Then the
homomorphism α∗ : DE(X,Y ) −→ DE(X,Y1) induces an isogeny

α∗ : DE(X,Y )p-div −→ DE(X,Y1)p-div

between p-divisible formal groups.

(ii) Let β : X1 → X be an isogeny of Barsotti-Tate groups over k. Then the homo-
morphism β∗ : DE(X,Y ) −→ DE(X1, Y ) induces an isogeny β∗ : DE(X,Y )p-div −→
DE(X1, Y )p-div between p-divisible formal groups.

Proof. There exists an isogeny α′ : Y1 → Y and a natural number m such that α′◦α = [pm]Y
and α ◦ α′ = [pm]Y1 . Then α′∗ ◦ α∗ = [pm]DE(X,Y ) and α∗ ◦ α′∗ = [pm]DE(X,Y1). This proves (i).
The proof of (ii) is similar.
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(2.6) We review some notation about absolute and relative Frobenius maps. Throughout this
section k is a field of characteristic p.

(2.6.1) Denote by Fk : Spec k → Spec k the absolute Frobenius morphism for Spec k, induced
by the ring homomorphism x 7→ xp from k to k. More generally, for any Fp-scheme S, denote
by FS : S → S the absolute Frobenius morphism for S, induced by the ring homomorphism
x 7→ xp from OS to OS .

(2.6.2) For a k-scheme S, let S(p) = F ∗kS be the fiber product of S → Spec k with Fk :
Spec k → Spec k. We have a commutative diagram

S

FS/k

EEE

""EEE

��

FS

''
F∗S

�
��

WS
k // S

��

Spec k
Fk
// Spec k

The map FS/k : S → F∗kS is called the S/ Spec k-Frobenius, or simply S/k-Frobenius. More
generally, for every natural number n ≥ 1, denote by Fnk : Spec k → Spec k the morphism
induced by the ring homomorphism x 7→ xp

n
, called the n-th iterate of the absolute Frobenius

for Spec k. Let S(pn) := (Fn)∗S, the fiber product of S → Spec k and Fnk : Spec k → Spec k.
The n-th iterate FnS/k of the S/k-Frobenius is defined by the commutative diagram

S

Fn
S/k

EEE

""EEE

��

FnS

''
Fn∗S

�
��

WS
k,pn // S

��

Spec k
Fnk

// Spec k

(2.6.3) Let T → S be a morphism of k-schemes. Then we have a commutative diagram

T
FT/S //

  AAAAAAAAA
F∗ST

��

WT
S/k // F∗kT

��

WT
k // T

��

FT/S // F∗ST

��

WT
S/k // F∗kT

||zzzzzzzz

S

##FFFFFFFFFF

FS/k // F∗kS

��

WS
k // S

��

FS/k // F∗kS

{{xxxxxxxx

Spec k
Fk // Spec k

9



involving the relative S/k-Frobenius FS/k and the relative T/S-Frobenius FT/S . The following
equalities hold.

• WS
k ◦ FS/k = FS , FS/k ◦WS

k = FF∗kS
,

• W T
S/k ◦ FT/S = FT/k,

• W T
k ◦ FT/k = W T

k ◦W T
S/k ◦ FT/S = FT ,

• FT/k ◦W T
k = W T

S/k ◦ FT/S ◦W T
k = FF∗kT

,

• W T
k ◦W T

S/k =: W T
S ,

• FT/S ◦W T
S = FT/S ◦W T

k ◦W T
S/k = FF∗ST

.

(2.6.4) For every natural number n ≥ 1, we have a big “winged diagram” similar to the one in
2.6.3, with the Frobenii replaced by their n-th iterates. The maps involved satisfy properties
similar to those listed in 2.6.3.

(2.6.5) Given Barsotti-Tate groups G,H over a scheme S, denote by EXT (G,H) the category
of all extensions of G by H, as sheaves on the site Sfpqc. Notice that every such extension of
G by H is a Barsotti-Tate group over S. The set of isomorphism classes Ext(G,H) of objects
of EXT (G,H) has a natural structure as an abelian group, via the Baer sum. We have a
natural isomorphism Ext(G,H) ∼= Ext1

S(G,H).
Let E = (0→ H → E → G→ 0) be an extension of Barsotti-Tate groups on S.

• For any homomorphism α : H → H1, we have a push-forward of the extension E by α,
denoted by α∗E, characterized by the commutative diagram

0 // H

α

��

// E

��

// G

=

��

// 0

0 // H1
// α∗E // G // 0

with exact rows.

• For any homomorphism α : G1 → G, we have a pull-back of the extension E by β,
denoted by β∗E, characterized by the commutative diagram

0 // H

=

��

// β∗E

��

// G

β

��

// 0

0 // H // E // G1
// 0

with exact rows.

10



(2.6.6) Notation as in 2.6.5. For any morphism f : S1 → S of schemes, we have a pull-back
of the extension E by f , namely the extension of Barsotti-Tate groups

0→ S1 ×S H → S1 ×S E → S1 ×S G→ 0

over S1. In order to distinguish such pull-back with the previously defined pull-back by a
homomorphism G1 → G, we will use the notation f ]E for the above extension of BT-groups
on S1.

(2.7) Proposition Let S be a scheme over k. Let 0→ H → E → G→ 0 be an extension of
Barsotti-Tate groups over S. Let n be a natural number. Then there is an isomorphism

Fn ∗G/S
(

Fn ]S/k(F
n ]
k E)

)
∼−→
(

FnH/S
)
∗
E

between extensions of Barsotti-Tate groups over S. Here

• Fn ]k E ∈ EXT (Fn∗n G,F
n∗
n H) is the pull-back of the extension E by the n-th iterate

Fnk : Spec k → Spec k

of the absolute Frobenius for Spec k,

• Fn ]S/k(F
n ]
k E) ∈ EXT (Fn∗S G,F

n∗
S H) is the pull-back of Fn ]k E by the n-th iterate

FnS/k : S → Fn ∗k S

of the relative Frobenius for S/ Spec k. So we have

Fn ]S/k(F
n ]
k E) ∼= Fn ]S E ,

where Fn ]S E is the pull-back of E by the n-th iterate FnS : S → S of the absolute Frobenius
for S,

• Fn ∗G/S
(

Fn ]S/k(F
n ]
k E)

)
∈ EXT (G,Fn∗S H) is the pull-back of

Fn ]S/k(F
n ]
k E)

by FnG/S : G→ Fn ∗S (G), the n-th iterate of the relative Frobenius for G/S.

•
(

FnH/S
)
∗
E ∈ EXT (G,F∗nS H) is the push-forward of E by

FnH/S : H → Fn ∗S H ,

the n-th iterate of the relative Frobenius for H/S.

So both sides of the asserted isomorphism are extensions of G/S by Fn ∗S (H/S).
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Proof. Recall that Fn]S/k
(

Fn]k E
)

= Fn]S E is the extension

0→ Fn∗S H → Fn∗S E → Fn∗S G→ 0 ,

and the n-th iterate of the relative Frobenii defines a commutative diagram

0 // H

Fn
H/S

��

// E

Fn
E/S

��

// G

Fn
G/S

��

// 0

0 // Fn∗S H // Fn∗S E // Fn∗S G // 0

with exact rows. Regarding this diagram as a map from the extension E to the extension
(FnS)]E, it factors through the extension (FnH/S)∗E by the defining property of the push-out.
This factorization is represented by the following commutative diagram

0 // H

Fn
H/S

��

// E

��

// G

=

��

// 0

0 // Fn∗S H //

=

��

(FnH/S)∗E //

��

G //

Fn
G/S

��

0

0 // Fn∗S H // Fn∗S E // Fn∗S G // 0

with exact rows. The lower half of this diagram tells us that the extension (FnH/S)∗E is
isomorphic to the extension Fn∗G/S(FnS)]E.

(2.8) Theorem Let X,Y be isoclinic Barsotti-Tate groups over k, of Frobenius slopes µX , µY
respectively.

(i) If µX < µY , then DE(X,Y )p-div is isoclinic of Frobenius slope µY − µX .

(ii) If µX ≥ µY , then DE(X,Y )p-div is trivial.

Proof. We may and do assume that the base field k is perfect. The key of the proof is to
reinterpret Prop. 2.7 geometrically. We have a commutative diagram

(†)

DE(X,Y )

FnDE(X,Y )/k

��

ψn

**TTTTTTTTTTTTTTTTTT
FnDE(X,Y )

uukkkkkkkkkkkkkkkkkk

DE(X,Y ) DE(X(pn), Y (pn))
W
DE(X,Y )
k,pn

oo
φn

// DE(X,Y (pn))

The maps ψn , φn are described below. Let EX,Y be the universal extension over DE(X,Y ).
Recall that X(pn) = Spec k×Fnk ,Spec kX, Y (pn) = Spec k×Fnk ,Spec kY . It is clear that E(pn)

X,Y is the
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universal extension over DE(X,Y )(pn) = DE(X(pn), Y (pn)), and Fn]DE(X,Y )/kE
(pn)
X,Y is isomorphic

to the pull-back of EX,Y → DE(X,Y ) by the absolute Frobenius FnDE(X,Y ) → DE(X,Y ) . Let

EX,Y (pn) → DE(X,Y (pn)) be the universal extension over DE(X,Y (pn)). The maps φn , ψn are
defined by

• φ]
n

(
EX,Y (p)

)
∼=
(

Fn
X×Spec kDE(X(pn),Y (pn))/DE(X(pn),Y (pn))

)∗
E(pn)
X,Y as extensions of X by Y (pn)

over DE(X(pn), Y (pn)),

• ψ]
n

(
EX,Y (p)

)
∼=
(

Fn
Y×Spec kDE(X,Y )/DE(X,Y )

)
∗
EX,Y as extensions of X by Y (pn) over the

formal scheme DE(X,Y ).

Prop. 2.7 tells us that the diagram (†) commutes.

According to Lemma. 2.5, it suffices to prove the theorem with the Barsotti-Tate groups
X,Y replaced by X1, Y1 isogenous to X and Y respectively. Therefore we may and do assume
that for some n ∈ N>0, a := nµX and b := nµY are both integers, and we have

Ker

(
X

Fn
X/k //X(pn)

)
= [pa]X , and Ker

(
Y

Fn
X/k //Y (pn)

)
= [pb]Y .

In other words, the homomorphism FnX/k is equal to pa times an isomorphism from X to

X(pn). Similarly FnY/k is equal to pb times an isomorphism from Y to Y (pn). Therefore

φn is equal to pa times an isomorphism from DE(X(pn), Y (pn)) to DE(X,Y (pn)) , and ψn
is equal to pb times an isomorphism from DE(X,Y ) to DE(X,Y (pn) ). So we conclude,
from φn ◦ Fn

DE(X,Y )/k
= ψn , that pa · Fn

DE(X,Y )/k
is equal to pb times an isomorphism from

DE(X,Y ) to DE(X(pn), Y (pn)) . Passing to the induced maps between the maximal p-
divisible subgroups of DE(X,Y ) and DE(X(pn), Y (pn)), we deduce that the homomorphism
FnDE(X,Y )p-div/k

: DE(X,Y )p-div → DE(X,Y )(pn)
p-div has the property that

pa · FnDE(X,Y )p-div/k
= pb ·

(
an isomorphism DE(X,Y )p-div

∼−→ DE(X,Y )(pn)
p-div

)
.

Hence if µY > µX , or equivalently b > a, then

FnDE(X,Y )p-div/k
= pb−a ·

(
an isomorphism DE(X,Y )p-div

∼−→ DE(X,Y )(pn)
p-div

)
,

therefore DE(X,Y )p-div is isoclinic of Frobenius slope b−a
n = µY − µX . We have proved

statement (i).

Suppose that µY ≤ µX , i.e. b ≤ a. Then the homomorphism

DE(X,Y )p-div

pa−b·FnDE(X,Y )p-div // DE(X,Y )(pn)
p-div

is an isomorphism. This implies that the p-divisible formal group DE(X,Y )p-div is trivial. The
statement (ii) follows.
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(2.8.1) Remark (i) An isoclinic Barsotti-Tate group G over a scheme S is said to be com-
pletely slope divisible in [19] if there exist positive integers r, s > 0 such that Ker([pr]G) =
Ker(F sG/S). The proof of Thm. 2.8 shows that DE(X,Y )p-div is a completely slope divisible
group over k if X and Y are both completely slope divisible.

(ii) A “computational proof” of Thm. 2.8 (i) will be given in 8.6.3.

(2.9) Proposition Assume that X is an étale Barsotti-Tate group over k, and Y is a p-
divisible smooth formal group over k. Then we have canonical isomorphisms

DE(X,Y ) ∼= Hom
Zp

(Tp(X), Y ) = Tp(X)∨ ⊗
Zp
Y ,

where Tp(X) is the p-adic Tate module of X. Explicitly, the first isomorphism above attaches
to every homomorphism α : Tp(X) → Y (R), where (R,m) is an Artinian local k-algebra, the
push-out extension

0 // Tp(X)

α

��

// Tp(X)⊗
Zp
Qp

��

// X

=

��

// 0

0 // Y // Eα // X // 0

Eα ∈ DE(X,Y )(R).

Proof. We may and do assume that k is algebraically closed. We offer two proofs.
The first proof. The explicit construction above gives an homomorphism

β : Tp(X)∨⊗
Zp
−→ DE(X,Y )

between p-divisible smooth formal groups. Both the source group and the target group have
dimension height(X) · dim(Y ). It is easy to verify that map Lie(β) between the Lie algebras
induced by the homomorphism β is an isomorphism. Hence β is an isomorphism.

The second proof. We may and do assume that X is equal to the constant étale p-divisible
group

Z

[
1
p

]/
Z =

(
lim−→
i∈N

Z

)/
Z

over k, where the transition maps in the inductive system lim−→i∈N Z are “multiplication by

p”. Let (R,m) be an Artinian local ring with R/m
∼−→ k. We must construct a canonical

isomorphism

Y (R) ∼−→ Ext1
Spec(R)

(
lim−→
i∈N

/Z, Y

)
We have a short exact sequence

0→ lim←−
i∈N

1 (Y (R))i∈N → Ext1
SpecR

(
lim−→
i∈N

Z, Y

)
→ lim←−

i∈N
Ext1

SpecR(Z, Y )→ 0

where (Y (R))i∈N denotes the projective system indexed by N, all of whose terms are equal
to Y (R), and the transition maps are “multiplication by p”. Since R is Artinian, [pn] :
Y (R) → Y (R) is the trivial homomorphism for n � 0. So lim←−

1
i∈N (Y (R))i∈N = (0), and

lim←−i∈N (Y (R))i∈N = (0) as well.
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We claim that Ext1
SpecR(Z, Y ) = (0). Since Ext1

SpecR(Z, Y ) = H1(SpecR, Y ), the claim
means that every Y -torsor over SpecR is trivial. The last statement holds because every
Y -torsor Z over SpecR is formally smooth, and (R/m)-rational points of the closed fiber of
Z lifts to R-rational points of Z. The short exact sequence in the last paragraph implies that
Ext1

Spec(R)(lim−→i∈N Z, Y ) = 0.

Consider the short exact sequence

0→ Z→ lim−→
i∈N

Z→

(
lim−→
i∈N

Z

)/
Z→ 0 .

The resulting long exact sequence

(0) = lim←−
i∈N

(Y (R))i∈N → HomSpecR (Z, Y )

→ Ext1
SpecR

(((
lim−→
i∈N
Z

)/
Z

)
, Y

)
→ Ext1

SpecR

(
lim−→
i∈N
Z, Y

)
= (0)

reduces to the desired isomorphism

Y
∼−→ Ext1

Spec(R)

(((
lim−→
i∈N
Z

)/
Z

)
, Y

)
.

The Proposition follows.

§3. Relation with the central leaf

In this section k denotes a perfect field of characteristic p.

(3.1) Proposition Let X, Y be isoclinic Barsotti-Tate groups over k with Frobenius slopes
λX , λY , and λX < λY . Write DE(X,Y )p-div = SpfR. Then the universal p-divisible extension
of X by Y over SpecR is canonically trivial over SpecRperf , where Rperf is the perfection of
R.

Proof. Recall the following well-known fact about Barsotti-Tate groups. For any commu-
tative ring A which is complete with respect to an ideal I, the functor which sends every
Barsotti-Tate group G over SpecA to the compatible family (G×SpecA Spec(A/In))n∈N of
Barsotti-Tate groups over Spec(A/In)’s is an equivalence of categories. In other words, every
Barsotti-Tate group over SpfA comes from a Barsotti-Tate group over SpecA, up to a unique
isomorphism. To see this assertion, observe that for each m ∈ N, Γ(G[pm],OG[pm]) is the
projective limit of Γ(G[pm] ×SpecA Spec(A/In),OG[pm] ⊗A (A/In)) since G[pm] is finite and
affine over A.

Let 0 → Y ×Spec(k) Spf(R) → Euniv → X ×Spec(k) Spf(R) → 0 be the universal extension
over Spf(R). By definition, this extension Euniv over Spf(R) is the direct limit of extensions
0 → Y ×Spec(k) Spec(R/mi) → Euniv

/ Spec(R/mi)
→ X ×Spec(k) Spec(R/mi) → 0, of BT-groups

over Spec(R/mi), where m is the maximal ideal of R. According to the fact recalled in the
previous paragraph, the extension Euniv over Spf(R) comes from a unique extension Euniv

/ Spec(R)

of X ×Spec(k) Spec(R) by Y ×Spec(k) Spec(R) over the affine scheme Spec(R). We denoted this
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extension again by Euniv, shortened to E in the rest of the proof. This extension of BT-groups
E over Spec(R) is what was meant by “the universal p-divisible extension of X by Y over
Spec(R)” in the statement of 3.1.

We may and do assume that k is perfect. Since SpfR is a p-divisible formal group, Rperf

is the direct limit of the following injective system

R = R0 → R1 → R2 → · · · → Rn → · · ·

of k-algebras, where each Ri = R, and the transition maps are induced by [p]DE(X,Y )(X,Y )p-div
.

Let 0→ Y [pn]→ E [pn]→ X[pn]→ 0 be the restriction of the extension E to the pn-torsion
points; E [pn] is an extension of truncated BTn groups over R. From the definition of Rn one
sees that the base extension of the extension E from R to Rn “is” the Baer sum of E with
itself iterated pn times. In particular the extension E [pn] ×SpecR Spec(Rn) over Spec(Rn) is
trivial.

It is well-known that there exits an m ∈ N such that pm · HomB(X[pn], Y [pn]) = 0 for
every n ∈ N and for every integral domain B ⊃ k. For each n ∈ N, pick a trivialization τn+m

of E [pn+m] over Rn+m. Let ψn be the restriction of τn+m to E [pn], so that ψn is a trivialization
of E [pn] over Rn+m for each n ∈ N. Clearly ψn is independent of the choice of τn+m. It is easy
to see that for each N ∈ N, the restriction of ψn+N to E [pn] is equal to the base-change of
ψn to Rn+m+N , for every n ∈ N. Over Rperf , the family of trivializations (ψn)n∈N gives us a
trivialization of the extension E . We have proved the existence of a trivialization over Rperf .
The uniqueness is obvious because HomRperf (X,Y ) = (0).

(3.2) Proposition Let X, Y be as in 3.1. Let S be a complete Noetherian local domain over
k. Let E be an extension of X by Y over SpecS such that the extension E over SpecS to the
closed point of SpecS is trivial; let ξ be a trivialization. In other words, the extension E comes
from an SpfS-valued point of DE(X,Y ). Let S be the integral closure of S in the algebraic
closure of the fraction field of S. Suppose that E is trivial over S. Then the extension E comes
from an Spf(S)-valued point of DE(X,Y )p-div.

Proof. After a purely inseparable extension of S, we may and do assume that the classifying
map f : Spf(S) → DE(X,Y ) for E has the form f = fp-div + fu, with fp-div : Spf(S) →
DE(X,Y )p-div and fu : Spf(S) → DE(X,Y )unip. Here f = fp-div + fu is the sum of the two
S-valued points fp-div and fu in the commutative group DE(X,Y )(S). The assumption that
E is trivial over S means that the extension given by fu is trivial over S, and we want to show
that fu is trivial. In other words we may and do assume that f = fu.

We know that there is a natural number N such that the unipotent commutative formal
group DE(X,Y )unip over k is killed by pN . Hence the extension E over S is killed by pN .
Since E is trivial over S, there exists a homomorphism ψ : E → X over S which spits the
extension E over S. Clearly [pN ]X ◦ ψ is a splitting of [pN ]∗E , therefore [pN ]X ◦ ψ is equal to
the base extension to S of the unique splitting of [pN ]∗E over S. In particular ψ is a S-rational
homomorphism between Barsotti-Tate groups over S, and pN · ψ is rational over S. This
implies that ψ itself is defined over S, because pN ·ψ factors through the isogeny [pN ] : E → E .
So the extension E is trivial over S.
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(3.3) In [17] Oort defined the notion of central leaf in the base S of a Barsotti-Tate group
G → S. Prop.3.1 and Prop. 3.1 say that DE(X,Y )p-div is the central leaf in DE(X,Y ) for
the universal Barsotti-Tate group over DE(X,Y ). The following result 3.3.1 says that the
universal Barsotti-Tate group over Def(X × Y ) over the central leaf in Def(X × Y ) has a
slope filtration. Therefore 3.1 and 3.2 implies that the central leaf in Def(X × Y ) defined by
the universal Barsotti-Tate group over Def(X × Y ) is equal to DE(X,Y )p-div.

(3.3.1) Proposition Let G→ S be a Barsotti-Tate group over a Noetherian normal scheme
over a field k, k ⊃ Fp. Assume that G → S is geometrically fiberwise constant. Then there
exists Barsotti-Tate groups Gi → S, i = 1, . . . ,m, 0 = G0 ⊂ G1 ⊂ · · · ⊂ Gm = G such that
Gi/Gi−1 has exactly one Frobenius slope µi, and µ1 > µ2 > . . . > µm.

Proof. According to [19, Thm. 2.1 of], there exists a completely slope divisible Barsotti-
Tate group Z over S and an isogeny α : G → Z over S. The condition that Z is completely
slope divisible means that there exists BT-groups 0 = Z0 ⊂ Z1 ⊂ · · ·Zm = Z and an integer
N > 0 with the property that ri := µi ·N ∈ Z for i = 1, . . . ,m, such that each Zi/Zi+1 is a
Barsotti-Tate group, with the property that the N -th iterate of the relative Frobenius

FrN(Zi/Zi+1)/S : Zi/Zi+1 −→ (Zi/Zi+1)(pN )

is equal to [pri ] times an isomorphism from Zi/Zi+1 to (Zi/Zi+1)(pN ), i = 1, . . . ,m.
By étale descent, it suffices to prove the existence of such a filtration after passing to

S ×Spec(k) Spec(k1) for some finite separable extension field k1 of k. In particular we may
and do assume that k contains Fpri for i = 1, . . . ,m. Moreover, we may assume that S is
irreducible, and has a k-rational point s.

By [19, Cor. 1.10], for each i = 1, . . . ,m, there exists a BT-group Bi over k, a smooth
sheaf of rank-one free right Endk(Bi)-module Fi on Set, and an isomorphism

ψi : Fi ⊗Endk(Bi) (Bi ×Spec(k) S) ∼−→ Zi/Zi−1 .

In other words, Zi/Zi−1 is a twist of the constant BT-group Bi×Spec(k) S over S by the
representation of π1(S, s̄) underlying the smooth p-adic étale sheaf Fi.

Denote by (Gm/Gm−1)s the fiber of Gm/Gm−1 over the k-rational point s of S, and let

Γi = Fm ⊗Endk(Bi) ((Gm/Gm−1)s ×Spec(k) S) ,

the twist of the constant BT-group ((Gm/Gm−1)s ×Spec(k) S) by the smooth Zp-sheaf Fm on
Set. The isogeny α : G → Z induces an isogeny αm : (Gm/Gm−1)s → Bm, which induces an
isogeny βm : Γm → Fi ⊗Endk(Bi) (Bi ×Spec(k) S). Consider the composition

ψ−1
m ◦ prm ◦ α : G

α−→ Z → Zm/Zm−1
ψ−1
m−−→ Fi ⊗Endk(Bi) (Bi ×Spec(k) S)

We claim that there exists a homomorphism π : G → Γm, necessarily unique, such that
βm ◦ π = ψ−1

m ◦ prm ◦ α; moreover, Ker(π) is a Barsotti-Tate group over S. This claim is a
statement about the quasi-isogeny β−1 ◦ψ−1

m ◦prm ◦α, therefore it suffices to check it at every
geometric point of S. The point-wise statement follows immediately from Lemma 3.3.3.
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(3.3.2) Remark The slope filtration on the universal Barsotti-Tate group on a central leaf
in Ag, guaranteed to exist by Prop. 3.3.1, gives the local moduli at any closed point of the
given central leaf. See [2] for more information.

(3.3.3) Lemma Let G → S be a geometrically fiberwise constant Barsotti-Tate group over
an irreducible normal scheme S. Then there exists a scheme T , which is the inductive limit
of a countable projective system of irreducible normal schemes

· · · → Tn+1 → Tn → · · · → T1 → T0 = S ,

such that all transition maps Tn+1 → Tn are finite surjective, and the Barsotti-Tate group
G×S T over T is constant.

Proof. We may and do assume that S has a k-rational point s. By [17, Thm. 1.3], we can find
a projective system of irreducible normal schemes · · · → Tn+1 → Tn → · · · → T1 → T0 = S
such that all transition maps are finite surjective, and the truncated BTn group G[pn]×S Tn
is trivial for each n ≥ 1.

Let K be the perfection of the function field of T , and let GK be the pull-back of G
to Spec(K). By [22], there exists a natural number N such that for every n ≥ 1, every
isomorphism Gs[pn]×Spec(k) Spec(K)→ GK [pn] which lifts to an isomorphism

Gs[pn+N ]×Spec(k) Spec(K) ∼−→ GK [pn+N ]

actually lifts to an isomorphism Gs ×Spec(k) Spec(K) ∼−→ GK .
We construct a compatible system of isomorphisms

αn : Gs[pn]×Spec(k) T
∼−→ G[pn]×S T

inductively, as follows. Assume that αn has been constructed. To construct αn+1, choose any
isomorphism βn+1+N : Gs[pn+1+N ]×Spec(k) T

∼−→ G[pn+1+N ]×S T , then adjust it by a suitable
automorphism of Gs to make sure that the βn+1+N is compatible with αn. Define αn+1 to be
the isomorphism from Gs[pn+1] to G[pn]×S T induced by βn+1+N .

§4. Review of Cartier theory

(4.1) We review some definitions and results in Cartier theory; see [21] for an excellent pre-
sentation. Let k be a commutative algebra with 1. Since the commutative formal groups
considered in Cartier theory are not necessarily Noetherian, it is convenient to regard them
as functors defined on the category Nilpk of nilpotent algebras over the base ring k.

(4.1.1) By definition, a nilpotent algebra over k is a commutative k-algebra N (without unit
element) such that Nm = (0). for some m ∈ N. We say that a set-valued functor

G : Nilpk → Sets ,

is smooth if and only if the map G(h) : G(N1) → G(N2) is surjective for every surjective
k-linear homomorphism h : N1 → N2 between nilpotent k-algebras. A commutative smooth
formal group over k is a smooth functor from Nilpk to the category of commutative groups.
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(4.1.2) Denote by k[[x]]+ the augmentation ideal in the formal power series ring k[[x]], con-
sisting of all formal power series over k whose constant term is 0. Clearly k[[x]]+ can be
naturally identified with lim←−n k[[x]]+/(xn), a pro-object in Nilpk. For any set-valued functor

G : Nilpk → Sets ,

define G(k[[x]]+) by
G(k[[x]]+) := lim←−

n≥1

G
(
k[[x]]+/(xn)

)
.

Similarly, we can extend a functor G as above to the category of pro-objects in Nilpk.

(4.1.3) Denote by Λ the smooth commutative formal group such that

Λ(N) = {1 + a1 + · · ·+ ant
n | a1, . . . , an ∈ N,n ∈ N≥1} ⊂ ((k ⊕N)[t])×

the group of “principal units” of the commutative ring (k⊕N)[t], for every nilpotent k-algebra
N ∈ Nilpk. This infinite dimensional smooth formal group Λ is a “restricted version” of the
group of universal Witt vectors. The latter is the group-valued functor W on the category
of commutative algebras, such that W(R) is the subgroup of R[[t]]× consisting of all formal
power series with coefficients in R with constant term 1.

(4.1.4) For every smooth formal group G over k, we have a Yoneda-type bijection

Hom(Λ, G) ∼−→ G(k[[x]]+) := lim←−
n

G(k[[x]]+/(xn)) ,

which sends any homomorphism of group-valued functors h : Λ→ G on the category Nilpk to
the element

h(1− xt) ∈ lim←−
n

G(k[[x]]+/(xn)) = G(k[[x]]+) ,

the image of the element 1− xt of Λ(k[[x]]+) under h. Here k[[x]]+ denotes the augmentation
ideal x k[[x]] of k[[x]].

(4.1.5) By definition, the “big Cartier ring” Cart(k) is equal to be End(Λ)op, the opposite
ring of the ring of endomorphisms of Λ. According to 4.1.4, the set underlying Cart(k) is
identified with Λ(k[[x]]+). In the ring Cart(k) we have the following elements:

• Fn ↔ 1− xtn, n ≥ 1,

• Vn ↔ 1− xnt, n ≥ 1,

• [c]↔ 1− cxt, c ∈ k.

The right ideal V nCart(k) of Cart(k) consists of all elements of Λ(k[[x]]+) which maps to the
unit element of Λ(k[[x]]+/(xn)). The right ideals V nCart(k) defines a topology on Cart(k),
called the V -adic topology, and the ring Cart(k) is complete for the V -adic topology. The
elements Fn, Vn, [c] is a set of topological generators of the topological commutative group
Cart(k).

For any commutative formal group G over k, the set Hom(Λ, G) = G(k[[x]]+) has a natural
structure as a right End(Λ)-module, by pre-composition. So G(k[[x]]+) has a natural structure
as a left Cart(k)-module.
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(4.1.6) A V -reduced Cart(k)-module is a left Cart(k)-module M together with a separated
decreasing filtration of M

M = Fil1M ⊃ Fil2M ⊃ · · ·FilnM ⊃ Filn+1M ⊃ · · ·

such that each FilnM is an abelian subgroup of M and

(i) (M,Fil•M) is complete with respect to the topology given by the filtration Fil•M .

(ii) Vm · FilnM ⊂ FilmnM for all m,n ≥ 1.

(iii) The map Vn induces a bijection Vn : M/Fil2M ∼−→ FilnM/Filn+1M for every n ≥ 1.

(iv) [c] · FilnM ⊂ FilnM for all c ∈ k and all n ≥ 1.

(v) For every m,n ≥ 1, there exists an r ≥ 1 such that Fm · FilrM ⊂ FilnM .

A V -reduced Cart(k)-module (M,Fil•M) is V -flat if M/Fil2M is a flat k-module. The k-
module M/Fil2M is called the tangent space of (M,Fil•M).

(4.1.7) The main theorem of Cartier theory says that the functor

G 
(
G(k[[x]]+), Fil•G(k[[x]]+)

)
,

where Filn := Ker (G(k[[x]]+)→ G(k[[x]]+/(xn))) for each n ≥ 1, establishes an equivalence
between the category of smooth formal groups over k and the category of V-reduced V-flat left
Cart(k)-modules; see [21] for the functor giving the inverse of the equivalence of categories
above.

(4.2) In this subsection, k is assumed to be an algebra over Z(p). Then the previous equiva-
lence can be simplified, with the big Cartier ring Cart(k) replaced by a much smaller Cartier
ring Cartp(k). Let

εp =
∏

(`,p)=1
` prime

(
1− 1

`V`F`
)

=
∑

(n,p)=1
n≥1

µ(n)
n VnFn .

The element εp has the property that ε2p = εp. The Cartier ring Cartp(k) is defined to be the
subring

Cartp(k) := εpCart(k)εp

of Cart(k), with εp as its unit element.

(4.2.1) Denote by Ŵ = Ŵp the smooth formal group of restricted Witt vectors over k. For
every nilpotent k-algebra N , the group Ŵ(N) consists of all p-adic Witt vectors (bi)i∈N such
that bi ∈ N for every i ∈ N and bi = 0 for all but finitely many i’s. One can identify Ŵ(N)
with εpΛ(N), where

εp =
∏

(`,p)=1
` prime

(
1− 1

`V`F`
)

=
∑

(n,p)=1
n≥1

µ(n)
n VnFn .

Moreover Cartp(k) can be identified with End(Ŵ)op, the opposite ring of the endomorphism
ring of Ŵ.
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(4.2.2) Some notable elements of the ring Cartp(k) include

• V := εpVpεp,

• F := εpFpεp, and

• 〈c〉 := εp[c]εp, c ∈ k.

(4.2.3) The ring Cartp(k) is complete with respect to the filtration by the right ideals
(V nCartp(k))n∈N. Every element of Cartp(k) can be expressed as a convergent sum∑

m,n≥0

V m〈amn〉Fn ; amn ∈ k ∀m,n ∈ N ,∀m ∃Cm > 0 s.t. amn = 0 if n ≥ Cm

in a unique way.

(4.2.4) The set of all elements of Cartp(k) which can be represented as a convergent sum of
the form ∑

m≥0

V m〈am〉Fm , am ∈ k

is a subring of Cartp(k), isomorphic to the ring of p-adic Witt vectors W(k) = Wp(k) with
entries in k. The element of W(k) corresponding to

∑
m≥0 V

m〈am〉Fm is (a0, a1, a2, · · · ) ,
the Witt vector with coordinates (am)m∈N. Therefore Cartp(k) contains W(k) as a unitary
subring.

(4.2.5) By definition, a V-reduced Cartp(k)-module M is a left Cartpk-module such that the
map V : M →M is injective and the canonical map M → lim←−

n

(M/V nM) is an isomorphism.

A V -reduced Cartp(k)-module M is V-flat if M/VM is a flat k-module. The k-module M/VM
is called the tangent space of M .

(4.2.6) For any smooth formal group G over k, the Cartp(k)-module εpG(k[[x]]+) is V-reduced
and V-flat; it consists of all p-typical elements in G(k[[x]]+), that is, elements killed by Fn
for all n prime to p. We call εpG(k[[x]]+) the Cartier module of G in this article, denoted by
M(G).

(4.2.7) An important fact is that the Cart(k)-module G(k[[x]]+) can be recovered from the
Cartp(k)-module εpG(k[[x]]+). So we have another version of the main theorem of Cartier
theory, when the base ring k is a Z(p)-algebra. It says that the functor which sends a com-
mutative smooth formal group G to its Cartier module M(G) := εpG(k[[x]]+) establishes an
equivalence from the category of commutative smooth formal groups over k to the category of
V-reduced V-flat Cartp(k)-modules. The Lie algebra of a commutative smooth formal group
G over k is canonically isomorphic to M(G)/VM(G).

(4.2.8) Suppose that k is a perfect field of characteristic p. Under the equivalence of category
in 4.2.7, a V-reduced V-flat Cartp(k)-module M is the Cartier module attached to a finite-
dimensional p-divisible formal group over k if and only if the following conditions hold.

(i) M/VM is a finite dimensional vector space over k.
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(ii) The Frobenius map F : M →M is an injection.

Equivalently, M is a free W(k)-module of finite rank.
If G is the p-divisible formal group with Cartier module M = M(G), then rkW(k)(M) is

equal to the height of the Barsotti-Tate group lim−→G[pn] over k, where G[pn] is the kernel of
[pn] : G→ G.

(4.3) Proposition Let k be a perfect field of characteristic p > 0. Let G be a finite di-
mensional connected smooth formal group over k. Let M = M(G) be the V -reduced V -flat
Cartp(k)-module attached to G, consisting of all p-typical curves in G. Let Gp-div be the
maximal p-divisible subgroup of G. Then the Cartp(k)-module attached to Gp-div is

M(Gp-div) = {x ∈M | ∀n ∈ N, ∃m ∈ N s.t. V m x ∈ FnM } .

Proof. Let M1 := {x ∈M | ∀n ∈ N, ∃m ∈ N s.t. V m x ∈ FnM }, the right-hand-side of the
displayed formula above. It is easy to see that M1 is a Cartp(k)-submodule of M . Moreover
since Gp-div is a p-divisible formal group over a perfect field k, we know that for every x ∈
M(Gp-div) and every natural number n, there exists a natural number m such that V m · x ∈
Fn ·M(Gp-div). Hence M(Gp-div) ⊆M1. It remains to show that M1 ⊆ M(Gp-div).

By definition, for every m ∈ N, we have V mM ∩ M1 = V mM1. Hence V induces a
bijection M1/VM1

∼−→ V mM1/V
m+1M1. So M1 is a V-reduced Cartp(k)-submodule of M ,

and M1 is the Cartier module attached to a formal group G1 over k. The inclusion M1 ↪→M
corresponds to a homomorphism α : G1 → G. Since the map M1/VM1 →M/VM induced by
the inclusion M1 ↪→M is an injection, the inclusion M1 ↪→M of V-reduced Cartp(k)-modules
corresponds to an embedding G1 ↪→ G of smooth formal groups over k. We must show that
G1 is a p-divisible formal group over k.

Let M2 = {x ∈M | ∃n ∈ N s.t. Fnx = 0}. Clearly M2 is a Cartp(k)-submodule of M .
Moreover V mM ∩M2 = V mM2 for every m ∈ N, since V : M →M is injective. So M2 is a V-
reduced Cartp(k)-submodule of M , and V m induces a bijection M2/VM2

∼−→ V mM2/V
m+1M2

for every m ∈ N.
We know that dimk(M2/VM2) ≤ dimk(M/VM) < ∞. Let m1, . . . ,ma ∈ M2 be a finite

set of elements in M2 whose image in M2/VM2 is a set of generators of the k-vector space
M2/VM2. Then every element of M2 can be written as a convergent sum of the form

∑
n∈N

a∑
i=1

V n〈bni〉mi , bni ∈ k ∀n ∈ N, ∀ i = 1, . . . , a.

So there exists a natural number N ∈ N such that FN ·M2 = (0); in fact it suffices to pick an
N ∈ N such that FN ·m1 = . . . = FN ·ma = 0.

Now we show that F : M1 → M1 is injective. Suppose that x is an element of M1 such
that Fx = 0. Then there exist y ∈ M and m ∈ N such that V mx = FNy. Since Fx = 0, we
get FN+1y = 0. So y ∈ M2, therefore FNy = 0 and V mx = FNy = 0. Since V : M → M is
injective, x = 0. We have proved that F : M1 → M1 is injective. Hence G1 is a p-divisible
formal group.
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(4.3.1) Remark (i) Notation as in 4.3. Then the V -reduced Cartp(k)-module attached to
the maximal unipotent subgroup Gunip of G is

M(Gunip) = {x ∈M | ∃n ∈ N s.t. Fnx = 0} ,

denoted M2 in the proof.

(ii) The Cartp(k)-module M(Gp-div) attached to Gp-div can also be expressed as

M(Gp-div) = {x ∈M | ∀n ∈ N, ∃m ∈ N s.t. V m x ∈ pnM } .

To see this, denote by M ′1 the right hand side of the above displayed formula. Then
M ′1 ⊆ M1 because pnM ⊆ FnM . On the other hand, if V m x ∈ FnM , then V m+n x ∈
pnM . So M1 ⊂M ′1.

(iii) There exists a natural number n0 ∈ N such that

M(Gp-div) = {x ∈M | ∃m ∈ N s.t. V m x ∈ FnM }
= {x ∈M | ∃m ∈ N s.t. V m x ∈ pnM }

for all n ≥ n0. One can take n0 to be dim(Gunip). A better choice of n0 is

Min {n ∈ N |Fn M(Gunip) = (0)} = Min {n ∈ N |Fn M(Gunip) = (0)} ,

which is smaller than or equal to dim(Gunip).

(iv) If the field k is not perfect, then the statement of Prop. 4.3 fails. More precisely, the
inclusion M1 ⊆M(Gp-div) still holds, by the same proof, but the inclusion M(Gp-div) ⊆
M1 may be false. For instance if G is Ĝm, then M = M(Gp-div) is equal to Wp(k) with
the usual action of F and V . In this case M1 = W(k0), where k0 is the largest perfect
subfield of k, and W(k0) is the ring of (p-adic) Witt vectors with entries in k0.

(v) The “sum homomorphism” f : Gp-div ×Spec(k) Gunip → G between smooth commutative
formal groups over k is faithfully flat with finite kernel. The kernel of f is isomorphic
to Gp-div ∩ Gunip. The natural map Gp-div → G/Gunip from the maximal p-divisible
subgroup of G to the maximal p-divisible quotient of G is an isogeny, whose kernel is
isomorphic to Gp-div ∩Gunip.

(4.3.2) Lemma Notation as in Prop. 4.3. Suppose that M ′ is a Cartp(k)-submodule of M =
M(G) which satisfies the following conditions.

(i) The map F : M ′ → M ′ is injective. In other words, M1 is the Cartier module of a
p-divisible formal group.

(ii) rkW(k)(M ′) = rkW(k)(M(Gp-div)). Equivalently, (M/M ′)⊗Zp Qp = 0.

(iii) The natural map M ′/VM ′ →M/VM is injective. Equivalent, M ′ ∩M = VM ′.

Then M1 = M(Gp-div).
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Proof. Let M ′′ = M/M ′. Since V : M →M is injective, we have an exact sequence

0→ Ker(V : M ′′ →M ′′)→M ′/VM ′ →M/VM →M ′′/VM ′′ → 0 .

Condition (iii) implies that V : M ′′ → M ′′ is injective, so M ′′ is the Cartier module of a
smooth commutative unipotent p-divisible formal group by (ii). Cartier theory tells us that
the short exact sequence 0 → M ′ → M → M ′′ → 0 corresponds to a short exact sequence of
smooth commutative formal groups 0 → G′ → G → G′′ → 0, in which G′ is p-divisible, and
G′ is unipotent. Therefore G′ = Gp-div.

Remark (i) It is clear the M(Gp-div) satisfies the conditions (i)–(iii) of 4.3.2
(ii) Lemma 4.3.2 characterizes Gp-div as the p-divisible formal subgroup G′ of G of the

same height as Gp-div such the map T(G′)→ T(G) on tangent spaces is injective.

§5. A triple Cartier module

(5.1) Definition Let k be a ring over Z(p). Let Ĉartp be the commutative smooth formal
group over k such that

Ĉartp(N) := Cartp(k ⊕N)

for every nilpotent k-algebra N . Define BC(k) to be the set of all formal curves in the functor
Cartp. In other words,

BC(k) := Cartp(k[[x]]+) = lim←−
n

Ker
(
Cartp(k[[x]]/(xn+1)) −→ Cartp(k)

)
= lim←−

n

εpKer
(
Cart(k[[x]]+/(xn+1)) −→ Cart(k)

)
εp = εp · Cart(k[[x]]+) · εp

The set BC(k) carries an obvious (Cartp(k)-Cartp(k))-bimodule structure, since BC(k) is
an ideal in the ring Cartp(k[[x]]) := lim←−n Cartp(k[[x]]/(xn+1)) and the canonical inclusion
Cartp(k) ↪→ Cartp(k[[x]]) is a homomorphism of rings.

(5.1.1) Since the bimodule BC(k) is the set of all formal curves in the functor Cartp there is
a natural action of the big Cartier ring Cart(k) on BC(k), because Cart(k) operates naturally
on the set of all formal curves of any smooth commutative formal group. Recall that Cartp =
End(Ŵ)op as a functor on the category of nilpotent k-algebras. The (Cartp(k)-Cartp(k))-
bimodule structure of BC(k) comes from pre-composing and post-composing with elements of
Endk(Ŵ)op, hence the above action of elements of Cart(k) on BC(k) are homomorphisms of
(Cartp(k)-Cartp(k))-bimodules. To avoid confusion with operators coming from the bimodule
structure, we will append an “x” in superscript or subscript to the standard notation for
elements in Cart(k) when we consider the above action of Cart(k) on BC(k) which commutes
with the operations coming from the (Cartp(k)-Cartp(k))-bimodule structure; superscript will
be used if there is already a subscript in the symbol. For instance we have the operators
V x
n , F

x
n , n ∈ N, and the projector

εxp :=
∏

(`,p)=1
` prime

(
1− 1

`V
x
` F

x
`

)
=

∑
(n,p)=1
n≥1

µ(n)
n V x

n F
x
n .

to the set of all p-typical elements in BC(k).
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(5.2) Definition Let k be an algebra over Z(p). Define a (Cartp(k)-Cartp(k))-sub-bimodule
BCp(k) of BC(k) by

BCp(k) = εxpBC(k) = εxpCartp(k[[x]]+) .

In other words, BCp(k) is the Cartier module of the commutative smooth formal group Ĉartp
over k.

(5.2.1) Since the sub-(Cartp(k)-Cartp(k))-bimodule BCp(k) of BC(k) is equal to the set of all
p-typical elements in BC(k), there is a natural left action of Cartp(k) on BCp(k), compatible
with the (Cartp(k)-Cartp(k))-bimodule structure. As before, we will append an “x” in sub-
script or superscript when considering this action of Cartp(k) on BCp(k). In particular, the
elements

Fx := εxpF
x
p ε

x
p , Vx := εxpV

x
p ε

x
p

operate on BCp(k) as endomorphisms of the bimodule BCp(k).

(5.3) We would like to understand BC(k) and BCp(k) more concretely. Since the variable
“x” is already occupied, we will change the notation for elements of Λ(k[[x]]+) in 4.1.5, and
replace the variable “x” there by the variable “y”. According to the newly modified notation,
for any k-algebra R, the set underlying Cart(R) is

Λ(R[[y]]+) := lim←−
n

Λ(R[[y]]+/(yn+1)) .

Both BC(k) and BCp(k) are subsets of

Cart(k[[x]]+) = Λ(k[[x, y]]‡) ,

where k[[x, y]]‡ denotes the subset of k[[x, y]] consisting of all power series of the form∑
m,n≥1

amnx
myn , amn ∈ k ∀m,n ≥ 1 .

(5.3.1) Inside the ring Cart(k[[x]]) = Λ(y · k[[x, y]]), we have elements Vn, Fn, n ∈ N, where

Fn ↔ 1− ytn , Vn ↔ 1− ynt .

In the (Cart(k)-Cart(k))-bimodule Cart(k[[x]]+), we also have elements

[a(x)]↔ 1− a(x)yt , a(x) ∈ k[[x]]+ .

In particular we have the elements

[xi]↔ 1− xiyt , i ≥ 1 .

In the subring Cartp(k) ⊂ Cart(k) ⊂ Cart(k[[x]]) we have elements

F := εpFpεp, V := εpVpεp, 〈c〉 := εp[c]εp, c ∈ k ,

where
εp =

∏
(`,p)=1
` prime

(
1− 1

`V`F`
)

=
∑

(n,p)=1
n≥1

µ(n)
n VnFn ,

and [c]↔ 1− cyt for c ∈ k.
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(5.3.2) Lemma We have the following description of the elements of BC(k).

BC(k) = εp · lim←−
m,n≥0

Λ
(
k[[x, y]]‡/(xm+1, yn+1)

)
· εp

=


∑
n≥1
m,i≥0

V m〈amni〉〈xn〉F i

∣∣∣∣∣∣∣∣
amni ∈ k ∀m ≥ 0, ∀n ≥ 1, ∀ i ≥ 0

∀m ≥ 0, ∀n ≥ 1, ∃C(m,n) s.t. amni = 0 if i > C(m,n)


Proof. The first equality is immediate from the definition. To prove the second equality, it
suffices to prove that for every N ≥ 1, every element in Cartp(k[[x]]+/(xN+1)) can be written
in a unique way in the form∑

1≤n≤N0
m,i≥0

V m〈amni〉〈xn〉F i , amni ∈ k ∀m ≥ 0, ∀ 1 ≤ n ≤ N0, ∀ i ≥ 1 ,

where xn denotes the image of xn in k[[x]]+/(xN+1), and ∀m ≥ 0, ∀ 1 ≤ n ≤ N0, ∃C(m,n)
such that amni = 0 if i > C(m,n). For N = 1, a basic property of Cartier rings says that
every element u in Cartp(k[[x]]/(x2)) can be written uniquely in the form∑

m≥0

V m〈ami〉F i , am,i ∈ k[[x]]/(x2) ∀m, i ≥ 1 ,

and ∀m ≥ 1, ∃C(m, 1) such that ami = 0 if i > C(m, 1). Since the image of u in Cartp(k) is
trivial, we have am,i ∈ k[[x]]+/(x2) for all m, i ≥ 1. This finishes the case when N = 1. By
induction, we can assume that this assertion holds for N = N0. Then we only have to show
that every element of

Ker
(
Cartp

(
k[[x]]+/(xN0+2)

)
→ Cartp

(
k[[x]]+/(xN0+1)

))
= Cartp

(
xN0+1k[[x]]/xN0+2k[[x]]

)
can be written uniquely in the form∑

m,i≥0

V m〈am,N0+1,i〉〈xN0+1〉F i , am,N0,i ∈ k ∀m ≥ 0, ∀ i ≥ 0 ,

and ∀m ≥ 0, ∃C(m,N0 + 1) such that am,N0+1,i = 0 if i > C(m,N0 + 1). This follows from
the case N = 1, since the nilpotent k-algebras xN0+1k[[x]]/xN0+2k[[x]] and k[[x]]+/(x2) are
isomorphic.

(5.3.3) Lemma The following equalities hold in BC(k).

(i) F xn · [xi] = r Vn
r

[x
i
r ]Fn

r
∀n ≥ 1, ∀ i ≥ 1, r = g.c.d.(n, i).

(ii) εxp · 〈xi〉 = 0 if i ≥ 1 and i is not a power of p.

(iii) F xn · 〈xp
j 〉 = 0 ∀n > 1 s.t. (n, p) = 1, ∀ j ≥ 0.

(iv) εxp · 〈xp
j 〉 = 〈xpj 〉 for all j ≥ 0.
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Proof. (i) By definition, we have

F xn · [xi] =
n−1∏
j=0

(
1− (ζjnx

1
n )iyt

)
=
(

1− x
i
r y

n
r t

n
r

)r
= r Vn

r
[x

i
r ]Fn

r
.

In the above, ζn is a “formal primitive n-th root of 1”. In other words, the above equalities take
place in BC(k[ζn]), where k[ζn] = k[u]/(Φn(u)), and Φn(u) is the n-th cyclotomic polynomial
in the variable u.

(ii) Suppose that `|i, ` 6= p, where ` is a prime number. Then 〈xi〉 = V x
` · 〈x

i
` 〉. Since

εxp · V x
` = 0 in Cartp(k), we get εxp · 〈xi〉 = 0.

(iii) Apply the formula in (i) to the case when i = pj , (n, p) = 1, n > 1. Then r = 1, and
we get

F xn · 〈xp
j 〉 = F xn · εp [xp

j
] εp = εp F

x
n [xp

j
] εp = εp Vn [xp

j
]Fn εp = 0 .

The last equality follows either from εp Vn = 0, or from Fn εp = 0.
(iv) The statement (iv) follows immediately from (iii).

(5.4) Proposition Let k be an algebra over Z(p). For every integer n ≥ 0, define an element
Un ∈ BCp(k) by

Un = 〈xpj 〉 = εp[xp
j
]εp = εxp εp[x

pj ]εp .

(i) We have the following explicit description of BCp(k).

BCp(k) =

 ∑
m,n,i≥0

V m 〈amni〉Un F i
∣∣∣∣ amni ∈ k ∀m,n, i ≥ 0
∀m∀n ∃Cmn s.t. amni = 0 if i > Cmn

 .

In the formula above, the element
∑

m,n,i≥0 V
m 〈amni〉Un F i represents the element

εxp · εp ·

 ∏
m,n,i≥0

(1− amni xp
n
yp

m
tp
i
)

 · εp
in Λ(k[[x, y]]‡).

(ii) Two elements of BCp(k) of the form∑
m,n,i≥0

V m 〈amni〉Un F i and
∑

m,n,i≥0

V m 〈bmni〉Un F i

with amni, bmni ∈ k for all m,n, i ∈ N, are equal if and only if

amni = bmni ∀m,n, i ∈ N .

(iii) The copy  ∑
m,n≥0

V m
x 〈amn〉Fnx

∣∣∣∣ amn ∈ k ∀m,n ≥ 0
∀m ≥ 0∃C(m) s.t. amn = 0 if n > C(m)


of Cartp(k) operates as a ring of endomorphisms of the (Cartp(k)-Cartp(k))-bimodule
BCp(k) on the left of BCp(k).

Proof. The statements (i) and (iii) are immediate from 5.3.3 and the definition of BCp(k).
The statement (ii) is left as an exercise.
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(5.5) Proposition The following identities hold in BCp(k).

(i) 〈a〉Un = Un 〈a〉 ∀ a ∈ k, ∀n ≥ 0.

(ii) F Un = Un+1 F ∀n ≥ 0.

(iii) Un V = V Un+1 ∀n ≥ 0.

(iv) 〈a〉x · Un = 〈apn〉Un ∀ a ∈ k, ∀n ≥ 0.

(v) Vx Un = Un+1 ∀n ≥ 0.

(vi) Fx Un =
{
pUn−1 =V UnF if n≥1
V U0F if n=0

(vii) If k is an algebra over Fp, then Fx Un = V UnF ∀n ≥ 1.

Proof. The statements (i)–(iv) are immediate from the standard relations in the Cartier
ringCartp(k[[x]]). For (v), we have

Vx · Un = Vx · 〈xp
n〉 = 〈xpn+1〉 = Un+1

by definition. It remains to prove (vi) and (vii).
If n ≥ 1, then by (v) we have

Fx · Un = Fx · Vx · Un−1 = pUn−1 = V Un F .

For n = 0, we have

Fx · U0 = εxpF
x
p (εp[x]εp) = εp ε

x
p F

x
p [x] εp = εp ε

x
p Vp [x]Fp εp = V εxp U0 F = V U0 F ,

where we have used 5.3.3 (i) and (iv) in the third and the last equality. We have proved (vi).
Notice that V U0 F represents the element εxp εp · (1− xyptp) in Λ(k[[x, y]]‡).

If k is an algebra over Fp, n ≥ 1. Then we have

Fx · Un = pUn−1 = V FUn−1 = V UnF .

by (vi) and (ii). We have proved (vii).

(5.6) Let k be a commutative Artinian local Z(p)-algebra. Let X,Y be a finite-dimensional
smooth formal groups over k. Let M and N be the Cartier modules attached to X and Y
respectively. It is well-known that the left Cartp(k)-module M has a resolution of the form

0→ Cartp(k)n → Cartp(k)n →M → 0 ,

see [21, IV §8]. It is possible to choose n to be dim(X) in the resolution above, but sometimes
the height of X is a more convenient choice of n. A short exact sequence as above corresponds
to a short exact sequence

0→ Ŵ
n → Ŵ

n → X → 0

of smooth formal groups over k. Suppose that X,Y are p-divisible smooth formal groups
over k, we have seen that DE(X,Y ) is a smooth formal group over k as well. Prop. 5.6.1
and Lemma 5.6.2 below say that one can compute the Cartier module of DE(X,Y ) using a
resolution of M as above, and the triple Cartier module BCp(k) enters the picture in a natural
way.
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(5.6.1) Proposition Let X,Y be p-divisible smooth formal groups over k as above, and let
M,N be their Cartier modules. Let

0→ Ŵ
n r−→ Ŵ

n → X → 0

be a short exact sequence. Assume that Homk(X,Y ) = (0). Then the smooth formal group
DE(X,Y ) over k is isomorphic to

Coker
(

Hom(Ŵn, Y ) r∗−→ Hom(Ŵn, Y ) ,
)

where Hom(Ŵn, Y ) is the smooth formal group over k, which to every nilpotent k-algebra R
assigns the commutative group

Hom(Ŵn, Y )(R) = Ker
(

Hom
k⊕R(Ŵn, Y )→ Hom

k
(Ŵn, Y )

)
as its R-valued points.

Proof. It is a standard fact that the group ExtA(Ŵ, Y ) of isomorphism classes extensions
of Ŵ by Y is trivial for every commutative k-algebra A with 1. So we have a commutative
diagram

0 // Hom
k⊕R(Ŵn, Y )

��

r∗ // Hom
k⊕R(Ŵn, Y )

��

// Ext
k⊕R(X,Y )

��

// 0

0 // Hom
k
(Ŵn, Y )

r∗ // Hom
k
(Ŵn, Y ) // Ext

k
(X,Y ) // 0

with exact rows. The Proposition follows from the snake lemma.

(5.6.2) Lemma Notation as above.

(i) The Cart(k)-module attached to Hom(Ŵ, Y ), i.e. the set of all formal curves in the
smooth formal group Hom(Ŵ, Y ) over k, is

Hom(Ŵ, Y )(k[[x]]+) = lim←−
n

(
Hom(Ŵ, Y )(k[[x]]+/(xn+1))

)
= lim←−

n

(
Cartp(k[[x]]+/(xn+1))⊗Cartp(k) N

) ∼←−
γ

(
lim←−
n

Cartp(k[[x]]+/(xn+1))

)
⊗Cartp(k)N

= BC(k)⊗Cartp(k) N .

(ii) The Cartp(k)-module attached to Hom(Ŵ, Y ), i.e. the set of all p-typical formal curves
Hom(Ŵ, Y ) is

εxp · lim←−
n

(
Cartp(k[[x]]+/(xn+1))⊗Cartp(k) N

)
∼←−

(
εxp · lim←−

n

Cartp(k[[x]]+/(xn+1))

)
⊗Cartp(k) N = BCp(k)⊗Cartp(k) N .
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Proof. The displayed formula in (ii) follows from the formula in (i), by applying the projector
εxp . The second equality in (i) is a special case of the general statement that for any smooth
formal group G and any k-algebra R with 1, HomR(Ŵ, Y ) = Cartp(R)⊗Cartp(k)N , because N
is a finitely generated left Cartp(k)-module. It remains to prove the map γ in (i) is a bijection.

Observe that the source of γ, regarded as a functor of the V-reduced left Cartp(k)-module
N , is right exact. The target of γ, regarded as a functor of the V-reduced left Cartp(k)-
module N , is right exact, because N 7→ Cartp(k[[x]]+/(xn+1)) ⊗Cartp(k) N is right exact in
N and the transition maps in the projective system

(
Cartp(k[[x]]+/(xn+1))⊗Cartp(k) N

)
n∈N

are surjective. Clearly, if the V-reduced Cartp(k)-module N is replaced by the free module
Cartp(k), then the resulting map γ = γN is an isomorphism. We deduce from the right
exactness of both the source and the target implies that γ is an isomorphism.

(5.7) Notation as in 5.6.1. We would like to make Prop. 5.6.1 more explicit using Lemma
5.6.2.

(5.7.1) We will represent points of Ŵn as row vectors with points of Ŵ as entries, so the map
r : Ŵn → Ŵ

n corresponds to multiplying row vectors with entries in Ŵn by an n× n-matrix
Γ ∈ Mn(Cartp(k)), on the right. This convention is natural because Cartp(k) acts on the right
of Ŵ; more explicitly, Cartp(k) = Endk(Ŵ)op, and the natural left action of Endk(Ŵ) on Ŵ
transports to a right action of Cartp(k) on Ŵ. The map

r∗ : Hom(Ŵn, Y )→ Hom(Ŵn, Y )

is a homomorphism of smooth formal groups over k. On the level of p-typical formal curves,
the map r∗ give the map

r� : BCp(k)n ⊗Cartp(k) N → BCp(k)n ⊗Cartp(k) N ,

where BCp(k)n ⊗Cartp(k) N is identified with the set of all column vectors of length n, with
entries in BCp(k)⊗Cartp(k)N , and the map r� is multiplication on the left by the same matrix
Γ ∈ Mn(Cartp(k)). Here the multiplication by Γ is performed through the left/first factor
Cartp(k) in the (Cartp(k)-Cartp(k))-bimodule structure of BCp(k).

(5.7.2) The set BCp(k)n⊗Cartp(k)N has two mutually compatible Cartp(k)-module structures;
one from the left/first factor in the (Cartp(k)-Cartp(k))-structure of BCp(k), the other from
the action of the “extra copy” of Cartp(k) operating on BCp(k), whose elements are decorated
with “x” in subscripts. When passing to the quotient, we have “used up” the first Cartp(k)-
module structure of BCp(k)n⊗Cartp(k)N , but (BCp(k)n⊗Cartp(k)N)/(Γ·(BCp(k)n⊗Cartp(k)N))
still has a natural structure as a Cartp(k)-module through the action of the “extra copy”. Of
course the action of this “extra copy” of Cartp(k) corresponds exactly to the Cartp(k)-module
structure of the smooth formal group DE(X,Y ) over k. We record our discussion in the
Proposition below.

(5.7.3) Proposition Notation as in 5.6.1.

(i) The Cartp(k)-module of all p-typical formal curves in the smooth formal group DE(X,Y )
over k is canonically isomorphic to

Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) .
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Here the extension group is computed using the Cartp(k)-module structure coming from
the left factor of the (Cartp(k)-Cartp(k))-bimodule structure of BCp(k), and the Cartier
ring Cartp(k) operates on the left of Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)N) through the action
of the “extra copy” of Cartp(k) on BCp(k).

(ii) More explicitly, suppose we have a resolution

0 −→ Cartp(k)n r−→ Cartp(k)n −→M −→ 0

of the left Cartp(k)-module M , and the map r is given by multiplying row vectors
with entries in Cartp(k) by a matrix Γ on the right, with entries in Cartp(k). Then
Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k) N) is naturally isomorphic to(
BCp(k)n ⊗Cartp(k) N

)
/
(
Γ · (BCp(k)n ⊗Cartp(k) N)

)
,

with the left Cartp(k)-module structure coming from the action of the “extra copy” of
Cartp(k) on BCp(k). In the above displayed formula, BCp(k)n ⊗Cartp(k) N denotes the
set of all column vectors of length n with entries in BCp(k)⊗Cartp(k) N .

Proof. Compute Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) using the finite free resolution

0 −→ Cartp(k)n r−→ Cartp(k)n −→M −→ 0

of the left Cartp(k)-module M , we get

Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) ∼=

(
BCp(k)n ⊗Cartp(k) N

)
/
(
Γ · (BCp(k)n ⊗Cartp(k) N)

)
∼= the Cartier module of DE(X,Y ) .

A standard argument shows that the isomorphism is independent of the resolution of M .

(5.7.4) Remark (i) The case when Y = Ĝm has been extensively studied in the literature,
starting with Mumford’s seminal paper [12]. What we recorded in Prop. 5.7.3 is a gener-
alization of the computation of the Cartier module of the Serre dual of a given p-divisible
group.

(ii) Propositions 4.3 and 5.7.3 allows one to compute the Cartier module of the p-divisible
formal group DE(X,Y )p-div in principle. In the rest of this section we provide some properties
of the module BCp(k) to facilitate the computation.

§6. Examples

In this we present some examples to illustrate Prop. 5.7.3.

(6.1) Example Let k be a perfect field of characteristic p > 0. Let X be a one-dimensional
p-divisible formal group of height three, and let Y be a one-dimensional p-divisible formal
group of height two. Let M and N be the Cartier module of X and Y respectively. One
knows that

M ∼= Cartp(k)/Cartp(k) · (F − V 2), N ∼= Cartp(k)/Cartp(k) · (F − V ) .
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The Frobenius slopes of X and Y are 1
3 and 1

2 respectively. According to 5.7.3, the Cartier
module of DE(X,Y ) is(
(F − V 2) · Cartp(k)\Cartp(k)

)
⊗Cartp(k)BCp(k)⊗Cartp(k)(Cartp(k)/Cartp(k) · (F − V )) =: D ,

and Cartp(k) operates on D via the action of the “extra copy” of BCp(k) on BCp(k). Through-
out this example, we denote by B the image of B ∈ BCp(k) in D, for any element B ∈ BCp(k).
The following statements about D can be verified without difficulty; the details are omitted.

(1) The left Cartp(k) module D is generated by U0 and V U0, and the tangent space D/V D
of D is a two-dimensional vector space over k, generated by the image of the above two
elements as a k-vector space.

(2) Every element d ∈ D can be written in the form

d =
∑
m≥0

〈am〉Um +
∑
m≥0

V 〈bm〉Um

with am, bm ∈ k ∀m ∈ N. Moreover the am’s and bm’s are uniquely determined by d.

(3) The action of Vx, 〈c〉x and Fx is given by

Vx ·
∑

m≥0〈am〉Um +
∑

m≥0 V 〈bm〉Um =
∑

m≥0〈am〉Um+1 +
∑

m≥0 V 〈bm〉Um+1

〈c〉x ·
∑

m≥0〈am〉Um +
∑

m≥0 V 〈bm〉Um =
∑

m≥0〈amcp
m〉Um +

∑
m≥0 V 〈bmcp

m〉Um

Fx ·
∑

m≥0〈am〉Um +
∑

m≥0 V 〈bm〉Um =
∑

m≥0 V 〈a
p4

m 〉Um+3 +
∑

m≥0 V 〈b
p6

m 〉Um+5

=
∑

m≥0 V 〈cm〉Um for suitable elements cm ∈ k

The first equality in the displayed formulas above follows from 5.5(v), while the second
equality follows from 5.5(iv).

(4) Fx · (V U0 − U2) = 0, and

Dunip :=
⋃
n∈N

Ker (Fnx |D) =

∑
n≥0

(V 〈ap
n

n 〉Un − 〈ap
n+2

n 〉Un+2)

∣∣∣∣∣∣ an ∈ k ∀n ≥ 0


Notice that Fx ·Dunip = (0), and V U0 − U2 generates D as a left Cartp(k)-module.

(5) The Cartier module of DE(X,Y )p-div is

Dp-div =

∑
m≥0

V 〈bm〉Um

∣∣∣∣∣∣ bm ∈ k ∀m ≥ 0

 .

As a W(k)-module, Dp-div is free of rank six, with V U0, . . . , V U5 as a basis. We also
have p V Um = V Um+6 for all m ≥ 0.

(6) On the Cartier module Dp-div we have

Vx · V Ui = V Ui+1, 0 ≤ i ≤ 4, and Vx · V U5 = pV U0 ,

by (3). So DE(X,Y )p-div is a one-dimensional p-divisible formal group of height six, and
its Frobenius slope is 1

6 .
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(7) The maximal unipotent subgroup DE(X,Y )unip of DE(X,Y ) is isomorphic to Ga. Its
Cartier module is Dunip.

(8) The quotient DE(X,Y )/DE(X,Y )unip is a one-dimensional p-divisible formal group of
height six. The quotient DE(X,Y )/DE(X,Y )p-div is isomorphic to Ga.

(9) The covariant Diudonné module of the intersection DE(X,Y )unip ∩DE(X,Y )p-div is not
trivial. So the intersection is isomorphic to the kernel of the second iterate of the relative
Frobenius Fr2

Ga/k
on Ga.

(6.2) Example In this Example, we give an explicit description of BCp(k)⊗Cartp(k) M(Ĝm),
and elaborate on a Remark 5.7.4 (i) that 5.7.3 generalizes a part of [12].

Let k be a commutative ring over Fp. Let N = Cartp(k)/Cartp(k) · (F − 1) be the Cartier
module of the formal torus Ĝm over k. Let

B := BCp(k)⊗Cartp(k) N = BCp(k)/BCp(k) · (F − 1) .

(6.2.1) The filtration Fil•tot on BCp(k) induces a filtration Fil•tot on B = BCp(k)/BCp(k) ·
(F − 1), and B is complete with respect to the topology defined by the filtration Fil•tot. See
7.2 for the definition of Fil•tot.

Denote by
∑

m,n,i≥0 V
m〈amni〉UnF i the image in B = Cartp(k)/Cartp(k) · (F − 1) of the

element
∑

m,n,i≥0 V
m〈amni〉UnF i ∈ BCp(k). Clearly

∑
m,n,i≥0 V

m〈amni〉UnF i is equal to the
convergent sum

∑
m,n,i≥0 V

m〈amni〉UnF i.

The subgroup BCp(k) · (F − 1) of BCp(k) consists of all elements in BCp(k) of the form

−
∑
m,n≥0

V m〈am,n,0〉Un +
∑
m,n≥0

∑
i≥1

(
V m〈am,n,i−1〉F i − V m〈am,n,i〉UnF i

)
where am,n,i ∈ k for all m,n, i ∈ N, and ∀m,∀m, there exists C(m,n) > 0 such that am,n,i = 0
if i > C(m,n). From the above description of BCp(k) · (F − 1) one sees that every element of
BCp(k)/BCp(k) · (F − 1) can be expressed as an infinite sum in the form∑

m,n≥0

V m〈amn〉Un , amn ∈ k ∀m,n ∈ N .

(6.2.2) We have

(i) V ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m+1〈amn〉Un

(ii) F ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m〈apmn〉Un+1

(iii) 〈c〉 ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m〈cp−mamn〉Un

(iv) Vx ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m〈amn〉Un+1

(v) Fx ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m+1〈apmn〉Un

(vi) 〈c〉x ·
∑

m,n≥0 V
m〈amn〉Un =

∑
m,n≥0 V

m〈amn cpn〉Un
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(6.2.3) The structure of BCp(k)/BCp(k) · (F − 1) can be conveniently described in terms of
the ring Cartp(k)∧, the completion of the ring Cartp(k) with respect to the filtration Fil•tot on
Cartp(k), defined by the ideals

FilNtot Cartp(k) =

 ∑
m,n∈N,m+n≥N

V m〈amn〉Fn ∈ Cartp(k)

 .

We have

Cartp(k)∧ =

 ∑
m,n∈N

V m〈amn〉Fn
∣∣∣∣∣∣ amn ∈ k ∀m,n ∈ N

 .

See 7.1.1 for more information about the completed Cartier ring Cartp(k)∧.

The left action of Cartp(k) on BCp(k), coming from the left factor of the bimodule struc-
ture, extends to a left action of the completed Cartier ring Cartp(k)∧ on BCp(k); see 7.2.2.
The action of Cartp(k) on

B = BCp(k)/BCp(k)·(F − 1) ,

inherited from the bimodule structure of BCp(k), extends to a left action of the completed
Cartier ring Cartp(k)∧ on the quotient module BCp(k)/BCp(k) · (F − 1), making B a free
left Cartp(k)∧ generated by the element U0 ∈ BCp(k)/Cartp(k) ·(F − 1). The action of the
“extra copy” of the Cartier ring Cartp(k) on B

∼←− Cartp(k)∧ commutes with the left action
of Cartp(k)∧, and induces an ring homomorphism ∗ : Cartp(k) → (Cartp(k)∧)opp. It is easy
to see that ∗ extends to an involution on Cartp(k)∧, i.e. an anti-automorphism of order two,
such that

∗ :
∑
m,n∈N

V m〈amn〉Fn 7→
∑
m,n∈N

V n〈amn〉Fm .

In other words, if we identify B with Cartp(k)∧ as above, then the left action of the “extra
copy” of Cartp(k) on B becomes

u : v 7→ v · u∗ ∀u ∈ Cartp(k), ∀v ∈ Cartp(k)∧ .

(6.2.4) Remark (i) The completed Cartier ring Cartp(k)∧, together with the involution ∗
on it, appeared in [12, p. 316], where it was called Ãk. It is crucial for calculating biextensions
and the Cartier module of the dual of formal groups.

(ii) In view of the identification of B with Cartp(k)∧ explained above, when Y = Ĝm, k
is a perfect field, and X is a smooth formal group of local-local type, the explicit formula for
Ext1

Cartp(k)(M(X), B) in Prop. 5.7.3 reduces to the combination of the Theorem on p. 503 and
the Proposition on p. 504 of [13]. At the same time, the fact that Ext1

Cartp(k)(M(X), B) is the
Cartier module of the Serre-dual of X for any commutative ring k over Z(p) can be regarded
as an answer to the observation in the last paragraph of the Introduction of [14].

(6.3) Example Here is a generalization of Example 6.1.
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(6.3.1) Let k be a perfect field of characteristic p. Let n be a positive integer. Let

M=M(X)=Cartp(k)/Cartp(k)·(F − V n) , N=M(Y )=Cartp(k)/Cartp(k)·(F − V n−1) ,

so that X, Y are one-dimensional smooth formal groups over k of height n+ 1 and n respec-
tively. We have

M(DE(X,Y )) ∼= (F − V n)·Cartp(k)\BCp(k)/Cartp(k)·(F − V n−1) =: D .

(6.3.2) As before, denote by ∑
i,m

V i〈aim〉Um

the image in D of the element
∑

i,m V i〈aim〉Um ∈ BCp(k), aim ∈ k. One can check that every
element of D can be written in the form

n−1∑
i=0

∑
m≥0

V i〈aim〉Um , aim ∈ k ∀ i = 0, . . . , n− 1, ∀m ≥ 0

in a unique way.

(6.3.3) The action of Vx, 〈c〉x and Fx on D are determined by continuity and the following
equalities:

Vx · V i 〈a〉Um = V i 〈a〉Um+1

〈c〉x · V i 〈a〉Um = V i〈a cpm〉Um ∀ c ∈ k

Fx · V i 〈a〉Um = V n−1 〈ap(i+2)n〉Um+(i+2)n−1

for i = 0 . . . , n− 1, all m ≥ 0, and all a ∈ k.

(6.3.4) From the above formulae and Prop. 4.3, one sees that the Cartier module of the
maximal p-divisible subgroup of DE(X,Y ) is

M(DE(X,Y )p-div) =

∑
m≥0

V n−1 〈am〉Um

∣∣∣∣∣∣ am ∈ k ∀m ≥ 0

 .

It is generated by the element V n−1U0 ∈ D as a left Cartp(k)-module; this generator gives an
isomorphism

Cartp(k)/Cartp(k)·(F − V n(n+1)−1) ∼−→ M(DE(X,Y )p-div) .

(6.3.5) The Cartier module of the maximal unipotent subgroup of DE(X,Y ) is generated by
the subset { (

V iU0 − Uin
) ∣∣∣ i = 1, . . . , n− 1

}
of M(DE(X,Y )unip). Each of the above generator is killed by Fx, so M(DE(X,Y )unip) is killed
by Fx. It is easy to see that the image of the above n generators of M(DE(X,Y )unip) in
M(DE(X,Y )unip)/V ·M(DE(X,Y )unip) is a k-basis of M(DE(X,Y )unip)/V ·M(DE(X,Y )unip),
so M(DE(X,Y )unip) is isomorphic to Gna .
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(6.3.6) The covariant Dieudonné module of the finite group scheme

DE(X,Y )p-div ∩ DE(X,Y )unip

over k is the quotient of M(DE(X,Y )) by the sum M(DE(X,Y )p-div + DE(X,Y )unip. In the
present case, it is an n(n− 1)-dimensional k-vector space generated by the images of

U0, U1, . . . , Un(n−1)−1 .

As a left Cartp(k)-module, it is isomorphic to Cartp(k)/(Cartp(k)F + Cartp(k)V n(n−1)), with
the image of U0 as a generator. In other words, DE(X,Y )p-div ∩ DE(X,Y )unip is isomorphic

to the kernel of the iterated relative Frobenius Frn(n−1)
Ga/k

: Ga → G
(pn(n−1))
a on Ga.

(6.4) Example Let k be a perfect field of characteristic p. Let X, Y be p-divisible formal
groups over k such that

M(X) = Cartp(k)/Cartp(k)·(F − V 5), M(Y ) = Cartp(k)/Cartp(k)·(F 2 − V ) .

So the Cartier module of DE(X,Y ) is isomorphic to

(F − V 5)· Cartp(k)\BCp(k)/Cartp(k)·(F 2 − V ) =: D .

(6.4.1) It is easy to see that every element of D can be written in the form

4∑
m=0

∞∑
n=0

1∑
i=0

V m 〈amni〉UnF i amni ∈ k ∀m = 0, . . . , 4, ∀n ≥ 0, ∀ i = 0, 1

in a unique way, where V m 〈amni〉UnF i denotes the image of V m 〈amni〉UnF i in D, and D is
given the quotient topology.

(6.4.2) The action of Vx and 〈c〉x on D, c ∈ k, are given by the following formulae.

Vx · V m 〈a〉UnF i = V m 〈a〉Un+1F i

〈c〉x · V m 〈a〉UnF i = V m 〈a·cpn〉UnF i

for all a ∈ k, m = 0, . . . , 4, all n ≥ 0, and i = 0, 1.

The action of Fx on D is given by the following formulae.

Fx · V m 〈a〉Un = V m+1 〈ap〉UnF m = 0, . . . , 4, n ≥ 0

Fx · V 4 〈a〉Un = V 〈ap3〉Un+2 n ≥ 0

Fx · V m 〈a〉UnF = V m+2 〈ap2〉Un+1 m = 0, 1, 2, n ≥ 0

Fx · V 3 〈a〉UnF = 〈ap3〉Un+2F n ≥ 0

Fx · V 4 〈a〉UnF = V 〈ap3〉Un+2F n ≥ 0
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(6.4.3) Using Prop. 4.3 and the above formulae, one sees that the Cartier module of the
maximal p-divisible formal subgroup consists of all elements of D of the form

4∑
m=1

∞∑
n=0

V m 〈amn0〉 +
4∑

m=0

∞∑
n=0

V m 〈amn1〉F amni ∈ k ∀m,n, i .

The tangent space of DE(X,Y )p-div, canonically isomorphic to

M(DE(X,Y )p-div)/V ·M(DE(X,Y )p-div) ,

is a 9-dimensional vector space, generated by the images of the following elements

V mU0 (m = 1, . . . , 4); V mU0F (m = 0, . . . , 4)

of M(DE(X,Y )p-div.

(6.4.4) The left Cartp(k)-module

M(DE(X,Y )p-div/(V ·M(DE(X,Y )p-div) + F ·M(DE(X,Y )p-div)) ,

canonically isomorphic to the covariant Dieudonné module of the maximal α-subgroup of
DE(X,Y )p-div, can be identified with(

4∑
m=1

k ·V iU0 +
4∑

m=0

k ·V iU0F

)/(
3∑
i=1

k ·V iU0F

)
,

where u denotes the image of an element u ∈ M(DE(X,Y )p-div) ⊂ D in the quotient space

M(DE(X,Y )p-div/V ·M(DE(X,Y )p-div) + F ·M(DE(X,Y )p-div) .

In particular it is a 6-dimensional vector space over k. Therefore DE(X,Y )p-div is not minimal,
i.e. DE(X,Y )p-div is not isomorphic over k to the self-product of 9-copies of the formal group
of a supersingular elliptic curve.

(6.4.5) The Cartier module of DE(X,Y )unip is the Cartp(k)-submodule of M(DE(X,Y )) gen-
erated by the element U1 − V 4U0F of M(DE(X,Y )). This generator gives an isomorphism

Cartp(k)/Cartp(k)·F ∼−→ M(DE(X,Y )unip) ,

and also an isomorphism Ga
∼−→ DE(X,Y )unip.

(6.4.6) The covariant Dieudonné module of DE(X,Y )p-div ∩ DE(X,Y )unip is isomorphic to
Cartp(k)/(Cartp(k)·F + Cartp(k)·V 2). In other words, DE(X,Y )p-div ∩ DE(X,Y )unip is iso-

morphic to the kernel of the second iterate of the relative Frobenius Fr2
Ga/k

: Ga → G
(p2)
a on

Ga.
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(6.4.7) The quotient M(DE(X,Y ))/M(DE(X,Y )unip is the Cartier module of the maximal
p-divisible quotient of DE(X,Y ). The quotient

M(DE(X,Y ))/ (M(DE(X,Y )unip) + VM(DE(X,Y )) + FM(DE(X,Y )))

is a 6-dimensional vector space over k. So the maximal p-divisible quotient of DE(X,Y ) is
not minimal either.

§7. The structure of BCp(k)

In this section we study the structure of the module BCp(k), where k is a perfect field of
characteristic p. A crude first approximation of BCp(k) is the tensor product of Cartp(k)
with itself over the ring W(k) = Wp(k) of p-adic Witt vectors. The module BCp(k) can be
identified with a completion of a suitable W(k)-submodule of Cartp(k) ⊗W(k) Cartp(k) ⊗Z Q,
with respect to the topology defined by a suitable filtration.

(7.1) Definition (i) The Cartier ring Cartp(k) has a decreasing filtration Fil•V by right
ideals, called the V-adic filtration, defined by

FilnV Cartp(k) = V nCartp(k) ,

for all n ≥ 0.

(ii) The Cartier ring Cartp(k) has a decreasing filtration Fil•tot, called the “total filtration”.
It is defined by

FilNtotCartp(k) =


∑
m,n≥0
m+n≥N

V m〈amn〉Fn ∈ Cartp(k)

∣∣∣∣∣∣∣∣ am,n ∈ k ∀m,n
 ,

for all N ∈ N.

(7.1.1) Lemma (i) FilmV Cartp(k) · FilnV Cartp(k) ⊆ Film+n
V Cartp(k) for all m,n ∈ N. In

particular, each FilmV Cartp(k) is an ideal of Cartp(k).

(ii) The Cartier ring Cartp(k) is a complete and separated topological ring for the topology
defined by the V-adic filtration Fil•V .

(iii) FilmtotCartp(k) · FilntotCartp(k) ⊆ Film+n
tot Cartp(k) for all m,n ∈ N. In particular, each

FilmtotCartp(k) is an ideal of Cartp(k).

(iv) The Cartier ring Cartp(k) is a separated topological ring for the topology defined by the
filtration Fil•tot.

(v) The m-th graded piece grmV Cartp(k) is a k-vector space with basis (emn)n≥0, where emn
is the image of the element V mFn ∈ FilmV Cartp(k) in grmV Cartp(k).

(vi) The N -th graded piece grNtotCartp(k) is a finite-dimensional k vector space with basis{
V iFN−i

∣∣∣ i = 0, 1, . . . , N
}
,

where V iFN−i is the image of the element V iFN−i ∈ FilNtotCartp(k).
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(vii) The filtration Fil•tot on Cartp(k) is coarser than the V-adic filtration Fil•V . We have a
natural identification

Cartp(k)∧ =

 ∑
m,n≥0

V m〈amn〉Fn
∣∣∣∣∣∣ amn ∈ k ∀m,n ∈ N

 ,

where Cartp(k)∧ is the completion of Cartp(k) with respect to the filtration Fil•tot.

(viii) The total filtration Fil•totCartp(k) on Cartp(k) extends by the closure operation to a filtra-
tion Fil•totCartp(k)∧ on Cartp(k)∧, by open-and-closed ideals, which is strictly compatible
with Fil•totCartp(k).

Proof. Exercise.

(7.2) Definition (i) The V-adic filtration on BCp(k) is defined by

FilmV BCp(k) = V m · BCp(k) =


∑
i≥m
n,j≥0

V i 〈ainj〉Un Fj ∈ BCp(k)

∣∣∣∣∣∣∣
ainj ∈ k ∀ i ≥ m
∀n, j ≥ 0

 .

for all m ≥ 0.

(ii) The filtration Fil•tot on BCp(k) is defined by

FilNtotBCp(k) =


∑

m+n≥N
m,n,j≥0

V m 〈amnj〉Un Fj ∈ BCp(k)

∣∣∣∣∣∣∣ amnj ∈ k ∀m,n, j


for all N ≥ 0.

(7.2.1) Lemma (i) We have

V · FilmV BCp(k) ⊆ Film+1
V BCp(k) , ∀m ≥ 0

F · FilmV BCp(k) ⊆ FilmV BCp(k) , ∀m ≥ 0
〈c〉 · FilmV BCp(k) ⊆ FilmV BCp(k) , ∀m ≥ 0, ∀ c ∈ k

FilmV BCp(k) · V ⊆ Film+1
V BCp(k) , ∀m ≥ 0

FilmV BCp(k) · F ⊆ FilmV BCp(k) , ∀m ≥ 0
FilmV BCp(k) · 〈c〉 ⊆ FilmV BCp(k) , ∀m ≥ 0, ∀ c ∈ k

Vx · FilmV BCp(k) ⊆ FilmV BCp(k) , ∀m ≥ 0
Fx · FilmV BCp(k) ⊆ Film+1

V BCp(k) , ∀m ≥ 0
〈c〉x · FilmV BCp(k) ⊆ FilmV BCp(k) , ∀m ≥ 0, ∀ c ∈ k
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(ii) We have

FilmV Cartp(k) · FilnV BCp(k) ⊆ Film+n
V BCp(k) , ∀m,n ≥ 0

FilnV BCp(k) · FilmV Cartp(k) ⊆ Film+n
V BCp(k) , ∀m,n ≥ 0

and
FilnV Cartp(k)x ·x FilmV BCp(k) ⊆ FilmV BCp(k) , ∀m,n ≥ 0

where ·x denotes the action of the “extra copy” of Cartp(k) on the bimodule BCp(k).

(iii) For each m ≥ 0, FilnV BCp(k) is a sub-(Cartp(k)-Cartp(k))-bimodule of BCp(k), and is
also a submodule with respect to the action of the “extra copy” of Cartp(k).

(iv) The m-th graded piece grmV BCp(k) of BCp(k) for the V -adic filtration is isomorphic as
a k-vector space to the set of all formal series of the form∑

n,j≥0

amnj emnj

where amnj ∈ k for all n, j ≥ 0, and for each n ≥ 0, there exists a constant Cm,n such
that amnj = 0 for all j > C(m,n). A series

∑
n,j≥0 amnj emnj as above represents the

image of the element ∑
n,j≥0

V m〈ap
m

mnj〉UnF
j ∈ FilmV BCp(k)

in grmV BCp(k).

(v) BCp(k) is a complete and separated topological (Cartp(k)-Cartp(k))-bimodule, with re-
spect to the topology defined by the V-adic filtration Fil•V on BCp(k), and the topology
defined by the V-adic filtration on both the left and the right factor of Cartp(k) in the
bimodule structure.

Proof. The proofs are straight-forward, therefore omitted. We illustrate an instance of (i):
Vx · Um = Um+1, Um, Um+1 ∈ Fil0V BCp(k), but Um+1 /∈ Fil1V BCp(k).

Remark The action of the “extra copy” of Cartp(k) on BCp(k) is not continuous with respect
to the V-adic filtrations on Cartp(k) and BCp(k).

(7.2.2) Lemma (i) We have

V · FilmtotBCp(k) ⊆ Film+1
tot BCp(k) , ∀m ≥ 0

F · FilmtotBCp(k) ⊆ Film+1
V BCp(k) , ∀m ≥ 0

〈c〉 · FilmtotBCp(k) ⊆ FilmtotBCp(k) , ∀m ≥ 0, ∀ c ∈ k

FilmtotBCp(k) · V ⊆ Film+2
tot BCp(k) , ∀m ≥ 0

FilmtotBCp(k) · F ⊆ FilmtotBCp(k) , ∀m ≥ 0
FilmtotBCp(k) · 〈c〉 ⊆ FilmtotBCp(k) , ∀m ≥ 0, ∀ c ∈ k

Vx · FilmtotBCp(k) ⊆ Film+1
tot BCp(k) , ∀m ≥ 0

Fx · FilmtotBCp(k) ⊆ Film+1
tot BCp(k) , ∀m ≥ 0

〈c〉x · FilmtotBCp(k) ⊆ FilmtotBCp(k) , ∀m ≥ 0, ∀ c ∈ k
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(ii) We have

FilmtotCartp(k) · FilntotBCp(k) ⊆ Film+n
tot BCp(k) , ∀m,n ≥ 0

FilmtotBCp(k) · FilnV Cartp(k) ⊆ Film+2n
tot BCp(k) , ∀m,n ≥ 0

FilmtotBCp(k) · FilntotCartp(k) ⊆ FilmtotBCp(k) , ∀m,n ≥ 0

and
FilmtotCartp(k)x ·x FilntotBCp(k) ⊆ Film+n

tot BCp(k) , ∀m,n ≥ 0

where ·x denotes the action of the “extra copy” of Cartp(k) on the bimodule BCp(k).

(iii) For each m ≥ 0, FilntotBCp(k) is a sub-(Cartp(k)-Cartp(k))-bimodule of BCp(k), and is
also a submodule with respect to the action of the “extra copy” of Cartp(k).

(iv) For each N ≥ 0, grNtotBCp(k) is a k-vector space with basis{
V iUN−iF j

∣∣∣ i = 0, 1, . . . , N, j = 0, 1, 2, . . .
}
,

where V iUN−iF j is the image of the element V iUN−iF
j ∈ FilNtotBCp(k) in grNtotBCp(k).

(v) The module BCp(k) is a complete and separated topological (Cartp(k)-Cartp(k))-bimodule
with respect to the topology defined by the filtration Fil•tot on BCp(k).

(vi) The (Cartp(k)-Cartp(k))-bimodule action BCp(k) is continuous, for the topology defined
by the filtration Fil•totCartp(k) on the left factor of Cartp(k) in the bimodule structure, the
topology defined by the V-adic filtration on the right factor of Cartp(k) in the bimodule
structure, and the topology defined by the by the filtration Fil•totBCp(k) on BCp(k).

(v) The action of the “extra copy” of Cartp(k) on BCp(k) is continuous, for the topology
defined by the filtration Fil•totCartp(k) on Cartp(k) and the topology defined by the filtra-
tion Fil•totBCp(k) on BCp(k). Therefore BCp(k) has a natural structure as a continuous
(Cartp(k)∧-Cartp(k))-bimodule, plus a continuous left action of Cartp(k)∧, commuting
with the (Cartp(k)∧-Cartp(k))-bimodule structure.

Proof. We only illustrate an example of (i). We have FxUm = V UmF , Um ∈ FilmtotBCp(k),
and Um+1 ∈ Film+1

tot BCp(k), for all m ∈ N. The rest is left as an exercise.

Remark The right action of Cartp(k) on BCp(k) coming from the right factor Cartp(k) of the
bimodule structure is not continuous for topology defined by Fil•totBCp(k) and Fil•totCartp(k).

(7.3) Definition (i) The V -adic filtration of Cartp(k)⊗W(k) Cartp(k) is the tensor product
filtration of the V-adic filtration of Cartp(k):

FilnV
(
Cartp(k)⊗W(k) Cartp(k)

)
=
∑
i,j≥0
i+j≥n

Image
(
V iCartp(k)⊗W(k) V

jCartp(k)→ Cartp(k)⊗WY (k) Cartp(k)
)
,

for all n ∈ N.
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(ii) The decreasing filtration Fil•tot on Cartp(k)⊗W(k) Cartp(k) is defined by

FilNtot

(
Cartp(k)⊗W(k) Cartp(k)

)
=

∑
m,n≥0

m+2n≥N

Image
(
FilmtotCartp(k)⊗W(k) FilnV Cartp(k)→ Cartp(k)⊗W(k) Cartp(k)

)
,

for all N ∈ N.

(7.3.1) Lemma (i) There exists a unique homomorphism

α : Cartp(k)⊗W(k) Cartp(k)→ BCp(k)

of (Cartp(k)-Cartp(k))-bimodules such that α(a⊗b) = a·U0 ·b for all a, b ∈ Cartp(k). The
right hand side of the above equality refers to the (Cartp(k)-Cartp(k))-bimodule structure
of BCp(k).

(ii) We have
α
(
FilmV (Cartp(k)⊗W(k) Cartp(k)

)
⊆ FilmV BCp(k)

for all m ∈ N, and

α
(
FilNtot(Cartp(k)⊗W(k) Cartp(k)

)
⊆ FilNtotBCp(k)

for all N ∈ N.

Proof. To prove (i), it suffices to show that λ ·U0 = U0 ·λ in BCp(k) for every λ ∈W(k). We
know that every element of W(k) can be written as a convergent sum

∑
n∈N V

n〈an〉Fn with
an ∈ k for all n ≥ 0. First we show that

V n〈a〉Fn · U0 = U0 · V n〈a〉Fn .

This is clear since both sides are equal to V n〈a〉UnFn. An easy continuity argument, with
BCp(k) given the V-adic filtration in 7.2, finishes the proof of (i). The statement (ii) is
immediate from the definition of the filtrations, Lemma 7.2.1 and Lemma 7.2.2.

(7.4) Proposition Let

gr•V α : gr•V
(
Cartp(k)⊗W(k) Cartp(k)

)
→ gr•V BCp(k) .

be the map induced by α, between the graded pieces of Cartp(k) ⊗W(k) Cartp(k) and Cartp(k)
for the V-adic filtration. Let

gr•totα : gr•tot

(
Cartp(k)⊗W(k) Cartp(k)

)
→ gr•totBCp(k) .

be the map induced by α, between the graded pieces of Cartp(k) ⊗W(k) Cartp(k) and Cartp(k)
for the filtration Fil•tot.

(i) The map grmV α is an injection for each m ≥ 0.

(ii) The map grNtotα is an injection for each N ≥ 0.
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Proof. (i) Fix a natural number m ∈ N. We have seen in 7.2.1 that the group grmV (BCp(k))
is isomorphic to the k vector space of all formal linear combinations of the form∑

n,j≥0

anjenj , anj ∈ k ∀n, j ≥ 0, and ∀n ∃C(n) s.t. anj = 0 if j > C(n) ;

where a typical formal series
∑

n,j≥0 anjenj in the form above represents the image of the

element
∑

n,j≥0 V
m〈ap

−m

nj 〉UnF j of grmV (BCp(k)) in grmV (BCp(k)). As for the source of the map
grmV α, it is easy to see that grmV

(
Cartp(k)⊗W(k) Cartp(k)

)
is spanned by the image of the

subset
(A) =

{
Fn ⊗ V mF j

∣∣ n, j ≥ 0
}
∪
{
V i ⊗ V m−iF j

∣∣ 1 ≤ i ≤ m, j ≥ 0
}

of FilmV
(
Cartp(k)⊗W(k) Cartp(k)

)
. The image of (A) under α is the following subset

(B) =
{
V mUm+nF

n+j | n, j ≥ 0
}
∪
{
V mUm−iF

j | 1 ≤ i ≤ m, j ≥ 0
}

of FilmV (BCp(k)). By 7.2.1 (iv), the image of the elements of (B) in grm(BCp(k)) are lin-
early independent over k. Hence the image of the elements of (A) in the graded piece
grmV

(
Cartp(k)⊗W(k) Cartp(k)

)
are linearly independent, and the map grmV is injective. This

proves (i).

(ii) It is easy to see that the N -th graded piece grNtot

(
Cartp(k)⊗W(k) Cartp(k)

)
of the tensor

product Cartp(k)⊗W(k) Cartp(k) is spanned by the image of the subset

(C) =
{
Fn ⊗ V mF j

∣∣ n ≥ 1, m, j ≥ 0, n+ 2m = N
}

∪
{
V i ⊗ V rF j

∣∣ i ≥ 1, r, j ≥ 0, i+ 2r = N
}

of FilNtot

(
Cartp(k)⊗W(k) Cartp(k)

)
. The image of (C) under α is the following subset

(D) =
{
V mUm+nF

n+j | m ≥ 1, n, j ≥ 0, 2m+ n = N
}

∪
{
V i+rUrF

j | i ≥ 1, r, j ≥ 0, i+ 2r = N
}

of FilmV (BCp(k)). By 7.2.2 (iv), the image of the set (D) in grNtotBCp(k) is linearly independent
over k, therefore the map grNtot is injective.

(7.4.1) Corollary Let Cartp(k)⊗̂VW(k)Cartp(k) and Cartp(k)⊗̂tot
W(k)Cartp(k) be the completion

of the tensor product Cartp(k) ⊗W(k) Cartp(k) for the V-adic filtration Fil•V and the total
filtration Fil•tot respectively.

(i) The map α : Cartp(k)⊗W(k) Cartp(k)→ BCp(k) extends uniquely to a continuous map

α̂V : Cartp(k)⊗̂VW(k)Cartp(k)→ BCp(k)

with respect to the V-adic filtrations. The map α̂V is an injection, and is a homomor-
phism of (Cartp(k)-Cartp(k))-bimodules.

(ii) The map α : Cartp(k)⊗W(k) Cartp(k)→ BCp(k) extends uniquely to a continuous map

α̂tot : Cartp(k)⊗̂tot
W(k)Cartp(k)→ BCp(k)

with respect to the total filtrations Fil•tot. The map α̂tot is an injection, and is a homo-
morphism of (Cartp(k)∧-Cartp(k))-bimodules.
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Proof. The injectivity of α̂V and α̂tot follows from 7.4 (i) and (ii) respectively. The ho-
momorphism α is a homomorphism of (Cartp(k)-Cartp(k))-bimodules by construction. The
completion Cartp(k)⊗̂tot

W(k)Cartp(k) is a (Cartp(k)∧-Cartp(k))-bimodule, because the total fil-
tration Fil•tot on Cartp(k) ⊗W(k) Cartp(k) is the tensor product of the filtration Fil•tot on the
left factor of Cartp(k) and the filtration Fil•d on the right factor of Cartp(k), defined by

FilndCartp(k) := Fildn/2eV Cartp(k) .

The last sentence of statement (ii) follows from continuity.

In the rest of this section K = frac(W(k)) denotes the field of fractions of the ring W(k) of
p-adic Witt vectors with entries in k, and σ : W(k) → W(k) denotes the ring automorphism
induced by Frp : k → k. The “Frobenius automorphism” σ extends to an automorphism of
the fraction field K of W(k), again denoted by σ. Let ordp be the discrete p-adic valuation on
K, normalized by ordp(p) = 1.

(7.5) Definition (i) Denote by W(k)[V, F ] the W(k)-module consisting of all finite series
of the form ∑

i∈Z
ai V

i , ai ∈ K , ordp(ai) ≥ max(−i, 0), ∀i ∈ Z ,

such that ai = 0 for all but finitely many i’s. The set

{1 = V 0, V 1, V 2, . . . , pV −1, p2V −2, . . .}

is a basis of the free W(k)-module W(k)[V, F ].

(ii) Define a ring structure on W(k)[V, F ] by(∑
i

ai V
i

)
·

∑
j

bj V
j

 =
∑
n∈Z

∑
n=i+j

aib
σ−j
j V n

for elements
∑

i ai V
i,
∑

j bj V
j of W(k)[V, F ].

(iii) Let Fil•VW(k)[V, F ] be the decreasing filtration on W(k)[V, F ], defined by

FilmVW(k)[V, F ] =

{∑
i

ai V
i ∈W(k)[V, F ]

∣∣∣∣∣ ordp(ai) ≥ max(m− i, 0) ∀ i

}

for m ≥ 0. The condition on ordp(ai) is equivalent to: ordp(ai) ≥ max(−i, 0) and
ordp(ai) + i ≥ 0. Notice that each FilmVW(k)[V, F ] is an ideal of W(k)[V, F ].

(iv) Let Fil•totW(k)[V, F ] be the decreasing filtration on W(k)[V, F ], defined by

FilmtotW(k)[V, F ] =

{∑
i

ai V
i ∈W(k)[V, F ]

∣∣∣∣∣ ordp(ai) ≥ Max
(
−i, m− i

2
, 0
)
∀ i

}

for m ≥ 0. The condition on ordp(ai) is equivalent to: ordp(ai) ≥ max(−i, 0) and
2ordp(ai) + i ≥ m. Each FilmtotW(k)[V, F ] is an ideal of W(k)[V, F ].
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(7.5.1) Lemma Let η : W(k)[V, F ]→ Cartp(k) be the W(k)-linear homomorphism such that
η(V i) = V i for all i ≥ 0, and η(piV −i) = F i for all i ≥ 1.

(i) We have

η

∑
i≥0

ai V
i +
∑
i≥1

bip
iV −i

 =
∑
i≥0

∑
n≥0

V n+i〈ap
i

in〉F
n +

∑
i≥1

∑
n≥0

V n〈bin〉Fn+i

for all elements
∑

i≥0 ai V
i +

∑
i≥1 bip

iV −i ∈ W(k)[V, F ], where ai = (ain)n≥0, bi =
(bin)n≥0 as Witt vectors. In other words, the ain’s and the bin’s are the Witt components
of the Witt vectors ai and bi respectively.

(ii) The map η above is an injective ring homomorphism.

(iii) The homomorphism η is strictly compatible for the V -adic filtrations on the source and
the target, i.e. η−1(FiliV Cartp(k)) = FiliVW(k)[V, F ]. Similarly, η−1(FilitotCartp(k)) =
FilitotW(k)[V, F ].

Proof. Exercise.

(7.5.2) Lemma (i) The completion W [[V, F 〉〉 of W(k)[V, F ] with respect to the filtration
Fil•VW(k)[V, F ] is the set of all formal series of the form∑

i∈Z
ai V

i , ai ∈ K , ordp(ai) ≥ max(−i, 0), ∀i ∈ Z ,

such that limi→−∞ ord(ai) + i =∞.

(ii) The V-adic filtration Fil•VW(k)[V, F ] gives rise to a filtration Fil•VW(k)[[V, F 〉〉 by open-
and closed ideals, via the closure operation. The filtration Fil•VW(k)[[V, F 〉〉 is strictly
compatible with Fil•VW(k)[V, F ].

(iii) The completion W(k)[[V, F ]] of W(k)[V, F ] with respect to the filtration Fil•totW(k)[V, F ]
is the set of all formal series of the form∑

i∈Z
ai V

i , ai ∈ K , ordp(ai) ≥ max(−i, 0), ∀i ∈ Z .

Notice that limi→−∞ 2ord(ai) + i =∞, because ordp(ai) ≥ −i for all negative integers i.

(iv) The total filtration Fil•totW(k)[V, F ] gives rise to a filtration Fil•totW(k)[[V, F 〉〉 by open-
and closed ideals, via the closure operation. The filtration Fil•totW(k)[[V, F 〉〉 is strictly
compatible with Fil•totW(k)[V, F ].

(v) The injective homomorphism η : W(k)[V, F ]→ Cartp(k) extends to an isomorphism

η : W(k)[[V, F 〉〉 ∼−→ Cartp(k)

of rings which is strictly compatible with the V-adic filtrations.
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(vi) The homomorphism η : W(k)[V, F ]→ Cartp(k) extends to a ring isomorphism

η : W(k)[[V, F ]] ∼−→ Cartp(k)∧

which is strictly compatible with the filtrations Fil•totW(k)[[V, F ]] and Fil•totCartp(k)∧.

Proof. Exercise.

(7.5.3) Corollary (i) Multiplication in W(k)[[V, F 〉〉 is given by the familiar formula(∑
i∈Z

ai V
i

)
·

∑
j∈Z

bj V
j

 =
∑
n∈Z

 ∑
i+j=n

ai b
σ−i
j

 V n .

The infinite sum ∑
i+j=n

ai b
σ−i
j =

∑
j≥0

an−j b
σj−n
j +

∑
j>0

an+jb
σ−n−j
−j

in the above formula is convergent because an−j b
σj−n
j ≡ 0 (mod pj−n) for all j ∈ N,

j ≥ n, and an+jb
σ−n−j
−j ≡ 0 (mod pj) for all j ≥ 1. Moreover ord(

∑
i+j=n ai b

σ−i
j )+n ≥ 0

if n < 0, so that
∑

n∈Z

(∑
i+j=n ai b

σ−i
j

)
V n is an element of W(k)[[V, V −1〉〉. Notice

that u · V = V uσ for every u ∈W(k).

(ii) Multiplication in W(k)[[V, F ]] is given by the same formula(∑
i∈Z

ai V
i

)
·

∑
j∈Z

bj V
j

 =
∑
n∈Z

 ∑
i+j=n

ai b
σ−i
j

 V n .

Notice that the infinite sum∑
i+j=n

ai b
σ−i
j =

∑
j≥0

an−j b
σj−n
j +

∑
j>0

an+jb
σ−n−j
−j

in the above formula is again convergent, for the same reason as in (i).

(7.5.4) Corollary The inverse ξ : Cartp(k) ∼−→W(k)[[V, F 〉〉 of

η : W(k)[[V, F 〉〉 ∼−→ Cartp(k)

is given by the formula

ξ :
∑
m,n≥0

V m〈amn〉Fn 7→
∑
i∈Z

 ∑
m−n=i
m,n≥0

pn 〈ap−mmn 〉

 V i

Under the isomorphism ξ, the V -adic filtration of Cartp(k) corresponds to the filtration of
W(k)[[V, V −1〉〉 defined by

FilnV
(
W(k)[[V, V −1〉〉

)
=

{∑
i∈Z

ai V
i ∈W(k)[[V, V −1〉〉

∣∣∣∣∣ ordp(ai) + i ≥ n ∀ i ∈ Z

}
.
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(7.6) Definition (i) Let Fil•V (W(k)[V, F ]⊗W(k)W(k)[V, F ]) be the filtration on the tensor
product W(k)[V, F ]⊗W(k) W(k)[V, F ] induced by the filtration Fil•V on

Cartp(k)⊗W(k) Cartp(k)

and the natural injection

W(k)[V, F ]⊗W(k) W(k)[V, F ] ↪→ Cartp(k)⊗W(k) Cartp(k)

Denote by W(k)[V, F ]⊗̂VW(k)W(k)[V, F ] the completion of W(k)[V, F ]⊗W(k)W(k)[V, F ] for
the filtration Fil•V (W(k)[V, F ]⊗W(k) W(k)[V, F ]).

(ii) Let Fil•tot(W(k)[V, F ]⊗W(k) W(k)[V, F ]) be the filtration on W(k)[V, F ]⊗W(k) W(k)[V, F ]
induced by the filtration Fil•tot on Cartp(k)⊗W(k) Cartp(k) and the natural injection

W(k)[V, F ]⊗W(k) W(k)[V, F ] ↪→ Cartp(k)⊗W(k) Cartp(k)

Denote by W(k)[V, F ]⊗̂tot
W(k)W(k)[V, F ] the completion of W(k)[V, F ]⊗W(k)W(k)[V, F ] for

the filtration Fil•tot(W(k)[V, F ]⊗W(k) W(k)[V, F ]).

(7.6.1) Lemma (i) For every n ≥ 0, FilnV (W(k)[V, F ]⊗W(k)W(k)[V, F ]) is the W(k)-sub-
module of W(k)[V, F ]⊗W(k) W(k)[V, F ] generated by elements of the form

aV i ⊗ V j , a ∈W(k) ,

such that

ordp(a) ≥ max(0,−i) + max(0,−j), and ordp(a) + i+ j ≥ n .

(ii) For every n ≥ 0, Filntot(W(k)[V, F ]⊗W(k)W(k)[V, F ]) is the W(k)-submodule of the tensor
product W(k)[V, F ]⊗W(k)W(k)[V, F ] generated by elements of the form

aV i ⊗ V j , a ∈W(k) ,

such that

ordp(a) ≥ max(0,−i) + max(0,−j), and 2ordp(a) + i+ 2j ≥ n .

Proof. Omitted.

(7.6.2) Lemma (i) The V -adic completion W(k)[V, F ]⊗̂VW(k)[V, F ] of the tensor product
W(k)[V, F ]⊗W(k)[V, F ] can be naturally identified with the set of all formal double series
of the form ∑

i,j∈Z
aij V

i ⊗ V j

satisfying the following conditions:

– aij ∈W(k) ∀ i, j ∈ Z,

– ordp(aij) ≥ max(0,−i) + max(0,−j) ∀ i, j ∈ Z,

– lim|i|+|j|→∞ (ordp(aij) + i+ j) =∞.
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Clearly W(k)[V, F ]⊗̂VW(k)[V, F ] is a (W(k)[[V, F 〉〉-W(k)[[V, F 〉〉)-bimodule.

(ii) The natural embedding

W(k)[V, F ]⊗W(k)[V, F ] ↪→ Cartp(k)⊗W(k) Cartp(k)

extends to an isomorphism

W(k)[V, F ]⊗̂VW(k)[V, F ] ∼−→ Cartp(k)⊗̂VW(k)Cartp(k) .

Proof. Omitted.

(7.6.3) Lemma (i) The completion W(k)[V, F ]⊗̂tot
W(k)[V, F ] of W(k)[V, F ]⊗W(k)[V, F ] with

respect to the filtration Fil•tot(W(k)[V, F ] ⊗W(k) W(k)[V, F ]) can be naturally identified
with the set of all formal double series of the form∑

i,j∈Z
aij V

i ⊗ V j

satisfying the following conditions:

– aij ∈W(k) ∀ i, j ∈ Z,

– ordp(aij) ≥ max(0,−i) + max(0,−j) ∀ i, j ∈ Z,

– lim|i|+|j|→∞ (2 ordp(aij) + i+ 2j) =∞.

Moreover, W(k)[V, F ]⊗̂VW(k)[V, F ] is a (W(k)[[V, F ]]-W(k)[[V, F 〉〉)-bimodule.

(ii) The natural embedding

W(k)[V, F ]⊗W(k)[V, F ] ↪→ Cartp(k)⊗W(k) Cartp(k)

extends to an isomorphism

W(k)[V, F ]⊗̂tot
W(k)[V, F ] ∼−→ Cartp(k)⊗̂tot

W(k)Cartp(k) .

Proof. Exercise.

(7.7) We would like to give a more explicit description of BCp(k), similar to what 7.6.2 and
7.6.3 provided for Cartp(k)⊗̂VW(k)Cartp(k) and Cartp(k)⊗̂tot

W(k)Cartp(k) respectively. We have
seen that W(k)[V, F ]⊗W(k) W(k)[V, F ] is in bijection with a subset of BCp(k) under the map

α′ : W(k)[V, F ]⊗W(k) W(k)[V, F ] −→ BCp(k) , a⊗ b 7→ a·U0 ·b .

The subset
α′(W(k)[V, F ]⊗W(k)W(k)[V, F ])

is a first approximation to BCp(k). We will enlarge it inside α′(W(k)⊗W(k)W(k)[V, F ])⊗Zp⊗Qp
to get a dense subset of BCp(k).
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(7.7.1) Definition Let BCp(k)′ be the subset of BCp(k), defined by

BCp(k)′ :=
∑
n≥0

V n
x · α′(W(k)[V, F ]⊗W(k)W(k)[V, F ]) .

Let Fil•totBCp(k)′ be the filtration on BCp(k)′ induced by the filtration Fil•totBCp(k) on BCp(k).

(7.7.2) Lemma The endomorphisms [p] on Cartp(k)⊗̂W(k)Cartp(k) and BCp(k) defined by
multiplication with p are both injections. Therefore all arrows in the commutative diagram

W(k)[V, F ]⊗
W(k)

W(k)[V, F ]

[p]

��

// Cartp(k)⊗̂tot

W(k)
Cartp(k)

[p]
��

α̂tot // BCp(k)

[p]

��

W(k)[V, F ]⊗
W(k)

W(k)[V, F ]⊗
Z
Q // Cartp(k)⊗̂tot

W(k)
Cartp(k)⊗

Z
Q

α̂tot // BCp(k)⊗
Z
Q

are injections, where α
Q

= α⊗
Z
Q.

Proof. The injectivity of BCp(k)
[p] //BCp(k) is easy, since

BCp(k) ⊆ Cartp(k[[x]]+) = Λ(k[[x, y]]‡) ,

and [p] : Cartp(k[[x]]+)→ Cartp(k[[x]]+) is injective. The injectivity of

Cartp(k)⊗̂tot
W(k)Cartp(k)

[p] //Cartp(k)⊗̂tot
W(k)Cartp(k)

is immediate from Lemma 7.6.2.

(7.8) With Lemma 7.7.2, we can identify BCp(k)′ with a suitable subset of

W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗Zp Qp .

This subset BCp(k)′ of BCp(k) is dense in BCp(k) with respect to the filtration Fil•totBCp(k).
From this we will obtain an explicit description of the completion BCp(k) of BCp(k)′, to be
worked out in the rest of this section.

(7.8.1) Lemma The following operators on the tensor product Cartp(k) ⊗Z Cartp(k) passes
to Cartp(k) ⊗W(k) Cartp(k), Cartp(k)⊗W(k)Cartp(k) ⊗Z Q, as well as Cartp(k)⊗̂VW(k)Cartp(k)
and Cartp(k)⊗̂ ⊗tot

W(k) Cartp(k), and define operators on these modules.

FB : Cartp(k)⊗Z Cartp(k) −→ Cartp(k)⊗Z Cartp(k)
u⊗ v 7→ u · V ⊗ F · v ∀u, v ∈ Cartp(k)

〈a〉B : Cartp(k)⊗Z Cartp(k) −→ Cartp(k)⊗Z Cartp(k)
u⊗ v 7→ u · 〈a〉 ⊗ v ∀ a ∈ k, ∀u, v ∈ Cartp(k)

wB : Cartp(k)⊗Z Cartp(k) −→ Cartp(k)⊗Z Cartp(k)
u⊗ v 7→ u · w ⊗ v ∀w ∈W(k), ∀u,v ∈ Cartp(k)
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Similarly, the operator

VB : Cartp(k)⊗Z Cartp(k)⊗
Z
Q −→ Cartp(k)⊗Z Cartp(k)⊗

Z
Q

u⊗ v ⊗ 1 7→ u · F ⊗ V · v ⊗ p−1 ∀u, v ∈ Cartp(k)

passes to the modules Cartp(k)⊗W(k) Cartp(k)⊗
Z
Q, Cartp(k)⊗̂VW(k)Cartp(k)⊗

Z
Q, and

Cartp(k)⊗̂tot
W(k)Cartp(k)⊗

Z
Q.

Proof. The main issue here is to verify that these operators preserve the subgroup generated
by elements of the form uc⊗ v−u⊗ cv, where u, v ∈ Cartp(k), c ∈W(k), or c ∈W(k)⊗ZQ in
the last case. This is clear for the 〈a〉B’s. The rest follows from the following easy calculations:

FB(uc⊗ v − u⊗ cv) = ucV ⊗ Fv − uV ⊗ Fcv = uV cσ ⊗ Fv − uV ⊗ cσFv
wB (uc⊗ v − u⊗ cv) = ucw ⊗ v − uw ⊗ cv = uwc⊗ v − uw ⊗ cv

VB(uc⊗ v − u⊗ cv) = p−1ucF ⊗ V v − p−1uF ⊗ V cv = p−1uFcσ
−1⊗ V v − p−1uF ⊗ cσ−1

V v

Therefore these operators pass to Cartp(k)⊗W(k) Cartp(k), or Cartp(k)⊗W(k) Cartp(k)⊗ZQ in
the case of VB. Each operator is continuous with respect to the topology defined by Fil•V and
Fil•tot, therefore they extend uniquely to Cartp(k)⊗̂VW(k)Cartp(k) and Cartp(k)⊗̂tot

W(k)Cartp(k),

or Cartp(k)⊗̂VW(k)Cartp(k)⊗Z Q and Cartp(k)⊗̂tot
W(k)Cartp(k)⊗Z Q in the case for VB.

(7.8.2) Lemma Let α
Q

= α⊗ZQ : Cartp(k)⊗W(k) Cartp(k)⊗ZQ→ BCp(k)⊗ZQ be the map
induced by α. Then

α
Q
◦ FB = Fx ◦ αQ

α
Q
◦ VB = Vx ◦ αQ

α
Q
◦ 〈a〉B = 〈a〉x ◦ αQ

for every a ∈ k, where Fx, Vx and 〈a〉x appearing at the right of the displayed equalities denote
the endomorphisms of BCp(k)⊗ZQ induced by the endomorphisms Fx, Vx and 〈a〉x of BCp(k)
respectively.

Proof. The source and the target of the maps

FB, VB, 〈a〉B, Fx, Vx, 〈x〉x

are (Cartp(k)-Cartp(k))-bimodules, and the above maps are all endomorphisms of bimodules.
Hence it suffices to check the assertions when both sides of the equalities are applied to the
element 1⊗ 1 ∈ Cartp(k)⊗Cartp(k)⊗Z Q. which is immediate from Prop. 5.5.

(7.8.3) Lemma The operators FB and wB on Wk)[V, F ] ⊗W(k) Wk)[V, F ], w ∈ W(k), given
by the formulae below, are well-defined.

FB : W(k)[V, F ]⊗W(k) W(k)[V, F ] −→ W(k)[V, F ]⊗W(k) W(k)[V, F ]
u⊗ v 7→ uV ⊗ pV −1 v ∀u, v ∈W(k)[F, V ]

wB : W(k)[V, F ]⊗W(k) W(k)[V, F ] −→ W(k)[V, F ]⊗W(k) W(k)[V, F ]
u⊗ v 7→ uw ⊗ v ∀u, v ∈W(k)[F, V ]

Similarly, the operator VB on Wk)[V, F ]⊗W(k) Wk)[V, F ]⊗ ZQ, given by

VB : W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗Z Q −→ W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗Z Q
u⊗ v ⊗ 1 7→ u pV −1 ⊗ V v ⊗ p−1

for all u, v ∈W(k)[F, V ], is well-defined.

50



Proof. The same calculation as in 7.8.1 work.

(7.8.4) Lemma Let α′
Q

= α⊗ZQ : W(k)[V, F ]⊗W(k)W(k)[V, F ]⊗ZQ→ BCp(k)⊗ZQ be the
map induced by α′. Then

α
Q
◦ FB = Fx ◦ α′

Q

α
Q
◦ VB = Vx ◦ α′

Q

α
Q
◦ 〈a〉B = 〈a〉x ◦ α′

Q

for every a ∈ k, where Fx, Vx and 〈a〉x appearing at the right of the displayed equalities denote
the endomorphisms of BCp(k)⊗ZQ induced by the endomorphisms Fx, Vx and 〈a〉x of BCp(k)
respectively, while FB, VB, 〈a〉B are defined in 7.8.3.

Proof. Exercise.

(7.8.5) Definition Define B′ ⊂W(k[V, F ]⊗W(k) W(k[V, F ]⊗Z Q by

B′ :=
∑
i≥0

V i
B

(
W(k[V, F ]⊗W(k) W(k[V, F ],

)
the algebraic sum of the V i

B

(
W(k)[V, F ]⊗W(k) W(k)[V, F ]

)
’s. It is easy to see that B′ is stable

under the actions of FB, VB, wB on W(k)[V, F ]⊗W(k)W(k)[V, F ]⊗ZQ, and is also sub-bimodule
for the natural (W(k)[V, F ]-W(k)[V, F ]-bimodule structure on W(k)[V, F ] ⊗W(k) W(k)[V, F ].
Clearly the map α′ induces an isomorphism B′

∼−→ BCp(k)′.

(7.8.6) Lemma (i) The map α′ : W(k[V, F ] ⊗W(k) W(k[V, F ] → BCp(k) induces and iso-
morphism

α′ : B′ ∼−→ BCp(k)′ ,

under which the operators FB, VB, wB on B′

(ii) Under the isomorphism α’ in (i), the operators FB, VB, wB on B′, w ∈ W(k), corre-
sponds to the operators Fx, Vx wx on BCp(k)′.

Proof. Exercise.

(7.8.7) Definition Denote by B̃ the space of all formal linear combinations of the form∑
i,j∈Z

aij V
i ⊗ V j , aij ∈ K = frac(W(k)) ∀ i, j ∈ Z .

Define V
B̃

: B̃ → B̃ to be the operator

V
B̃

:
∑
i,j∈Z

aij V
i ⊗ V j 7→

∑
i,j∈Z

aij V
i−1 ⊗ V j+1

on B̃. Let F
B̃
B̃ → B̃ be the operator

F
B̃

:
∑
i,j∈Z

aij V
i ⊗ V j 7→

∑
i,j∈Z

p aij V
i+1 ⊗ V j−1
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(7.9) Consider the following commutative diagram

W(k)[V, F ](k)⊗
W(k)

W(k)[V, F ]

��

� � // B′ //

��

W(k)[V, F ](k)⊗
W(k)

W(k)[V, F ](k)⊗
Z
Q

��
Cartp(k)⊗W(k)Cartp(k) α // BCp(k) ı // B̃

of injections, where the vertical arrows are the obvious maps, and the dotted arrow ı is an
embedding of BCp(k) into B̃, to be constructed in the remaining part of this section, with the
property that the action of V

B̃
(resp. F

B̃
) on B̃ extends the action of Vx (resp. Fx on BCp(k).

We will also obtain an explicit description of the image ı(BCp(k) of ı in B̃.
Recall that in 7.6.2 and 7.6.3 we constructed embeddings

Cartp(k)⊗̂VW(k)Cartp(k) ↪→ B̃

and
Cartp(k)⊗̂tot

W(k)Cartp(k) ↪→ B̃ .

These two embeddings are compatible with the action of the completion of VB on the source
and the action of V

B̃
on the target B̃. We will see that the restriction of these two embeddings

to Cartp(k)⊗W(k)Cartp(k) are both equal to the composition ı ◦ α.
In order to construct the embedding ı, we will first compute the restriction to B′ of the

total filtration Fil•totBCp(k) on BCp(k). Then we can reconstruct BCp(k) as the completion
of B′ with respect to the total filtration on B′.

(7.9.1) Lemma For any integers i, j ∈ Z, define a function fi,j : N→ N by

fi,j(n) = max(−i− n, 0) + max(−j + n, 0), n ∈ N

Then
Minn≥0 fi,j(n) = max(−i− j,−j, 0)

Proof. We evaluate both sides for (i, j) in different regions of Z2 and show that they are equal.
Consider first the case when j ≥ 0 and i+ j ≥ 0. Then fi,j(j) = 0. So Minn≥0 fi,j(n) = 0. On
the other hand, max(−i− j,−j, 0) = 0 as well.

Consider the second case: j ≥ 0 and i+ j ≤ 0. Then

fi,j(n) = max(−i− n, 0) + max(−j + n, 0) ≥ −i− n− j + n = −i− j

for all n ∈ N, and fi,j(j) = −i − j. So Minn≥0 fi,j(n) = −i − j. On the other hand,
max(−i− j,−j, 0) = −i− j.

Consider the third case: j ≤ 0 and i ≥ 0. Then fi,j(n) = max(n − j, 0) for all n ∈ N, so
Minn≥0 fi,j(n) = 0. On the other hand, max(−i− j,−j, 0) = 0.

Finally we consider the case when j ≤ 0 and i ≤ 0. Then fi,j(n) = −i − j if 0 ≤ n ≤
−i, and fi,j(n) = −j + n if n > −i. So Minn≥0 fi,j(n) = −i − j. On the other hand,
max(−i− j,−j, 0)) = −i− j, and again both sides are equal.

52



(7.9.2) Corollary Recall that B′ is the algebraic sum

B′ =
∑
n≥0

V n
B ·W(k)[V, F ]⊗W(k) W(k)[V, F ] ⊂W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗Z Q .

Then

B′ =


∑
i,j∈Z
finite

aijV
i ⊗ V j

∣∣∣∣ aij ∈W(k) ∀ i, j ∈ Z
ordp(aij) ≥ max(−j,−i− j, 0) ∀ i, j ∈ Z

 .

Proof. Immediate from Lemma 7.9.1.

Remark The following diagram depicts a W(k)-basis of B′,

B′ ⊂W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗Z Q ∼=
⊕
i,j∈Z

K ·V i ⊗ V j ,

shown for pairs (i, j) at different locations in Z2:

V i ⊗ V j

i+j=0OOOOOOOOOOOOOOO

ggOOOOOOOOOOOOO

j=0 //

i=0

��

i→∞

p−i−jV i ⊗ V j

p−jV i ⊗ V j

j→−∞

(7.10) Proposition Consider the composition

β : B′
∼= // BCp(k)′ � � // BCp(k)

of injections. The following statements hold.

(i) The inverse image of the subset

FilNtot (BCp(k))

=


∑

m,n,j≥0
m+n≥N

V m 〈amnj〉Un F j
∣∣∣∣ amnj ∈ k ∀m,n, j ∈ N with m+ n ≥ N
∀m,n ≥ 0 ∃C(m,n) s.t. amnj = 0 ∀ j > C(m,n)
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of BCp(k) under β is

FilNtotB
′ =


∑
i,j∈Z

aij V
i ⊗ V j

∣∣∣∣∣∣∣∣
aij ∈W(k) ∀ i, j ∈ Z
aij = 0 for almost all i, j ∈ Z
ordp(aij) ≥ max(−i− j,−j, 0) ∀ i, j
2ordp(aij) + i+ 2j ≥ N

 .

(ii) The image β(B′) of β is dense in BCp(k) with respect to the topology of BCp(k) defined
by the filtration Fil•totBCp(k).

(iii) The map β induces a bijection β̂ from the set

(
B′
)∧ =

∑
i,j∈Z

aij V
i ⊗ V j

∣∣∣∣∣∣
aij ∈W(k) ∀ i, j ∈ Z
ordp(aij) ≥ max(−j,−i− j, 0) ∀ i, j ∈ Z
lim|i|+|j|→∞ 2ordp(aij) + i+ 2j =∞


to BCp(k).

Proof. The point of (i) is that

β−1(V m〈a〉UnF j) = pjV m−n〈ap−n〉 ⊗ V n−j ∀m,n, j ≥ 0, ∀ a ∈ k .

The rest of (i) follows from the definitions.
The statement (ii) follows from the fact that the subgroup of BCp(k) generated by the

subset {
V m〈a〉UnF i

∣∣ a ∈ k, m, n, i ≥ 0
}

is dense in BCp(k), and this subset is contained in the image of β.
According to statement (ii), BCp(k) can be naturally identified with the completion of

B′ with respect to the filtration Fil•totB
′, since BCp(k) is complete with respect to the total

filtration. The statement (iii) follows from the description in (i) of the fundamental system of
neighborhoods {

β−1
(
FilNtotBCp(k)

) ∣∣ N ∈ N}
for the induced topology on B′.

(7.10.1) Remark Under the bijection in 7.10 (iii), the (Cartp(k)-Cartp(k))-bimodule struc-
ture on BCp(k) corresponds to the obvious actions of the ring

W(k)[[V, F 〉〉 =

∑
i∈Z

aiV
i

∣∣∣∣∣∣
ai ∈W(k) ∀ i ∈ Z
ordp(ai) + i ≥ 0 ∀ i ≤ 0
lim|i|→∞ ordp(ai) + i =∞


on both the right and on the left of the set (B′)∧ above. We have

V b ·

∑
i,j∈Z

aijV
i ⊗ V j

 · V c =
∑
i,j∈Z

aσ
−b
ij V b+i ⊗ V σj+c .

The action of the “extra copy” of Cartp(k) corresponds to the continuous action of Cartp(k)
on (B′)∧, such that Vx, Fx, 〈c〉x acts via the following formulas

VB̃ :
∑

i,j∈Z aij V
i ⊗ V j 7→

∑
i,j∈Z aij V

i−1 ⊗ V j+1

FB̃ :
∑

i,j∈Z aij V
i ⊗ V j 7→

∑
i,j∈Z paij V

i+1 ⊗ V j−1

〈c〉
B̃

:
∑

i,j∈Z aijV
i ⊗ V j 7→

∑
i,j∈Z aij · 〈cp

−i〉V i ⊗ V j ∀ c ∈ k
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§8. Computation up to isogeny

(8.1) Notation Let k be a perfect field of characteristic p > 0. Let NQp be an isoclinic V-
isocrystal of dimension h over K = frac(W(k)) with V-slope µ, 0 < µ ≤ 1. Let h = dimK(N

Qp
).

If N
Qp

is the V-isocrystal attached to the Cartier module N of a p-divisible formal group Y ,
then Y is isoclinic of Frobenius slope µ, height(Y ) = h, dim(Y ) = µh.

Let NZp be a W (k)-lattice in N . Since NQp is isoclinic of slope µ, there exist constants
c1, c2 ≥ 0 such that

pbnµc+c1 ·N
Zp
⊆ V n ·N

Zp
⊆ pbnµc−c2 ·N

Zp

pbn(1−µ)c+c1 ·N
Zp
⊆ Fn ·N

Zp
⊆ pbn(1−µ)c−c2 ·N

Zp

for all n ∈ N.

(8.2) We formulate two combinatorial lemmas which will be used for an explicit description
of the tensor product BCp(k)⊗Cartp(k) NQp .

(8.2.1) Lemma Let f be the function from Z
2 to N defined by

f(i, j) := max(−i− j,−j, 0) ∀ i, j ∈ Z .

Define a function g : Z→ Z by

g(i) := Min { f(i, j) + jµ | j ∈ Z } ∀ i ∈ Z .

Then g(i) = max(−iµ, 0) for all i ∈ Z.

Proof. Let b be the denominator of µ. Then f(i, j) + jµ ∈ 1
bN for all j ∈ N. Therefore the

minimum in the definition of g(i) exists.
We have f(i, j) + jµ = (f(i, j) + j)µ + (1 − µ)f(i, j) ≥ max(−iµ, 0) for all j ∈ Z, since

f(i, j) + j ≥ max(−i, 0) for all j ∈ Z. The minimum is attained at j = 0 if i ≥ 0, and at
j = −i if i < 0.

(8.2.2) Lemma For each natural number N ≥ 0, define a function gN : Z→ Z by

gN (i) := Min {m+ jµ |m ≥ max(−i− j,−j, 0), 2m+ i+ 2j ≥ N } .

Then gN (i) = max
(
dN−i2 e,−iµ, 0

)
for all i ∈ Z.

Proof. The constraints on (m, j) are m ≥ 0, m + j ≥ max(−i, 0), and 2(m + j) ≥ N − i.
Therefore m+ j ≥ max

(
dN−i2 e,−i, 0

)
, and m+ jµ ≥ max

(
dN−i2 eµ,−iµ, 0

)
. The minimum is

attained at (m, j) =
(
0,max

(
dN−i2 e),−i, 0

))
.

(8.3) Consider the map

αN
Qp

: W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗W(k)[V,F ] NQp −→ BCp(k)′ ⊗W(k)[V,F ] NQp

defined by

αNQp : a⊗ b⊗ w 7→ a·U0 ·b⊗ w ∀ a, b ∈W(k)[V, F ], ∀w ∈ NQp .
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It is clear that αN
Qp

induces an isomorphism from B′⊗W(k)[V,F ]NQp to BCp(k)′⊗W(k)[V,F ]NQp .
We have a canonical isomorphism

canN
Qp

: W(k)[V, F ]⊗W(k) W(k)[V, F ]⊗W(k)[V,F ] NQp
∼−→W(k)[V, F ]⊗W(k) NQp

Therefore we have an isomorphism

γ′ : BCp(k)′ ⊗W(k)[V,F ] NQp
∼−→W(k)[V, F ]⊗W(k) NQp

induced by canN
Qp
◦ α−1

NQp
.

(8.3.1) Let K[V, V −1] := W(k)[V, F ]⊗W(k) K, so that we have a canonical isomorphism

W(k)[V, F ]⊗W(k) NQp
∼−→ K[V, V −1]⊗K NQp .

It is immediate from the definition of W(k)[V, F ] that K[V, V −1] can be naturally identified
with the set of all finite K-linear combinations of monomials V i, i ∈ Z. If we choose a K-basis
of w1, . . . , wh of NQp , then every element of K[V, V −1] ⊗K NQp can be written as a finite
series of the form∑

i∈Z
1≤r≤h

airV
i ⊗ wr , air ∈ K ∀ i ∈ Z, ∀r = 1, . . . , h; air = 0 for |i| � 0

in a unique way.

(8.3.2) A coordinate-free way to describe elements of K[V, V −1]⊗K NQp is as follows. Define
[V, V −1]NQp to be the set of all finite series of the form∑

i∈Z
Ai V

i

where Ai : K → NQp is a σi-linear map from K to NQp , i.e. Ai(b) = bσ
i
Ai(1) for every b ∈ K,

and Ai = 0 for |i| � 0. Then there is a canonical isomorphism from K[V, V −1] ⊗K NQp to
[V, V −1]NQp . An element

∑
i∈Z

1≤r≤h
airV

i⊗wr ofK[V, V −1]⊗KNQp as in 8.3.1 above corresponds

to the element (Ai)i∈Z with

Ai(c) =
h∑
r=1

cσ
i
aσ

i

ir wr .

(8.3.3) We have a natural left action of K[V, V −1] on [V, V −1]NQp , such that

(b V j) · (Ai)i∈Z =
(
A′i
)
i∈Z b ∈ K, j ∈ Z

with the A′i’s defined by

A′i(c) = ci biAi−j(1) ∀ b, c ∈ K, ∀ i ∈ Z .
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(8.3.4) There is an action of an “extra copy” of K[V, V −1] on the left of [V, V −1]NQp which
commutes with the action of K[V, V −1] defined in 8.3.3; it comes from the action of the “extra
copy” of W(k)[V, F ] on B′. We will use a subscript “B” when referring to this action in
formulas. This action is given by

(b Vj)B ·B (Ai)i∈Z =
(
Ãi

)
i∈Z

b ∈ K, j ∈ Z

where the Ãj ’s are given by
Ãj(c) = cσ

i
b V j ·Ai+j(1) .

(8.3.5) Let NZp be a W(k)-lattice of NQp . Then the total filtration Fil•tot on BCp(k)′ induces
a filtration Fil•tot,NZp

on BCp(k)′ ⊗W(k)[V,F ] NQp , defined by

Filmtot,NZp

(
BCp(k)′ ⊗W(k)[V,F ] NQp

)
:= Image

(
FilmtotBCp(k)′ ⊗W(k)[V,F ] NZp
−→ BCp(k)′ ⊗W(k)[V,F ] NQp

)
,

m ∈ N.

(8.3.6) Let Fil•tot,NZp
K[V, V −1]⊗K NQp be the filtration on K[V, V −1]⊗W(k) NQp defined by

Filmtot,NZp
K[V, V −1]⊗K NQp := γ′

(
Filmtot,NZp

BCp(k)′ ⊗W(k)[V,V −1] NQp

)
,

where γ′ : BCp(k)′ ⊗W(k)[V,F ] NQp
∼−→ K[V, V −1] ⊗K NQp is the canonical isomorphism from

BCp(k)′⊗W(k)[V,V −1]NQp to K[V, V −1]⊗KNQp explained above. It is easy to see that the topol-
ogy on K[V, V −1]⊗KNQp attached to the filtration Fil•tot,NZp

K[V, V −1]⊗KNQp is independent
of the choice of the W(k)-lattice NZp in NQp .

(8.3.7) Lemma The tensor product BCp(k)⊗Cartp(k)NQp is naturally isomorphic to the com-
pletion of K[V, V −1]⊗K NQp with respect to the filtration Fil•tot,NZp

K[V, V −1]⊗K NQp

Proof. This is an easy consequence of the fact that BCp(k) ⊗Cartp(k) NQp is complete with
respect to the tensor product of the filtration Fil•totBCp(k) on BCp(k) and the trivial filtration
on NQp .

(8.4) Lemma Let NQp be as in 8.1. Let NZp be a W(k)-lattice for NQp. Let w1, . . . , wh be a
K-basis of NQp. Then there exist positive constants C1, C2 such that

FilNtot

(
K[V, V −1]⊗K NQp

)
⊆


∑

i∈Z, finite
1≤r≤h

airV
i ⊗ wr

∣∣∣∣∣∣∣ ordp(air) ≥ µ · Max
(
dN−i2 e,−i, 0

)
− C2

∀ i ∈ Z, ∀r = 1, . . . , h


and

FilNtot

(
K[V, V −1]⊗K NQp

)
⊇


∑

i∈Z, finite
1≤r≤h

airV
i ⊗ wr

∣∣∣∣∣∣∣ ordp(air) ≥ µ · Max
(
dN−i2 e,−i, 0

)
+ C1

∀ i ∈ Z, ∀r = 1, . . . , h

 .
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Proof. Immediate from Lemma 8.2.2.

(8.5) Proposition Notation as in 8.1 and 8.3, so that NQp be a V-isoclinic isocrystal of
dimension h over K, NZp is a W(k)-lattice for NQp, and w1, . . . , wh is a K-basis of NQp.

(i) The choice of basis w1, . . . , wh leads to a bijection

γ : BCp(k)⊗Cartp(k) NQp
∼−→

∑
i∈Z

1≤r≤h

airV
i ⊗ wr

∣∣∣∣∣∣∣
air ∈ K ∀ i ∈ Z, ∀ r = 1, . . . ,dim

(
N
Qp

)
= h

∃C ∈ Z s.t. ordp(air)−max(−i, 0)µ ≥ C
∀i ∈ Z, ∀ r = 1, . . . , h


In the formula above the target of the isomorphism γ is a subset of NQp [[V, V

−1]], with
growth conditions on the coefficients. Here NQp [[V, V

−1]] := K[[V, V −1]]⊗K NQp, and is
identified with the set of all formal series of the form∑

i∈Z
1≤r≤h

airV
i ⊗ wr , air ∈ K ∀i ∈ Z, ∀r = 1, . . . , h .

via the chosen basis w1, . . . , wh. The bijection γ extends the bijection

γ′ : BCp(k)′ ⊗W(k)[V,F ] NQp
∼−→W(k)[V, F ]⊗W(k) NQp

in 8.3, and γ is a homomorphism of left Cartp(k)-modules.

(ii) There is a canonical isomorphism from BCp(k) ⊗Cartp(k) NQp to the set [[V, V −1〉〉NQp
of all sequences (Ai)i∈Z indexed by Z, where Ai : K → N is a σi-linear map for each
i ∈ Z, and there exists C ∈ N, such that

Ai(W(k)) ⊂ pbmax(−i,0)·µc−CNZp ∀ i ∈ Z .

The set [[V, V −1〉〉NQp is the completion of [V, V −1]NQp with respect to the filtration
Fil•tot. This canonical isomorphism is compatible with the commuting action of two
copies of Cartp(k): The actions on the source, BCp(k) ⊗Cartp(k) NQp, comes from the
first copy of Cartp(k) in the bimodule structure of BCp(k) and the action of the extra
copy of Cartp(k); the actions on the target, [[V, V −1〉〉NQp, was described in 8.3.3 and
8.3.4.

Proof. We saw in 8.3.7 that BCp(k)⊗W(k) NQp is naturally isomorphic to the completion of
K[V, V −1]⊗KNQp with respect to the topology defined by the filtration Fil•tot,NQp

K[V, V −1]⊗K
NQp . That filtration was computed up to multiplication by p±C in Lemma 8.4, which deter-
mines the topology on K[V, V −1] ⊗K NQp attached to the filtration. It is not difficult to
convince oneself that the completion of K[V, V −1] ⊗K NQp with respect to this topology is
exactly the set of all formal series with growth conditions as in the target of γ in the displayed
formula in (i). The rest of the statement (i) are immediate.

The statement (ii) is a reformulation of (i), using the model [V, V −1]NQp of the tensor
product K[V, V −1 ⊗K NQp as in 8.3.2.
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(8.6) Theorem Let NQp be as in 8.5. Let M be a V-reduced Cartp(k)-module attached to a
finite dimensional p-divisible group over k, all of whose Frobenius slopes are strictly less than
µ. Then there is a natural isomorphism

φM,NQp
: Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k) NQp)
∼−→ HomW(k)(M,NQp) .

Moreover φM,NQp
is an isomorphism of Cartp(k)-modules, where

• Cartp(k) operates on Ext1
Cartp(k)(M,BCp(k) ⊗Cartp(k) NQp) via the action of the “extra

copy” of Cartp(k) on BCp(k),

• the Cartp(k)-action on HomW(k)(M,NQp) is given by

(u · h)(m) =
∑
i∈Z

ai V
i · h(V −im)

for all h ∈ HomW(k)(M,NQp) = HomK(M ⊗W(k) K,NQp), for all m ∈ M , and for all
u =

∑
i∈Z ai V

i ∈ Cartp(k) ∼= W(k)[[V, F 〉〉, where ai ∈ W(k) for all i ∈ Z, ordp(ai) ≥
max(−i, 0) for all i ∈ Z, and lim|i|→∞ ordp(ai) + i =∞.

Note that the series
∑

i∈N ai V
i · h(V −im) converges because ai ∈ W(k) for all i ∈ N and the

Frobenius slopes of M are all strictly smaller than µ, while the series
∑

i<0 ai V
i · h(V −im)

converges because limi→−∞ ordp(ai) + i = ∞. Hence the infinite sum
∑

i∈Z ai V
i · h(V −im)

converges for every m ∈M .

Proof. Step 1. One analyzes extensions of M by BCp(k)⊗Cartp(k) NQp as follows. Suppose
we are given any such extension

0 // BCp(k)⊗Cartp(k) NQp // E
π // M // 0

of left Cartp(k)-modules. Choose a W(k)-linear splitting ε : M → E such that π ◦ ε = idM ;
such splittings exist because M is a free W(k)-module. Then one obtains a σ−1-linear map

v : M −→ BCp(k)⊗Cartp(k) NQp ,

defined by
v(m) = V · ε(m)− ε(V m) , ∀m ∈M .

If we change the splitting ε to ε′ = ε+g for an element g ∈ HomW(k)(M,BCp(k)⊗Cartp(k)NQp),
then the resulting σ−1-linear map v′ = V ◦ ε′ − ε′ ◦ V is related to v by

v′(m) = v(m) + V · g(m)− g(V ·m) , ∀m ∈M .

The above construction defines a map

φ′M,NQp
: Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k) NQp) −→{
σ−1-linear maps

M
v−→ BCp(k)⊗Cartp(k) NQp

}/(
v ∼ v′ if ∃ g ∈ HomW(k)(M,BCp(k)⊗NQp)

s.t. v′ = v + V ◦ g − g ◦ V

)
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Step 2. Given any σ−1-linear map v : M → BCp(k) ⊗Cartp(k) NQp , we construct an ex-
tension Ev of M by BCp(k) ⊗Cartp(k) NQp as follows. The W(k)-module underlying Ev is
M ⊕ BCp(k)⊗Cartp(k) NQp by definition. Define an action of V on Ev by

V · (m, b) = (V m, V b+ v(m)) ∀m ∈M, ∀ b ∈ BCp(k)⊗Cartp(k) NQp .

More generally, for every element of W(k), written in the form
∑

i∈Z ai V
i with ai ∈W(k) for

all i ∈ Z, ordp(ai) + i ≥ 0 for all i ≤ 0, and lim|i|→∞ (ordp(ai) + i) =∞, define(∑
i∈Z

aiV
i

)
· (m, b) =∑

i∈Z
aiV

im,
∑
i∈Z

ai(V ib) +
∑
r,s≥0

ar+s+1 V
r · v(V sm)−

∑
r,s≤−1

ar+s+1 V
r · v(V sm)


for all m ∈ M and all b ∈ BCp(k) ⊗Cartp(k) NQp . This construction gives us an extension Ev
of M by BCp(k)⊗Cartp(k) NQp as Cartp(k)-modules.

Suppose that v ∼ v′ in the sense that

v′ − v = V ◦ g − g ◦ V

for some g ∈ HomW(k)(M,BCp(k) ⊗Cartp(k) NQp). Then the map (m, b) 7→ (m, b − g(m))
defines an isomorphism Ev

∼−→ Ev′ of extensions of M by BCp(k)⊗Cartp(k)NQp as left Cartp(k)-
modules. So we have shown that

φ′M,NQp
: Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k) NQp)
∼−→{

σ−1-linear maps
M

v−→ BCp(k)⊗Cartp(k) NQp

}/(
v ∼ v′ if ∃ g ∈ HomW(k)(M,BCp(k)⊗NQp)

s.t. v′ = v + V ◦ g − g ◦ V

)
is a bijection. It is clear from our constructions that φ′M,NQp

is an isomorphism of left Cartp(k)-
modules, for the actions coming from the “extra copy” of Cartp(k) on BCp(k).

Step 3. We choose a K-basis (w1, . . . , wr) of NQp and identify BCp(k)⊗Cartp(k)NQp with the
set BCNQp

via the bijection γ in Prop. 8.5. Given a σ−1-linear map v : M → BCp(k)⊗Cartp(k)

NQp , we write

v(m) =
h∑
r=1

∑
j∈Z

bjr(m)σ
−1
V j ⊗ wr ∀m ∈M ,

where bjr ∈ HomW(k)(M,K) for all j ∈ Z and all r = 1, . . . , h. Of course the homomor-
phisms bjr depend on v. Define a homomorphism h ∈ HomW(k)(M,NQp), depending on
v ∈ HomW(k)(M,BCp(k)⊗Cartp(k) NQp), by

h(m) = −
∑
j∈Z

1≤r≤h

bjr(V j−1m)σ
j−1 · wr ;

We remark that the series defining h(m) converges:
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(a) There exists a constant C1 > 0 such that ordp(bjr(m)) + µj ≥ −C1 for all j ∈ Z≤0 and
for all r = 1, . . . , h and all m ∈ M . Since all Frobenius slopes of M are strictly smaller
than µ, so the series ∑

j≤0

bjr(V j−1m)σ
j−1

converges for r = 1, . . . , h.

(b) There exists a constant C2 > 0 such that ordp(bjr(m)) ≥ −C2 for all j ≥ 0, all m ∈M ,
and r = 1, . . . , h. Since all Frobenius slopes of M are strictly positive, the series∑

j>0

bjr(V j−1m)σ
j−1

converges for r = 1, . . . , h.

It is routine to verify that if v = V ◦g−g ◦V for some g ∈ HomW(k)(M,BCp(k)⊗Cartp(k)NQp),
then

bjr(m) = aj−1,r(m)σ
−1 − air(V m) ∀ j ∈ Z, ∀ r = 1, . . . , h ,

where ajr ∈ HomW(k)(M,BCp(k)⊗Cartp(k) NQp) are defined by

g(m) =
∑
j∈Z

h∑
r=1

ajr(m)V j ⊗ wr ∀m ∈M ,

and the homomorphism attached to V ◦ g − g ◦ V is defined by a telescoping series, therefore
equal to 0. We have constructed a well-defined homomorphism{

σ−1-linear maps
M

v−→ BCp(k)⊗Cartp(k) NQp

}/(
v ∼ v′ if ∃ g ∈ HomW(k)(M,BCp(k)⊗NQp)

s.t. v′ = v + V ◦ g − g ◦ V

)
φ′′M,N

Qp // HomW(k)(M,BCp(k)⊗Cartp(k) NQp) .

Step 4. We show that φ′′M,NQp
is surjective. Given h ∈ HomW(k)(M,NQp), we define a

σ−1-linear map vh : M → BCp(k)⊗Cartp(k) NQp by

vh(m) = −V ⊗ h(m) ∀m ∈M .

It follows immediately from the definition of φ′′M,NQp
that φ′′M,NQp

(vh) = h.

Step 5. The last step is to show that for any σ−1-linear map v : M → BCp(k)⊗Cartp(k) NQp ,
if we set h = φ′′M,NQp

(v), then v ∼ vh. In other words, we must find a homomorphism
g ∈ HomW(k)(M,BCp(k)⊗Cartp(k) NQp) such that

v(m)− vh(m) = V · g(m)− g(V m) ∀m ∈M .

We write the given map v : M → BCp(k)⊗Cartp(k) NQp as

v(m) =
h∑
r=1

∑
j∈Z

bjr(m)σ
−1
V j ⊗ wr m ∈M .
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Then we have

vh(m) =
h∑
r=1

∑
j∈Z

bjr(V j−1m)σ
j−2

V ⊗ wr m ∈M .

Define an element g ∈ HomW(k)(M,BCp(k)⊗Cartp(k) NQp) by

g(m) =
h∑
r=1

∑
j≥1

1≤i≤j−1

bjr(V j−i−1m)σ
j−i−1

V i ⊗ wr −
h∑
r=1

∑
j≤0
j≤i≤0

bjr(V j−i−1m)σ
j−i−1

V i ⊗ wr

for all m ∈M . We leave it to the readers to check that g(m) is well-defined, that is the sums
indeed are convergent and defines an element of BCp(k) ⊗Cartp(k) NQp . A formal calculation
shows that

V g(m)− g(V m) = v(m)− vh(m) ∀m ∈M .

So we have shown that φ′′M,NQp
is an injection by constructing its inverse explicitly. This

completes the proof of Theorem 8.6, with φM,NQp
= φ′′M,NQp

◦ φ′M,NQp
.

Remark (i) The proof of 8.6 is a generalization of the appendix of [14], where the case
Y = Ĝm is treated, and the author used the ring W(k)[F, V ] instead of the Cartier ring
Cartp(k).

(ii) Thm. 8.6 also determines the action of Endk(X)opp ⊗W(k) Endk(Y ) on the Cartier
module of DE(X,Y )p-div, up to isogeny.

(8.6.1) Remark It may be of some interest to reformulate some part of the proof of Thm.
8.6 using the coordinate-free description [[V, V −1〉〉NQp of BCp(k)⊗Cartp(k)NQp in 8.5. Denote
by Homσi(M,NQp) the set of all σi-linear maps from M to N . A σ−1-linear map v : M →
[[V, V −1〉〉NQp corresponds to a sequence b = (bi)i∈Z, with bi ∈ Homσi−1

(M,N) for all i ∈
Z, satisfying the growth condition that there exists a constant C > 0 such that Bi(M) ⊆
pmax(−i,0)µ−CNZp for all i ∈ Z.

A W(k)-linear map g : M → [[V, V −1〉〉NQp corresponds to a sequence a = (ai)i∈Z, with
ai ∈ Homσi(M,NQp) for each i ∈ Z, satisfying the growth condition that there exists a
constant C > 0 such that ai(M) ⊆ pmax(−i,0)µ−CNZp for all i ∈ Z. Then V ·g corresponds
to the sequence V ·g = (bi)i∈Z with bi = ai−1∀ i ∈ Z, and g◦V corresponds to the sequence
g◦V = (b′i)i∈Z with b′i = bi ◦ V ∈ Homσi−1

(M,NQp) for all i ∈ Z.

Using the above coordinate-free description, the construction in Step 3 of the proof of
Thm. 8.6, which produces an element h ∈ HomW(k)(M,NQp) from a σ−1-linear map v, can
be described as follows. Given a sequence b = (bi)i∈Z satisfying the growth condition, with
bi ∈ Homσi−1

(M,NQp) ∀ i ∈ Z, we define an element h of HomW(k)(M,NQp) by

h(m) = −
∑
i∈Z

bi(V i−1m) ∀m ∈M .

The growth condition on b ensures that the infinite series defining h(m) converges. We can
think of h as the trace of b in HomW(k)(M,NQp). It is easy to see that, given a sequence g
with growth condition as in the previous paragraph, the trace of V ·g − g◦V is equal to zero.
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Finally, we reformulate the construction in Step 5 of the proof of Thm. 8.6. Start with
a σ−1-linear map v, which corresponds to a sequence b = (bi)i∈Z with growth condition,
bi ∈ Homσi−1

(M,NQp) for all i ∈ Z. Let h be the trace of b in HomW(k)(M,NQp). Denote
by b′ the sequence (b′i)i∈Z such that b′1 = −h, while b′i = 0 if i 6= 0. We need a sequence
g = (ai)i∈Z satisfying the growth condition, with ai ∈ Homσi(M,NQp) for all i ∈ Z, such that

V · g − g◦V = b− b′ .

This sequence is given by

ai(m) =
∑
j≥i+1

bj(V j−i−1m) for i ≥ 1 ,

and
ai(m) = −

∑
j≤i

bj(V j−i−1m) for i ≤ 0 .

There exists a constant C > 0 such that bj(V j−i−1M) ⊆ pµ
min
X ·(j−i−1)−CNZp if j − 1 ≥ i ≥ 1,

and bj(V j−i−1M) ⊆ p−jµ+µmax
X ·(j−i−1)−CNZp if j ≤ i ≤ 0, where µmin

X (resp. µmax
X ) is the

smallest (resp. the biggest) V-slope of M . It follows that the above infinite series converge,
and define a sequence g satisfying the growth condition. We leave it to the reader to verify,
as a routine exercise, that the sequence g has all the required properties.

(8.6.2) Corollary The statement of Thm. 8.6 holds for M = M(X), N := M(Y ), where
X,Y are finite-dimensional p-divisible formal groups such that each Frobenius slope of X is
strictly smaller than any Frobenius slope of Y .

Proof. There exists an isogeny from Y to a direct product of finite dimensional isoclinic
p-divisible formal groups.

(8.6.3) Corollary Let X, Y be p-divisible formal groups over k, where k is a field of charac-
teristic p. Assume that X, X are isoclinic of Frobenius slopes µX , µY respectively, and µX <
µY . Then the p-divisible formal group DE(X,Y )p-div is isoclinic of Frobenius slope µY−µX , its
height is equal to height(X) ·height(Y ), and its dimension is (µY −µX ) ·height(X) ·height(Y ).

Proof. According to Prop. 5.7.3, the Cartier module of DE(X,Y ) is

Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) ,

where M , N are the Cartier modules of X and Y respectively. Let E be the Cartier module of
DE(X,Y )p-div. Then the natural inclusion E ↪→ Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)N) induces an

isomorphism E⊗ZQ
∼−→ Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)N)⊗ZQ. Combined with the natural

isomorphism φM,NQp
: Ext1

Cartp(k)(M,BCp(k) ⊗Cartp(k) N) ⊗Z Q
∼−→ HomW(k)(M,N) ⊗Z Q,

we obtain a natural isomorphism E ⊗Z Q
∼−→ HomW(k)(M,N ⊗Z Q). Hence the height of

DE(X,Y )p-div is equal to the product of the heights of X and Y . It is well-known that the
V-slope of the V-isocrystal HomW (k)(M,N) ⊗Z Q is the difference of the V-slopes of M and
N , Since the relative Frobenius of a smooth formal group corresponds to the operator V on
Cartier modules, we see that DE(X,Y )p-div is isoclinic of Frobenius slope µY −µX .
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(8.6.4) Remark Cor. 8.6.3 provides an independent proof of DE(X,Y )p-div is isoclinic of
slope µY − µX was proved in Thm. 2.8, by “pure thought”. The proof here, based on Thm.
8.6, is more complicated. But we do not have a “pure thought” proof that the height of
DE(X,Y )p-div is equal to the product of the heights of X and Y .

(8.7) In this subsection we consider the effect of a quasi-polarization on DE(X,Y )p-div.

(8.7.1) Let X be a p-divisible formal group over a perfect field k of characteristic p such that
every Frobenius slope µ of X satisfies 0 < µ < 1

2 . Let Y = Xt be the Serre-dual of X. Let
λ be a quasi-polarization on X × Y , so that λ induces an isogeny β : X → Xt such that
βt : X = (Xt)t → Xt is equal to α. Let g = height(X) = dim(X ×Spec(k) X

t).

The symmetric isogeny β : X → Xt induces an involution ι on the smooth formal group
DE(X,Xt), as follows. For any Artinian local ring R over k, an R-point of DE(X,Xt) corre-
sponds to an extension

0→ X ×Spec(k) Spec(R)→ E → Xt ×Spec(k) Spec(R)→ 0

of p-divisible formal groups over R, together with a isomorphism α : E ×Spec(R) Spec(k) ∼−→
X ×Spec(k) X

t. The dual of a pair (E,α) as above is the extension

0→ X ×Spec(k) Spec(R) = (Xt ×Spec(k) Spec(R))t → Et → Xt ×Spec(k) Spec(R)→ 0 ,

together with the isomorphism

(α−1)t : Et ×Spec(R) Spec(k) ∼−→ (X ×Spec(k) X
t)t = X ×Spec(k) X

t .

By definition, the involution ι on DE(X,Xt) sends an R-point [(E,α)] above to the R-point
[(Et, (α−1)t)]. It is clear that DE(X,Xt)p-div is stable under ι.

Denote by DE(X,Xt)sym the maximal formal subgroup of DE(X,Xt) fixed under the
involution ι. It is easy to see that DE(X,Xt)sym is formally smooth, and it is the maximal
formal subgroup of DE(X,Xt) such that the quasi-polarization λ on X ×Spec(k)X

t extends to
a quasi-polarization of the universal p-divisible formal group over DE(X,Xt)sym.

Let DE(X,Xt)sym
p-div be the maximal p-divisible formal subgroup of DE(X,Xt)sym. It is clear

thatDE(X,Xt)sym
p-div is equal to the maximal p-divisible formal subgroup ofDE(X,Xt)p-div fixed

under ι, and is also the maximal p-divisible formal subgroup of DE(X,Xt)p-div such that the
quasi-polarization λ on X×Spec(k)X

t extends to a quasi-polarization of the universal p-divisible
formal group over DE(X,Xt)sym

p-div.

We identify the Cartier module of Xt with M∨ = HomW(k)(M,W(k)), the linear dual of
M . Denote by Homsym

K (MQp ,M
∨
Qp

) the K-vector space consisting of all symmetric elements
of HomK(MQp ,M

∨
Qp

).

(8.7.2) Proposition Notation as in 8.7.1 above.

(i) The V-isocrystal M(DE(X,Xt)sym
p-div) ⊗Z Q is isomorphic to Homsym

K (MQp ,M
∨
Qp

) under
the isomorphism φM,M∨

Qp
in Thm. 8.6.
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(ii) The height of DE(X,Xt)sym
p-div is equal to g(g+1)

2 . In particular, if X is isoclinic of Frobe-
nius slope µ, 0 < µ < 1

2 , then

dim(DE
(
X,Xt)sym

p-div

)
=

1
2

(1− 2µ) g(g + 1) .

Proof. Statement (ii) follows from (i), because dimK(Homsym
K (MQp ,M

∨
Qp

)) = g(g+1)
2 , and the

dimension of an isoclinic BT-group is equal to the slope times the height.
The honest way to prove (i) would be to compute, on the nose, the effect of the involution

ι on the Cartier module of DE(X,Y )p-div. That will involve chasing through the construction
of the isomorphism φM,Mt

Qp
in Thm. 8.6 and verify the commutativity of certain diagrams.

Here we give an argument which is enough to prove (i).
We may and do assume that k is algebraically closed. Let E = EndCartp(k)(M)⊗ZQ, so that

E is a central simple algebra over Qp, dimQp(E) = g2. It is well-known that E is isomorphic to
a matrix algebra with entries in a central division algebra over Qp with Brauer invariant µ —
or −µ, depending on the normalization one uses. The group of automorphisms End(X)× =
(EndCartp(k)(M))× operates on DE(X,Xt)p-div, M(DE(X,Xt)p-div), and HomW (k)(M,M∨).
Moreover the canonical isomorphism M(DE(X,Xt)p-div) ∼−→ HomW (k)(M,M∨) is compatible
with the natural action of (EndCartp(k)(M))×. The group (EndCartp(k)(M))× is a compact open
subgroup of E×, and the linear action of (EndCartp(k)(M))× on HomW (k)(M,M∨) ⊗Z Q ex-
tends to a linear action of E× on HomW (k)(M,M∨)⊗ZQ. We know that the W (k)-submodule
M(DE(X,Y )sym

p-div) of M(DE(X,Y )p-div is stable under the action of (EndCartp(k)(M))×, there-
fore M(DE(X,Y )sym

p-div) ⊗Z Q corresponds, under the canonical isomorphism, to a subspace of
HomK(M ⊗Z Q,M∨ ⊗Z Q) which is stable under the natural action of E×.

We have a decomposition of the vector space HomK(M ⊗Z Q,M∨ ⊗Z Q) as a direct sum
of its symmetric and skew-symmetric part:

HomK(M ⊗Z Q,M∨ ⊗Z Q) = Homsym
K (M ⊗Z Q,M∨ ⊗Z Q)⊕Homskew

K (M ⊗Z Q,M∨ ⊗Z Q) .

Both direct summands are stable under the action of E×. It a standard fact that the action
of E× on M∨⊗ZQ, regarded as a linear representation of an algebraic group, is isomorphic
to the standard representation of GLg after passing to the algebraic closure of K. Moreover
the action of E× on Homsym

K (M⊗ZQ,M∨⊗ZQ) (resp. Homskew
K (M⊗ZQ,M∨⊗ZQ)) is iso-

morphic to the second symmetric product of the standard representation (resp. the second
exterior product of the standard representation) after passing to Kalg; both representations
are absolutely irreducible. So there are only four possibilities for the E×-invariant subspace
M(DE(X,Y )sym

p-div)⊗ZQ: it can be (0), Homsym
K (M⊗ZQ,M∨⊗ZQ), Homskew

K (M⊗ZQ,M∨⊗ZQ),
or HomK(M ⊗Z Q,M∨ ⊗Z Q) itself. We claim that

(A) M(DE(X,Y )sym
p-div)⊗Z Q * Homskew

K (M ⊗Z Q,M∨ ⊗Z Q).

(B) M(DE(X,Y )sym
p-div)⊗Z Q 6= HomK(M ⊗Z Q,M∨ ⊗Z Q).

It is clear that the statement (i) follows from (A) and (B).
To prove (A), we may and do assume that X is minimal. Choose an embedding of

W (Fpg) ↪→ End(X), denote by O the image of W (Fpg), and consider the maximal closed
reduced formal subscheme of DE(X,Y )Op-div such that the natural action of O on X×Spec(k)X

t
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extends to an action of O on the restriction to DE(X,Y )Op-div of the universal extension E of
X by Xt. Choose a totally real number field F such that OF ⊗ZZp ∼= O. Let M be the
Hilbert Blumenthal modular variety M over k, attached to F . There exists a closed point
x0 of M such that the A0[p∞] together with the action by OF ⊗ZZp ∼= O is isomorphic to
X×Spec(k)X

t with the O action. Then DE(X,Y )Op-div is the formal completion at x0 of the
central leaf CM(x0) in M.

Suppose that M(DE(X,Y )sym
p-div)⊗ZQ is contained in Homskew

K (M⊗ZQ,M∨⊗ZQ). It is easy
to see that DE(X,Y )Op-div ⊆ HomK,O(M⊗ZQ,M∨⊗ZQ), where HomK,O(M⊗ZQ,M∨⊗ZQ) is
the subset of all O-equivariant elements in HomK(M⊗ZQ,M∨⊗ZQ). But the intersection of
Homskew

K (M⊗ZQ,M∨⊗Z Q) with HomK,O(M⊗ZQ,M∨⊗Z Q) is (0). Hence the central leaf
CM(x0) in M is zero-dimensional. This is impossible, because the prime-to-p Hecke orbit of
x0 in M is not finite, by the argument in [1, Prop. 1, p. 448]. We have proved claim (A).

Suppose that M(DE(X,Y )sym
p-div)⊗ZQ is equal to HomK(M⊗ZQ,M∨⊗ZQ). This implies

that every principal quasi-polarization on X ×Xt extends to the universal BT-group G over
DE(X,Xt)p-div. In particular, the image of AutDE(X,Xt)p-div

(G) in Autk(X×Xt) contains the
subset consisting of all elements of the form (β, βt), β ∈ Autk(X). We know that E � Eopp,
i.e. Endk(X) ⊗Z Q � Endk(Xt) ⊗Z Q, because 0 < µ < 1

2 . Using the standard theory of
semisimple modules, it is easy to see that the Q-subalgebra of Endk(X×Spec(k)X

t) generated
by the above automorphisms is equal to (Endk(X)⊗Z Q)× (Endk(Xt)⊗Z Q) ∼= E × Eopp.

We may and do assume that k is algebraically closed, and that there exists a principally
polarized abelian variety A0 over k such that A0[p∞] ∼= X×Spec(k)X

t. Write DE(X,Xt)p-div =
Spf(R). By Serre-Tate we get a formal abelian scheme Ã over Spf(R), together with an
isomorphism Ã[p∞] ∼= G. Since every principal quasi-polarization onA0[p∞] extends to Spf(R),
the formal abelian scheme Ã over Spf(R) is algebraic, i.e. there exists an abelian scheme A over
Spec(R) whose formal completion is isomorphic to Ã. Since A0 is defined over a finite field,
End(A0) ⊗ Qp

∼−→ End(A0[p∞]. The conclusion of the previous paragraph implies that there
exists an integer N such that every element of pN End(A0) extends to an endomorphism of
A over Spec(R). Since A→ Spec(R) is of finite presentation, there exists a finitely generated
k-subalgebra S ⊂ R and an abelian scheme AS over Spec(S) and an isomorphism AS ×Spec(S)

Spec(R) ∼−→ A. By [15, Thm. 2.1], there exists a finite surjective base change map T → Spec(S)
such that AS ×Spec(S) T is isogenous to a constant abelian scheme over T . Hence the BT-
group G ×Spec(R) (Spec(R)×Spec(S)T ) is isogenous to a constant BT-group over the scheme
Spec(R)×Spec(S)T which is finite over Spec(R), a contradiction! We have finished the proof of
(B) and the statement (i) of 8.7.2.

(8.7.3) Corollary Let x0 = [(A0, λ0)] be a closed point of Ag over a field of characteristic
p. Suppose that A0 has only two Frobenius slopes, µ and 1 − µ, with 0 < µ < 1

2 . Then the
dimension of the central leaf C(x0) in Ag passing through x0 is equal to 1

2 (1− 2µ) g(g + 1).

Proof. Immediate from Prop. 8.7.2 and 3.3.

Remark The statement of 8.7.3 is a special case of [17, 3.17]. Oort’s original proof, mentioned
in [17, 3.17], uses the main result of [18] and deformation theory of abelian varieties.
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§9. The integral structure

(9.1) Notation Let X,Y be finite-dimensional p-divisible formal groups over a perfect field
k of characteristic p such that every Frobenius slope of X is strictly smaller than any Frobenius
slope of Y . Let K = B(k) be the fraction field of W(k). Let M = M(X), N = M(Y ) be the
Cartier modules of X,Y respectively. Let r1 = dim(X) = dimk(M/VM), r2 = dim(Y ) =
dimk(N/V N), s1 = dimk(VM/pM), s2 = dimk(V N/pN).

Let H = Hom
W(k)

(M,N). The K-module HK = H⊗
W(k)

K has a natural structure as a
V-isocrystal, such that

(V · h)(m) = V h(V −1m), (F · h)(m) = F h(V m) ∀m ∈M .

Notice that the W(k)-lattice H ⊆ HK is stable under F .

Let H1 be the maximal W(k)-submodule of H such that F (H1) ⊆ H1 and V (H1) ⊆ H1.
Similarly, let H2 be the minimal W(k)-submodule of HK containing H such that F (H2) ⊆ H2,
V (H2) ⊆ H2. It is easy to see that

H1 =
⋂
i≥0

V −iH, H2 =
∑
i≥0

V iH .

(9.1.1) Lemma Notation as above.

(i) The natural map
H1/V H1 → H/(H ∩ V H)

is injective.

(ii) Let VM = VM/pM be the image of VM in M = M/pM , and let V N = V N/pN be the
image of V N in N = N/pN . Then the natural map H → Homk(VM,N/V N) induces
an isomorphism

H/(H ∩ V H) ∼−→ Homk(VM,N/V N) .

In particular, dimk(H/(H ∩ V H)) = r2 s1.

Proof. (i) Suppose that x ∈ H1 ∩ V H, so that x = V y with y ∈ H. We must show that
y ∈ H1. Consider the W(k)-submodule

H ′ := H1 +
∑
i≥0

W(k)·F iy

of HK . Clearly H1 ⊆ H because F (H) ⊆ H, and F (H ′) ⊂ H ′ by construction. Moreover
V (F iy) = F i(x) ∈ H1 ⊆ H ′ for all i ≥ 0. So V (H ′) ⊆ H ′, and H1 = H ′ 3 y.

(ii) The natural map α : H → Homk(VM,N/V N) is a composition

H � Homk(M,N)� Homk(VM,N/V N)

of two surjections, hence is surjective. It is clear that Ker(α) consists of all elements h ∈
HomW(k)(M,N) such that h(VM) ⊆ V N , which means that the element V −1h belongs to H.
In other words, Ker(α) = H ∩ V H.
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(9.2) Lemma Let M be the Cartier module of a finite-dimensional p-divisible formal group
over a perfect field k of characteristic p. Let B be a V-reduced left Cartp(k)-module.

(i) There is a natural bijection between the following two sets:

– the set of all isomorphism classes of pairs

( 0→ B → E →M → 0, sp )

where 0 → B → E → M → 0 is a short exact sequence of left Cartp(k)-modules,
and sp : M → E is a W(k)-linear splitting of the above exact sequence;

– the set of pairs (f, v), where f : M → B is a σ-linear map, v : M → B is a
σ−1-linear map such that

f(V m) + Fv(m) = 0, V f(m) + v(Fm) = 0 ∀m ∈M .

(ii) There is a natural bijection between the following two sets:

– the set of all isomorphism classes of extensions (0 → B → E → M → 0) of left
Cartp(k)-modules;

– the set of pairs (f, v), where f : M → B is a σ-linear map, v : M → B is a
σ−1-linear map such that

f(V m) + Fv(m) = 0 and V f(m) + v(Fm) = 0 ∀m ∈M ,

modulo the following equivalence relation: (f ′, v′) ∼ (f, v) iff there exists a W(k)-
linear map g : M → B such that

f ′(m)−f(m) = Fg(m)−g(Fm) and v′(m)−v(m) = V g(m)−g(V m) ∀m ∈M .

Proof. The bijection in (i) is given as follow. For any given extension

0→ B → E →M → 0

of left Cartp(k)-modules together with a splitting sp : M → E of the short exact sequence of
the underlying W(k)-modules, the corresponding pair is (f, v), where

f(m) := F ·sp(m)− sp(Fm), v(m) := V ·sp(m)− sp(V m), ∀m ∈M .

It is easy to check that f : M → B is σ-linear, v : M → B is σ−1-linear, and

f(V m) + Fv(m) = 0 and V f(m) + v(Fm) = 0 ∀m ∈M .

Conversely, for any pair (f, v) which satisfies the above conditions, we use the maps f and
v to define the actions of F and V on B ⊕M as follows.

F · (b,m) = (Fb+ f(m), Fm), V · (b,m) = (V b+ v(m), V m), ∀ b ∈ B, ∀m ∈M .

It is easy to check that FV = V F = [p] on B ⊕M , so that the action of F and V extends to
an action of W(k)[F, V ] on B⊕M . We claim that the action of W(k)[F, V ] on B⊕M extends
to an action of Cartp(k). Assuming the claim, then B ⊕M is an extension of M by B as a
left Cartp(k)-module, endowed with the W(k)-linear splitting m 7→ (0,m), m ∈M . It is easy
to check that these two constructions are inverse to each other, and the bijection (i) will be
established.
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To prove the claim, we recall that any element of Cartp(k) can be written as a convergent
sum ∑

j≥1

cj F
j +

∑
i≥0

diV
i , cj , di ∈W(k) ∀ i ≥ 0 ∀ j ≥ 1, and ordp(cj)→∞ .

A simple computation shows that

F j(b,m) = (F jb+
j−1∑
j1=0

F j1f(F j−j1−1m), F jm) j ≥ 1

and

V i(b,m) = (V ib+
i−1∑
i1=0

V i1v(V i−i1−1m), V im) i ≥ 1

for all (b,m) ∈ B ⊕M . Notice that there exists δ ≥ 0 and a constant C such that V iM ⊆
pbδi−CcM for i � 0, and the map v : M → B is continuous for the V -adic topology. Hence
V i(b,m) converges to 0 in B ⊕M as i → ∞, where B ⊕M is given the product topology.
Therefore a sum of the form ∑

j≥1

cj F
j(b,m) +

∑
i≥0

diV
i(b,m)

converges in B ⊕M if cj , di ∈W(k) ∀ i, j ≥ 1, and ordp(cj)→∞. This shows that the action
of W(k)[F, V ] on B ⊕M can be extended to an action of Cartp(k) by continuity.

To prove statement (ii), we only have to examine the effect on the pair (f, v) from a
different choice of the splitting. The set of all splittings of a short exact sequence of W(k)-
modules 0 → B → E → M is a torsor under HomW(k)(M,B): The difference sp′ − sp is a
W(k)-linear map from M to B. If sp′ − sp = g, g ∈ HomW(k)(M,B), and (v′, f ′) is the pair
attached to the splitting sp′, then an easy computation shows that

f ′(m)− f(m) = Fg(m)− g(Fm), v′(m)− v(m) = V g(m)− g(V m) ∀m ∈M .

We have proved (ii).

(9.3) Lemma Let X be a finite dimensional p-divisible formal group over a perfect field k of
characteristic. Let N be a free W(k)-module of finite rank. Then there is a natural isomorphism

φ : Ext1
Cartp(k)(M(X),Cartp(k)⊗W(k)N) ∼−→ HomW(k)(M(X), N)

of W(k)-modules, where the W(k)-module structure on Ext1
Cartp(k)(M(X),Cartp(k) ⊗W(k) N)

comes from the W(k)-module structure of N . Under the bijection in Lemma 9.2, for any
element h ∈ HomW(k)(M(X), N), the element

φ−1(h) ∈ Ext1
Cartp(k)(M(X),Cartp(k)⊗W(k)N)

corresponds to the pair (fh, vh), where the σ-linear function fh : M → Cartp(k)⊗W(k)N and
the σ−1-linear function vh : M → Cartp(k)⊗W(k)N are defined by

fh(m) := F ⊗ h(m) , vh(m) = −1⊗ h(V m) ∀m ∈M .
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Proof. In [14, p. 617], the authors treated the case N = W(k), and they used the ring
W(k)[F, V ] instead of Cartp(k). Their proof works in the present situation without change,
except that the sums in the displayed formulae in pp. 619–620 of [14] should be understood
as infinite sums, which all converge.

(9.3.1) Remark On the other hand, in the statement of Lemma 9.3, if we replace the ring
Cartp(k) by W(k)[[F, V ]], the completion of Cartp(k) with respect to the total filtration Fil•tot,
in the statement of Lemma 9.3, then the statement is false for X = Ĝm.

(9.4) Lemma Notation as in 9.1. Let

ψ : H := HomW(k)(M,N)→ Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N)

be the map which sends each element h ∈ HomW(k)(M,N) the element

ψ(h) = [(fh, vh)] ∈ Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N)

attached to the pair (fh, vh) under the bijection in Lemma 9.2, where the σ-linear map fh :
M → BCp(k)⊗Cartp(k) N and the σ−1-linear map vh : M → BCp(k)⊗Cartp(k) N are given by

fh(m) = FU0 ⊗ h(m), gh(m) = −U0 ⊗ h(m) ∀m ∈M .

Recall that Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) is a left Cartp(k)-module via the action of the

“extra copy” of Cartp(k) on BCp(k), and H ⊗W(k)K has a natural structure as a V -isocrystal
such that F (H) ⊆ H.

(i) Let φM,NQp
: Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)NQp → HK be the map constructed in Thm.
8.6. Then φM,NQp

(ψ(h)) = h for every h ∈ H. In particular, the map ψ is injective.

(ii) Suppose that h is an element of H such that h1 := V h ∈ H. Then ψ(h1) = Vx · ψ(h).

(iii) We have ψ(Fh) = Fx · ψ(h) for every h ∈ H.

(iv) The map ψ is W(k)-linear. Here the W(k)-structure of the target

Ext1
Cartp(k)(M,BCp ⊗Cartp(k) N)

of the map ψ comes from the canonical embedding W(k) ↪→ Cartp(k) and the action of
the “extra copy” of Cartp(k) on BCp(k).

Proof. The statement (i) is an immediate consequence of the definition of maps φM,NQp
and

ψ in 8.6 and 9.4 respectively.

(ii) By definition, ψ(h1) corresponds to the pair

(FU0 ⊗ h1(m),−U0 ⊗ h1(V m) ) ,

while Vx · ψ(h) corresponds to the pair

(Vx · FU0 ⊗ h(m),−Vx · U0 ⊗ h(V m) ) = (FU1 ⊗ h(m),−U1 ⊗ h(V m) ) .
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We must produce an element gh ∈ HomW(k)(M,BCp(k)⊗Cartp(k) N) such that

Fgh(m)− gh(Fm) = FU1 ⊗ h(m)− FU0 ⊗ h1(m)

and
V gh(m)− gh(V m) = U0 ⊗ h1(V m)− U1 ⊗ h(V m)

for all m ∈ M . Here in the requirement for gh to be W(k)-linear, the W(k)-module structure
on BCp(k) ⊗Cartp(k) N comes from left multiplication by elements of W(k) ⊂ Cartp(k) on
BCp(k). Recall that h1 = V h means that V h(m) = h1(V m) for all m ∈ M , which implies
that h(Fm) = Fh1(m) for all m ∈M . A simple computation, using the commutation relations
V U1 = U0V, FU0 = U1F in BCp(k), shows that the function gh : M → BCp(k) ⊗Cartp(k) N
defined by

gh(m) := U1 ⊗ h(m) ∀m ∈M

satisfies the required conditions.

(iii) Let h2 be the element Fh in H, so that h2(m) = Fh(V m) for all m ∈ M . The element
ψ(Fh) corresponds to the pair

(FU0 ⊗ h2(m),−U0 ⊗ h2(V m) ) = (FU0 ⊗ Fh(V m),−U0 ⊗ Fh(V 2m) )

= (U1F
2 ⊗ h(V m),−U0F ⊗ h(V 2m) ) ,

while the element Fx · ψ(h) corresponds to the pair

(Fx · FU0 ⊗ h(m),−Fx · U0 ⊗ h(V m) ) = (FV U0F ⊗ h(m),−V U0F ⊗ h(V m) )

= (V U1F
2 ⊗ h(m),−V U0F ⊗ h(V m) ) .

Let g : M → BCp ⊗Cartp(k) N be the function defined by

g(m) = U0F ⊗ h(V m) ∀m ∈M .

It is easy to see that g is W(k)-linear, and a simple computation shows that

Fg(m)− g(Fm) = U1F
2 ⊗ h(V m)− V U1F

2 ⊗ h(m)

and
V g(m)− g(V m) = V U0F ⊗ h(V m)− U0F ⊗ h(V 2m)

for all m ∈M . We have proved (iii).

Recall that a Witt vector u = (c0, c1, c2, . . .) in W(k) goes to the element
∑

i≥0 V
i〈ci〉xF i

under the canonical embedding W(k) ↪→ Cartp(k). To prove statement (iv), it suffices to check
that ψ(〈c〉 · h) = 〈c〉x · ψ(h) for every c ∈ k. It is clear that 〈c〉x ·ψ(h) is the class represented
by the pair (〈c〉x ·fh, 〈c〉x ·vh). Using the commutation relations for BCp(k), we see that

〈c〉x · fh(m) = 〈c〉x · FU0 ⊗ h(m) = FU0 ⊗ 〈c〉h(m) = f〈c〉h(m)

and
〈c〉x · vh(m) = −〈c〉x · U0 ⊗ h1(V m) = −U0 ⊗ 〈c〉h(V m) = v〈c〉h(m)

for all m ∈M . We have shown that 〈c〉x ·ψ(h) is equal to [(f〈c〉h, v〈c〉h)] = ψ(〈c〉h).
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(9.5) Lemma Notation as in Lemma 9.4. Then Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) is topo-

logically generated as a left Cartp(k)-module by the subset ψ(H), where H := HomW(k)(M,N).
In particular, the embedding ψ : HomW(k)(M,N) ↪→ Ext1

Cartp(k)(M,BCp(k) ⊗Cartp(k) N) =
M(DE(X,Y )) induces a surjection

H/(H ∩ V H)� M(DE(X,Y ))/VM(DE(X,Y )) .

Proof. Let 0 → Cartp(k)n r−→ Cartp(k)(k) → M → 0 be a finite free finite free resolution of
the left Cartp(k)-module M of length one as in Prop. 5.7.3. We saw in 5.7.3 that

Ext1
Cartp(k)(M,BCp(k)⊗Cartp(k) N) ∼=

(
BCp(k)n ⊗Cartp(k) N

)
/
(
Γ · (BCp(k)n ⊗Cartp(k) N)

)
,

where Γ is the matrix representation of r.

Recall that we have a injection

α : Cartp(k)⊗W(k) Cartp(k)→ BCp(k)

such that α(u⊗ v) = u · U0 · v for all u, v ∈ Cartp(k). The above injection α induces a map

ᾱ : Cartp(k)⊗W(k)N = Cartp(k)⊗W(k)Cartp(k)⊗Cartp(k)N −→ BCp(k)⊗Cartp(k)N .

It is clear that ᾱ(Cartp(k)⊗W(k)N) is stable under left multiplication by Γ. Let

α̃ : Ext1
Cartp(k)(M,Cartp(k)⊗W(k)N) α̃−→ Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)N)

be the map induced by ᾱ.

Consider the following commutative diagram.

H = Hom
W(k)

(M,N) = //

ψ ∼=
��

Hom
W(k)

(M,N) = H

ψ
��

Ext1
Cartp(k)

(M,Cartp(k)⊗
W(k)

N)

∼=
��

α̃ // Ext1
Cartp(k)

(M,BCp(k)⊗
Cartp(k)

N)

∼=
��

Cartp(k)n⊗
W(k)

N/Γ·(Cartp(k)n⊗
W(k)

N) ᾱ // BCp(k)n⊗Cartp(k)N/Γ·(BCp(k)n⊗
Cartp(k)

N)

We know from the structure of BCp(k) that∑
n≥0

V n
x · α(Cartp(k)⊗W(k) Cartp(k))

is dense in Cartp(k) with respect to the topology defined by the total filtration. Therefore the
sum ∑

n≥0

V n
x ψ(H)

is dense in Ext1
Cartp(k)(M,BCp(k)) with respect to the V-adic topology on the left Cartp(k)-

module Ext1
Cartp(k)(M,BCp(k)). This finishes the proof of the first assertion of Lemma 9.5.

The second assertion of Lemma 9.5 follows.

72



(9.6) Theorem Notation as in 9.1 and 9.4. Let r1 = dim(X), r2 = dim(Y ), s1 = ht(X) −
dim(X), s2 = ht(Y )− dim(Y ).

(i) We have

dim(DE(X,Y )) = r2s1, dim(DE(X,Y )p-div) = r2s1 − r1s2, dim(DE(X,Y )unip = r1s2 .

(ii) The image of the Cartier module M(DE(X,Y ) of DE(X,Y ) under the isomorphism

φM,NQp
: M(DE(X,Y ))⊗W(k)K = Ext1

Cartp(k)(M,BCp(k)⊗Cartp(k)N)⊗W(k)K
∼−→ HomW(k)(M,N)⊗W(k)K = H⊗W(k)K =: HK ,

is equal to H2, the Cartp(k)-span of H in HK . In other words, the map φM,NQp
induces

an isomorphism

M(DE(X,Y )p-div) = M(DE(X,Y )/DE(X,Y )unip) ∼−→ H2 ,

where M(DE(X,Y )p-div) := M(DE(X,Y )/DE(X,Y )unip) is the maximal p-divisible quo-
tient of DE(X,Y ).

(iii) The map φM,NQp
induces an isomorphism

M(DE(X,Y )p-div) ∼−→ H1 ,

where H1 is the maximal W(k)-submodule of H which is stable under the action of
Cartp(k). In other words, under the isomorphism M(DE(X,Y )p-div ∼−→ H2 in (ii) above,
the natural isogeny DE(X,Y )p-div → DE(X,Y )p-div corresponds to the inclusion H1 ⊂
H2.

Proof. The statement (i) has been proved in Prop. 2.3 (ii) and Thm. 8.6.

From the short exact sequence

0→ M(DE(X,Y )unip)→ M(DE(X,Y ))→ M(DE(X,Y )p-div)→ 0

we see that
φM,NQp

(M(DE(X,Y )) = φM,NQp
(M(DE(X,Y )p-div) = H2 ;

the last equality follows from Lemma 9.5. We have proved statement (ii).

We know from Lemma 9.1.1 (ii) that dimk(H/(H ∩ V H)) = r2 s1. So the source and the
target of the surjection

H/(H ∩ V H)� M(DE(X,Y ))/VM(DE(X,Y )

in Lemma 9.5 have same dimension. Therefore the above surjection is an isomorphism.

Lemma 9.4 gives us a natural injection  : H1 → M(DE(X,Y )) of Cartp(k)-modules. The
map

̄ : H1/V H1 → M(DE(X,Y ))/VM(DE(X,Y ))

induced by  on the tangent spaces is equal to the following composition

H1/V H1 ↪→ H/(H ∩ V H) ∼−→ M(DE(X,Y ))/VM(DE(X,Y )

of canonical maps. The map H1/V H1 ↪→ H/(H ∩ V H) is an injection by Lemma 9.1.1 (i).
Hence ̄ : H1/V H1 → M(DE(X,Y ))/VM(DE(X,Y )) is an injection. We conclude by Lemma
4.3.2 that (H1) is the Cartier module of the maximal p-divisible subgroup of DE(X,Y )p-div.
We have proved statement (iii).
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(9.6.1) Remark (i) The canonical map H1 → H2 is an injection of left Cartp(k)-modules,
and the quotient H2/H1 is the covariant Dieudonné module of the finite group scheme
DE(X,Y )p-div ∩ DE(X,Y )unip.

(ii) The proof of Thm. 9.6 shows that the tangent space of DE(X,Y ) is canonically isomor-
phic to H/(H ∩ V H), and the tangent space of DE(X,Y )p-div is canonically isomorphic
to

H2/V H2 =

( ∞∑
i=0

V iH

)/( ∞∑
i=1

V iH

)
∼←− H

/(
H ∩

∞∑
i=1

V iH

)
.

(iii) The tangent space of DE(X,Y )/DE(X,Y )p-div is canonically isomorphic to

H/(H1 + (H ∩ V H)) .

Hence

dimk(H/(H1+(H∩V H)))=dim(DE(X,Y )/DE(X,Y )p-div)=dim(DE(X,Y )unip)=r1s2 .

(iv) Suppose that H1 = H2 = H. Then r1s2 = 0 by (iii), therefor s2 = 0, because r1 > 0. In
other words, the natural map DE(X,Y )p-div → DE(X,Y )p-div is an isomorphism if and
only if Y is a formal torus.

(9.7) Proposition Notation as in 8.7.1. Let M be the Cartier module of X, and identify
the Cartier module of Xt with M∨ := HomW(k)(M,W(k)). Let H ′ = Homsym

W(k)(M,M∨) be
the module of all symmetric elements in HomW(k)(M,M∨); H ′ ⊗

W(k)
K is a sub-V-isocrystal

of Hom
W(k)

(M,M∨) ⊗
W(k)

K. Let H ′1 be the maximal W(k)-linear submodule of H ′ such that
V (H ′1)+F (H ′1) ⊆ H1. Then the map φM,M∨

Qp
in 8.6 induces an isomorphism from the Cartier

module of DE(X,Xt)sym
p-div to H ′1.

Proof. Immediate from Prop. 8.7.2 and Thm. 9.6.

(9.8) Continuation of Example 6.3

Notation as in 6.3. The Cartier module M = M(X) = Cartp(k)/Cartp(k)·(F − V n), is a
free W(k)-module of rank n+ 1, with basis

ur = the image of V r in Cartp(k)/Cartp(k)·(F − V n) , 0 ≤ r ≤ n .

The Cartier module N = M(Y ) = Cartp(k)/Cartp(k) ·(F − V n−1), is a free W(k)-module of
rank n, with basis

wi = the image of V i in Cartp(k)/Cartp(k)·(F − V n−1) , 0 ≤ i ≤ n− 1 .

For any 0 ≤ i ≤ n− 1, 0 ≤ r ≤ n, let eir be the element of H := HomW(k)(M,N) such that

eir(us) = δrswi ∀ s = 0, . . . , n .

The eir’s form a W(k)-basis of the free W(k)-module H := HomW(k)(M,N).
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The action of F and V on HK = H ⊗
W(k)

K can be expressed as follows:

V eir = ei+1,r+1 , F eir = ei+n−1,r−1 = p ei−1,r−1

where we have used the convention that ei,r+n+1 = p−1eir and ei+n,r = p eir to define elements
eir ∈ HK for all i, r ∈ Z.

The submodule H2 =
∑

i≥0 V
iH is equal to the W(k)-span of

eir (0 ≤ i ≤ r ≤ n) ; p−1 eir (0 ≤ r < i ≤ n− 1) .

The submodule H1 =
⋂
i≥0 V

−iH is equal to the W(k)-span of

eir (0 ≤ r ≤ i+ 1 ≤ n , i ≥ 0) ; p eir (0 ≤ i < r − 1 ≤ n− 1) .

We have lengthW(k)(H2/H1) = n(n− 1), compatible with what we saw in 6.3.6.

(9.9) Continuation of Example 6.4

Notation as in 6.4. The Cartier module M = M(X) = Cartp(k)/Cartp(k)·(F − V 5), is a
free W(k)-module of rank 6, with basis

ur = the image of V r in Cartp(k)/Cartp(k)·(F − V 5) , r = 0, . . . , 5 .

The Cartier module N = M(Y ) = Cartp(k)/Cartp(k)·(F 2−V ), is a free W(k)-module of rank
3, with basis

wi = the image of F i in Cartp(k)/Cartp(k)·(F 2 − V ) , i = 0, 1, 2 .

For any 0 ≤ i ≤ 5, 0 ≤ r ≤ 2, let eir be the element of H := HomW(k)(M,N) such that

eir(us) = δrswi ∀ s = 0, . . . , 5 .

The eir’s form a W(k)-basis of the free W(k)-module H := HomW(k)(M,N).

The action of F and V on HK = H ⊗
W(k)

K can be expressed as follows:

V eir = ei+2,r+1 , F eir = ei+1,r−1 = p ei−1,r−1

where we have used the convention that ei,r+6 = p−1eir and ei+3,r = p eir to define elements
eir ∈ HK for all i, r ∈ Z.

It is easy to see that H2 :=
∑

i≥0 V
iH is equal to H+W(k) p−1e20. Similarly the Cartp(k)-

module H1 :=
⋂
i ≥ 0V −iH is the W(k)-span of

{ p e05 } ∪ { eir | i 6= 0 or r 6= 5, 0 ≤ i ≤ 2, 0 ≤ r ≤ 5 } .

We have lengthW(k)(H2/H1) = 2, compatible with what we saw in 6.4.6.

(9.9.1) A simple calculation shows that H1/(V H1 + FH1) is a 6-dimensional vector space
over k, generated by the images of e01, e02, e03, e04, e14, and e15, which is compatible with
what we saw in 6.4.4. Similarly, H2/(V H2 + FH2) is a 6-dimensional vector space over k,
generated by the images of e01, e02, e03, e04, e05, and e15, compatible with 6.4.7
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