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FORMULAS INVOLVING BESSEL FUNCTIONS

e Bessel’s equation: r2R” + rR’ + (a?*r* —n?)R = 0 — The only solutions of this which are bounded at
r =0 are R(r) = cJ,(ar).

niw) =y (2
— Kl(k+n)! \2
Jo(0) =1, J,(0) =0 if n > 0. z,, is the mth positive zero of J,(x).
e Orthogonality relations:

1 1
If m # k then / T (Znm®) I (2npz) de = 0 and / 2(Jp(Zpmz))? dz = %Jn+1(znm>2.
0 0

e Recursion and differentiation formulas:

%(xnjn(x)) — 2" 1 (z) or / Wy (2)de = 2" Ju(@) + C forn > 1 (1)
%(:(;—”Jn@)) — o Jp(z) for n>0 2)

J(2) 4+ 20 (@) = Jua (2) 3)

Tle) =~ () =~ (2) (4)

21(1) = Ju1(2) = Jusa(a) (5)

(@) = Joa(a) + T 0) ©)

e Modified Bessel’s equation: r*R” + rR' — (a?r* + n*)R = 0 — The only solutions of this which are
bounded at r = 0 are R(r) = cl,(ar).

I(x) =1"J,(ix) = kijo m <§>n+2k |



FORMULAS INVOLVING ASSOCIATED LEGENDRE AND SPHERICAL BESSEL
FuNcTIONS

2

Associated Legendre Functions: %ﬁ (sin qﬁfl—g) + (,u — ) g = 0. Using the substitution x = cos ¢,

sin

this equation becomes -+ ((1 — x2)d—g) + (,u — ) g = 0. This equation has bounded solutions only

dx dx 1—a2
when p =n(n+1) and 0 < m < n. The solution P"(z) is called an associated Legendre function of
the first kind.

Associated Legendre Function Identities:

(#* — 1)" and P™(z) = (—1)"™(1 — x2)m/2d—Pn(x) when 1 <m <n

1 dn
P(z) = —
" (@) phes

—onp) dan

Orthogonality of Associated Legendre Functions: If n and k are both greater than or equal to m,

If n # k then /1 P ()P (z)dxr = 0 and /1 (P[L”(x))? dr = (QRiEﬁ;;nm_)!m)!.

Spherical Bessel Functions: (p?f’)'+(a?p* —n(n+1))f = 0. If we define the spherical Bessel function
Jnlp) = p’%JnJr%(p), then only solution of this ODE bounded at p = 0 is j,(ap).

Spherical Bessel Function Identity:

gn(z) = 2 <_é%)n (sizx) |

Spherical Bessel Function Orthogonality: Let z,,, be the m-th positive zero of j,,.
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1
If m # k then / ijn(znmx)jn(znkx)dx =0 and / xz(jn(znmx))de = §(jn+1(znm))2.
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ONE-DIMENSIONAL FOURIER TRANSFORM
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(D) Derive the heat equation for a one-dimensional rod assuming that the cross-sectional
area A(z) is a non-constant function of z, where 0 < x < L. Assume all other thermal properties
are constant, and there is no heat source.







(2) The function u(r,#) describes the steady state temperature distribution in a thin plate

R shaped as an anulus with outer radius 2 and inner radius 1. Suppose that heat flux across the

boundary of R is given by u,(1,6) = 2 for the inner circle, and u,(2,6) = csin?(36) for the outer
circle.

(a) (4 points) What must the value of the constant ¢? That is: what must the value of ¢ be so that
the boundary value problem

Viu=0
u,-(1,0) =2

u,(2,0) = csin?(30)
will have a solution.

(b) (6 points) Find the general solution u(r, ), you don’t need to compute the coefficients.







(3) Denote by g(z) the Fourier sine series of the function e” on the interval [0, 1], that is,

e}
e’ ~ Z by sinnrx =: g(x).

n=1

Decide whether the following statements are true or false. To obtain the full credit, you must justify
your reasoning.

(i) (2.5 points) g is an even function. True / False
(ii) (2.5 points) g is periodic. True / False
(iii) (2.5 points) g is bounded. True / False
(iv) (2.5 points) g(1) = True / False
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(4) Let u(x,t) be the vertical displacement of a vibrating string with 1 < = < 3. The string

has free boundaries, and has constant density p = 4 and tension with constant magnitude 7" =1 and
thus obeys the wave equation 4u; = u,,, with boundary conditions wu,(1,¢) = 0 and u,(3,t) = 0.

The initial position and velocity are given by u(x,0) = 0 and u;(z,0) = +/2x for all 1 < z < 3.
Calculate the total energy

1 3
E(t) = 5/ (puj + Tu?) da,
1
of the string.
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(5) Estimate the large eigenvalues for the following eigenvalue problem:

dx dx
¢(0) = ¢(1) = 0.

d d
— (eQx—¢) + (Ae4x+e3x)¢: Ofor0<z<1
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(6) Let u(p, 6, ¢) be a solution of the Laplace equation V?u = 0 inside a sphere of radius 2
centered at the origin, subject to the boundary condition u(2, 0, ¢) = 5P3(cos ¢), where Py (z) is the

associated Legendre function of the first kind.

(a) (5 points) Compute u(1,,0).
(b) (5 points) Compute lim, .o u(p, 7,0).
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(7 Solve the Poisson equation in a unit disk (r <1, —7 < 6 < 7):

10 ou 1 0%u
2 1+ 0 [ OUu Lou_ 3
Veu = (T8T)+T28(92 r

subject to the boundary condition

u(1,6) =sinf.

17



18



(8) Compute the Fourier transforms of the following functions
(a) (3 points) 2(3—902/97
(b) (4 pOiIltS) @_(J»’-‘rl)Q % 6_(:5_1)2,

2

(c) (3 points) Lie~
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Scrap Paper
If you use this page and intend for me to look at it, then you must indicate so on the page with the original
problem on it. Make sure you label your work with the corresponding problem number. Do NOT rip this

page off.
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