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FORMULAS INVOLVING BESSEL FUNCTIONS

e Bessel’s equation: r2R” + rR’ + (a?*r* —n?)R = 0 — The only solutions of this which are bounded at
r =0 are R(r) = cJ,(ar).

niw) =y (2
— Kl(k+n)! \2
Jo(0) =1, J,(0) =0 if n > 0. z,, is the mth positive zero of J,(x).
e Orthogonality relations:

1 1
If m # k then / T (Znm®) I (2npz) de = 0 and / 2(Jp(Zpmz))? dz = %Jn+1(znm>2.
0 0

e Recursion and differentiation formulas:

%(xnjn(x)) — 2" 1 (z) or / Wy (2)de = 2" Ju(@) + C forn > 1 (1)
%(:(;—”Jn@)) — o Jp(z) for n>0 2)

J(2) 4+ 20 (@) = Jua (2) 3)

Tle) =~ () =~ (2) (4)

21(1) = Ju1(2) = Jusa(a) (5)

(@) = Joa(a) + T 0) ©)

e Modified Bessel’s equation: r*R” + rR' — (a?r* + n*)R = 0 — The only solutions of this which are
bounded at r = 0 are R(r) = cl,(ar).

I(x) =1"J,(ix) = kijo m <§>n+2k |



FORMULAS INVOLVING ASSOCIATED LEGENDRE AND SPHERICAL BESSEL
FuNcTIONS

2

Associated Legendre Functions: %ﬁ (sin qﬁfl—g) + (,u — ) g = 0. Using the substitution x = cos ¢,

sin

this equation becomes -+ ((1 — x2)d—g) + (,u — ) g = 0. This equation has bounded solutions only

dx dx 1—a2
when p =n(n+1) and 0 < m < n. The solution P"(z) is called an associated Legendre function of
the first kind.

Associated Legendre Function Identities:

(#* — 1)" and P™(z) = (—1)"™(1 — x2)m/2d—Pn(x) when 1 <m <n

1 dn
P(z) = —
" (@) phes

—onp) dan

Orthogonality of Associated Legendre Functions: If n and k are both greater than or equal to m,

If n # k then /1 P ()P (z)dxr = 0 and /1 (P[L”(x))? dr = (QRiEﬁ;;nm_)!m)!.

Spherical Bessel Functions: (p?f’)'+(a?p* —n(n+1))f = 0. If we define the spherical Bessel function
Jnlp) = p’%JnJr%(p), then only solution of this ODE bounded at p = 0 is j,(ap).

Spherical Bessel Function Identity:

gn(z) = 2 <_é%)n (sizx) |

Spherical Bessel Function Orthogonality: Let z,,, be the m-th positive zero of j,,.
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If m # k then / ijn(znmx)jn(znkx)dx =0 and / xz(jn(znmx))de = §(jn+1(znm))2.
0 0

ONE-DIMENSIONAL FOURIER TRANSFORM
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(1) Let u := u(z,t) be the temperature in a one-dimensional rod, and satisfy the following
initial and boundary value problem:

—=—+0z for0 <z <2, t>0,
x
0,u(0,t) =0 and Opu(2,t) = =2,

where (3 is a constant. Denote the total thermal energy in the rod (0 < z < 2) by

2
E(t) ::/ u(z,t) du.
0
Answer the following questions.

(i) (2 Points) What is the physical meaning of the boundary condition 0,u(0,t) = 07
(i) (3 Points) Verify that
aE
dt
(iii) (3 Points) Using part (ii), compute E.

= 2428

(iv) (2 Points) For which value of 3 does the limit lim; ., E(t) exist, and what is the limit?







(2) Consider the following boundary value problem for a heat conduction in a rod:
U =4y, —2u, onl<z<l1
u(0,t) =0
u(l,t) =0

(a) (5 points) Separate variables and determine all product solutions of this problem.

(b) (5 points) Find the solution for which the initial temperature is u(z,0) = 3sin(rz) + sin(37x).







(3) Let f(z) be a piecewise smooth function. Denote by g(z) the Fourier series of the
function f(z) on the interval [—m, 7], that is,

flz) ~ Zan Cos NI + Z b, sinnz =: g(x).
n=0 n=1

Decide whether the following statements are true or false. To obtain full credit, you must justify
your answers.

(i) (2.5 points) If f is an odd function, then b, =0 for all n =1,2,---. T/F
(ii) (2.5 points) If f is continuous, then g must be continuous. T/F
(iii) (2.5 points) If f is bounded, then g must be bounded. T/F
(iv) (2.5 pomts) For any given function f, the Fourier coefficient b,, can be computed by

by =2 [ f(x)sinnz du. T/F
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(4) Solve the damped wave equation
Ut = Ugy — Uy, 0<$<1,t>0,

with initial conditions
u(z,0) = sin(27x)
u(z,0) =0

and boundary conditions
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(5) Consider the eigenvalue problem

dQ(b

@ + ()\ — $4)¢ =0
do B do B
&0 =z m=0

Answer the following questions.

(i) (2 points) Is the above eigenvalue problem a reqular Sturm-Liouville eigenvalue problem?
(ii) (5 points) Show that all eigenvalues A are non-negative.

(iii) (3 points) Is A = 0 an eigenvalue?
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(6) The displacement function u(r,#,t) describing the vibration of a circular membrane
D: 0<r<2, —m <6 < 7 satisfies the boundary value problem

uy = 9V?u on D
u(2,0,t) =0
u(r,0,0) =0

ut(rveao) = _JO (%T> )
where Jy(z) is the 0-th Bessel function of the first kind with roots 21, 22, ..., Z, .. ..

(a) (7 points) Compute u(r,6,t).
(b) (3 points) Find the value u (2, F,1).
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(7 Let u := u(z,t) satisfy the following initial and boundary value problem

ou  0%u _x%, . TX
E—@—FZB—I—QB 1 sin —- for0<xz<1,t>0
u(0,t) =0
ou
—(1,t) =t
ax(7)

3
u(z,0) = 5sin %

Answer the following questions.

(ii) (8 Points) Find the solution u to the above initial and boundary value problem.

(iii) (2 Points) Prove or disprove
lim u(1,t) = 0.

t—o00
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(8) Let u(x,t) be the solution of
Up = 2Ugy, —00 < x <00, t>0,
u(z,0) = sin(37z).

(a) (3 points) Use Euler’s formula to rewrite the initial data in terms of exponentials.

(b) (7 points) Use a Fourier transform in x to find u(x,t).
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Scrap Paper
If you use this page and intend for me to look at it, then you must indicate so on the page with the original
problem on it. Make sure you label your work with the corresponding problem number. Do NOT rip this

page off.
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