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A PARTIAL TABLE OF INTEGRALS
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FOrRMULAS INVOLVING BESSEL FUNCTIONS

e Bessel’s equation: r2R” + rR' + (a?r? — n?)R = 0 — The only solutions of this which are bounded at r = 0 are

R(r) = cJp(ar). .
(=D x
Tnlw) = 1;0 kl(k +n)! (5

) n+2k

Jo(0) =1, Jp(0) =0 if n > 0. 2, is the mth positive zero of J,(z).

e Orthogonality relations:

If m # k then /01 dn (Znm@)JIn(znkr)dx =0 and /01 :r(Jn(znmx))2 dx = %Jnﬂ(znm)z.
e Recursion and differentiation formulas:

%(ann(a:)) =z"J,—1(z) or /a:"Jn_1(a:) de =a"J,(x) +C formn >1 (1)
e (@) = o (@) for n>0 (2)
Ta(@) 4 T In(@) = Juoa () 3)
T (@) = 2 (@) = =i () (4)
2} (x) = Jp_1(x) = Jnqa () (5)
2 Jw) = Jua (o) 4 T (a) (6)

e Modified Bessel’s equation: 72R” + rR' — (a?r? + n?)R = 0 — The only solutions of this which are bounded at r = 0
are R(r) = cl,(ar).

o s 1 N\ n+2k
I,(z) =i "y (iz) = kzz;) AT (§> .



FORMULAS INVOLVING ASSOCIATED LEGENDRE AND SPHERICAL BESSEL FUNCTIONS

Associated Legendre Functions: % (sin zj)(‘li—g) + (p - %) g = 0. Using the substitution z = cos ¢, this equation

1—x2

0 < m < n. The solution P"(x) is called an associated Legendre function of the first kind.

becomes % ((1 — m%%) + (,u - )g = 0. This equation has bounded solutions only when u = n(n + 1) and

Associated Legendre Function Identities:

PO(z) = S %(””2 —1)" and P™(z) = (-1)™(1 — 2?) /2d7mpn(x) when 1 <m <n

Orthogonality of Associated Legendre Functions: If n and k are both greater than or equal to m,

1 1 n m).
If n # k then /1P7T(I)P,gn(a;)dx —0 andL (P (2))2 dx = <2n2£ 1)JEn _)'m>!.

Spherical Bessel Functions: (p?f’) + (a?p? — n(n + 1))f = 0. If we define the spherical Bessel function j,(p) =
P_%Jn+% (p), then only solution of this ODE bounded at p = 0 is j,(ap).

jn(z) = 2 <_;;;>" <sn;x) |

Spherical Bessel Function Orthogonality: Let z,,, be the m-th positive zero of j,.

Spherical Bessel Function Identity:

1 1
1
If m # k then / xzjn(znmx)jn(znkx)dx =0 and / mz(jn(znmx))zdx = §(jn+1(znm))2.
0 0

ONE-DIMENSIONAL FOURIER TRANSFORM
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1. Suppose the concentration u(z,t) of a chemical satisfies Fick’s law: ¢ = —k%. Assume there is no source to generate
chemicals in the region 0 < z < 1 and that cross-section area A(x) = 1. Answer the following questions under the
assumption that initial concentration is u(xz,0) = z(1 — z) and the flow of chemical at both ends is specified by the

el ) o
boundary conditions —k5*(0,t) = a and —k5%(1,t) = b.
(a) Determine the rate of change of the total amount of chemical in the region.
(b) Determine the total amount of chemical in the region as a function of time.

(¢) Under what condition is there an equilibrium distribution of the chemical and what is it?



2. Solve the Laplace equation on the half disk 0 < 8 <, 0 < r < 1, subject to the boundary conditions u(1,0) = 6 + 2
and g—g(r, 0) = %(r, ) = 0.



3. Consider

o0
. nTT
T~ E by, sin ——.
L
n=1

(a) Determine the b,,.
(b) For which values of z is © = Y~ | by, sin 2727

(c) Use your answer from (a) to compute the Fourier cosine series for x2.



4. Consider the displacement u of a string with source term @ = —au (where « is positive constant), given by

0u  0%*u
— = —— —au.
ot? 0z

(a) What is the physical effect of the source term @ on the string?

(b) Using separation of variables, solve the equation subject to the constraints

ou
w(0,t) =0, wu(L,t)=0, wu(z,0)=0, E(JL‘,O) = f(x).

(c¢) In the case of part (b), what are the (circular) frequencies of vibration of the string?






5. Express the eigenvalue problem

d?¢ do x?
eP L 48P
dx? + dx /\1 + 32

¢ on [1,2] with ¢(1) = ¢(2) = 0

in the standard Sturm-Liouville form. Explicitly verify that the Sturm-Liouville problem is regular and give the
orthogonality relationship satisfied by the eigenfunctions.



6. Write the general solution of Laplace’s equation on the unit ball in R? as an infinite series. Verify that u(z,y,z) =
(22 +y?)z — §z3 satisfies the Laplace equation on the unit ball in R, then express this solution u as an infinite series,
i.e., determine exactly what each coefficient in your infinite series must equal so that the sum of the series is u. (Hint:
PY(cos ¢) =1 at the north pole of the unit sphere.)
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7. Let u(x,t) be the solution of the initial/boundary value problem for the heat equation:
Up = Uy Tor0<axz <1, t>0
u(z,0) =0, u(0,t)=0, wu(l,t)=1.

a) What is lim u(x,t)?
t—o0

¢) Use the equilibrium solution and one term from the Fourier series of u(x,t) to estimate how long from ¢ = 0 it will

(

(b) Find u(x,t).

(

take for u(%, t) to attain half its equilibrium value (in other words, estimate the value of T" such that

w(bit) < g Jimu () fort<T

t—o00

and 1
u(%,t) > 5tlg&u(%,t) fort > T.

(Bonus points for explaining why this is a really good estimate.)
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8. Consider the following forced wave equation on the interval [0, L]:

0%u 5 0%u 4 sinat

— =c¢"— +sinat.

ot? 0x?
Suppose that boundary conditions are prescribed so that one end is fixed at zero and the other end is free. For what
values of « is resonance possible? How does the situation change if both ends are free? Note that you do not need to

write down the solution of this PDE to answer this question.
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9. Let
Flz) = cosz for —10m <z < 10w
10 for |z| > 107

(a) Compute the Fourier transform of f. (Hint: You may wish to use Euler’s formula to rewrite cosine in terms of
complex exponentials.)

(b) Solve initial-value problem for the wave equation
g = 1002 uyy, u(z,0) = f(x), u(z,0)=

with f(x) as given at the beginning of this problem.

(c) Draw a reasonably accurate graph of u(z, 3).
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10. Solve the initial-value problem
2
Uy = TUgy , u(z,0) = e "

for u(z,t), t > 0 and —oo < & < oo. Fully simplify your answer.
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