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(1) 10 points Which of the following statements are false?

(i) A parametrized surface S is always a graph of a function.

(ii) The surface
−→
X (s, t) = 〈s2 + t2,−2s cos(t),−2s sin(t)〉, 0 < s < 1, 0 < t < 2 is

orientable.

(iii) Let S be the unit sphere oriented with the outward normal vector. Let
−→
F be a

vector field such that div
−→
F = 6 everywhere in R3. Then the flux of

−→
F through

S is 12π.

(a) (i) only

(b) (ii) only

(c) (iii) only

(d) (i) and (ii) only

(e) (i) and (iii) only

(f) (ii) and (iii) only
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(2) 10 points Let S be the part of the graph of the function f(x, y) = 3− x2 − y2 that
lies over the disk x2 + y2 ≤ 1 in the xy-plane. Suppose S is oriented by the upward

pointing normal vector. Compute the flux
∫∫

S

−→
F · d

−→
S of the vector field

−→
F =

〈
5x+

x2 + y2

3 + 2y2
, 2y + sin(x), 11− 7z − 2xz

3 + 2y2

〉
.

Hint: Use Gauss’s theorem.

(a) 11π

(b) 24

(c) 0

(d) 7π

(e) 2π

(f) 5 + π
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(3) 10 points True or false. To receive any credit, you must also give a reason or a
counterexample for each statement.

(a) If A and B are 4× 4 matrices such that rank(AB) = 3, then rank(BA) < 4.

(b) If A is a 5×3 matrix with rank(A) = 2, then Ax = b will have a solution for every
vector b in R5.

(c) If A is a 4× 7 matrix, then AT and A have the same rank.

(d) If A and B 6= 0 are 2× 2 matrices such that AB = BA = 0, then A must be the
zero matrix.
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(4) 10 points Please circle “T” for true or “F” for false in the space provided to the
left of the following statements. You do not have to justify your answer to receive full
credit.

T F The vector space of all 4×4 matrices that are both symmetric and skew-symmetric
has dimension one.

T F If T : V → W is a linear transformation between vectorspaces V and W , then
the set {v ∈ V |T (v) = 0} is a vector subspace of V .

T F The vectors v1, v2, . . . , vn in Rn are linearly independent if and only if
span{v1, v2, . . . , vn} = Rn.

T F If A is an n× n matrix such that nullity(A) = 0 then A is the identity matrix.

T F If A is an m×n matrix with rank m, then the columns of A are linearly indepen-
dent.
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(5) 10 points Which o fthe following collections of matrices form a subspace of the vector
space Mat2×2(R)?

(i) All non-singular matrices: detA 6= 0;

(ii) All nilpotent matrices: A2 = 0;

(iii) All matrices A whose transpose commutes with a fixed matrix B: ATB = BAT ;

(iv) All skew-symmetric matrices: AT = −A.

(a) only (i)

(b) only (ii)

(c) only (iii)

(d) only (iv)

(e) only (i) and (ii)

(f) only (iii) and (iv)
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(6) 10 points Produce a matrix A with the following properties

1. A has eigenvalues −1 and 2;

2. the eigenvalue −1 has eigenvector

 1
2
3

;

3. the eigenvalue 2 has eigenvectors

 1
1
0

 and

 0
1
1

.
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(7) 10 points Let A be an n× n matrix with real entries, and let λ be an eigenvalue of
A. Which of the following statements is correct?

(i) αλ is an eigenvalue of αA for all real scalars α;

(ii) λ2 is an eigenvalue of A2;

(iii) λ2 + αλ+ β is an eigenvalue of A2 + αA+ βIn for all real scalars α and β;

(iv) If λ = a + ib with a, b 6= 0 are some real numbers, then λ̄ = a − ib is also an
eigenvalue of A.

(a) only (i)

(b) only (ii)

(c) only (iii)

(d) only (iv)

(e) (i), (ii), (iii), and (iv)

(f) only (ii) and (iv)
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(8) 10 points Let x′ = Ax be a vector differential equation, where A is a 2 × 2 matrix
with real entries. Suppose we know that one solution to this equation is given by

et

[
sin(2t)
cos(2t)

]
. Find the matrix A and the solution to x′ = Ax that satisfies the initial

condition x(0) =

[
1
0

]
.

(a) A =

[
1 2
−2 1

]
, x(t) = et

[
cos(2t)
− sin(2t)

]

(b) A =

[
1 1
1 1

]
, x(t) = et

[
1
0

]

(c) A =

[
1 2
−2 1

]
, x(t) = et

[
sin(2t)
cos(2t)

]

(d) A =

[
0 1
1 0

]
, x(t) =

[
1
0

]

(e) A =

[
1 0
0 1

]
, x(t) = et

[
1
1

]

(f) A =

[
1 1
0 1

]
, x(t) = et

[
0
1

]
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(9) 10 points Which of the following functions is a particular solution to the nonhomo-
geneous linear differential equation

y′′ − 2y′ + y = xex

(a) ex

(b)
1

6
ex

(c) xex

(d)
1

3
xex

(e)
1

6
x3ex

(f)
1

2
x2ex
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(10) 10 points

Let x =

[
x1(t)
x2(t)

]
be the vector valued function that solves the initial value problem

x′ =

[
−1 0
4 −1

]
x, x(0) =

[
1
0

]
.

What is x2(2)?

(a) e−2

(b) 0

(c) 8e−2

(d) 5

(e) 5e−1

(f) 2e−1
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