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Instructions:  You have 120 minutes to complete this exam. Do not detach this sheet from the body of the test. This is a multiple-
choice test. Please show all your work. Answers with no supporting work will be given no points. If you change an answer, please either
erase or cross out the answer you do not want considered; questions with more than one answer will be marked wrong. Bubble-in your choice
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1. Let 4 be the curve in R? defined by

t2 4370
r=5,  y=30%  z=2 te[l4x).

14
Calculate the distance along % from (0,0, 0) to (5, 3 2> .

F  ® L @ @wiie

2. The two curves

Ch:x=t, y=1t3, z=t!

and
Co:x=01+t)*-3, y=01-1)*+1, z=2—1

intersect at t = 1. Find the angle between the tangent line to C; and the tangent line to C5 at this point.
2m s 8 8
0 — - cos™H | — sin~! <—>

3. Find the area inside r = 3 + cos 86, which appears in the figure below.

s ™ 19 19
OF Z ©5 Ok Ok
4. Find the slope of the polar curve r = sin(56) at the point specified by 6 = g

1 V2
Ok ®s ©: ©- ®-7
g s —
fb — nd ¢ — @ are parallel and it is known that ¢ X

— - = —- =
@ ®)-7-% ©7F -7
6. The point on the plane  + 2y + 3z = 7 that is closest to the origin is

@(m%) (%1%) (© 3,0 @(%29 @(ggg)

w|
o))

5.

+
=~
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7. Find the curvature x and the torsion 7 of the parameterized curve
x(t) = cos(t) + tsin(t), y(t) = sin(t) — tcos(t), z(t) = 0.

Then compute their difference.

@/ﬁ—TZtQ—t
ﬁ—TZ%
(©)r —7 = (sin(1))? ~ cos(t)

@ k—1 = (cos(t))? — (1 —1t)

(E)r—7 = (sin(t))2 — (1-1)

8. I throw a ball into the air with initial speed 101/2 meters per second at angle 45 degrees from the horizontal.
The ball is two meters off the ground when I let go of it. How far away from me does it land? Give your
answer to the nearest meter. (Assume that the gravitational force is 10 meters per second per second.)

@ 17 meters 18 meters @ 19 meters @ 20 meters @ 22 meters
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9. Consider the following four functions

a(z,y) =2 -y, bxy)=z—y°, cl@y =8>+y> dy) =a2a>+8y,

and the four contour plots below. Which of the following matches is correct?

. ///

10 Y

(A) (@, 0, (b, D), (¢, D), (d, IV)

(a, 1), (b, 11D, (¢, I0), (d, IV)

(©) (@, 1), b, 1), (¢, V), (@, 11
(D) (@, 1), (1), (¢, 1V), (d, TID)
(E) (a, 1, (b, ), (¢, 111}, (d, IV)

David GALVIN Julia HARTMANN David SANTOS



UNIVERSITY of PENNSYLVANIA Maths 114 Fall 2005 Final Exam @

10. The linearization of the function
flx,y) = 2® + bry — y?

at the point (1, 2) is
L(z,y) =4z — 3y + 1.

Find b.

@ b cannot be determined from the information given

11. Find the point on the surface 222 + zy + y* + 4z + 8y — 2 + 14 = 0 for which the tangent plane is 4z +y — z = 0.

(&), -4,0 (B)(1,-3.2) (©)0,-4,-2) (D) ©0,-3,-1) () (1,2.6)

12. Let f(x,y) = 2® + 4zy — 2y* + 1. Which of the following is true?

@ f has a saddle point at (0, 0) and a local minimum at <_§’ — %) .

f has a saddle point at (0, 0) and a local maximum at <—%, —g
@ f has a saddle points at (0, 0) and at (—%, —%)

@ f has a local minimum (0, 0) and a local maximum at <—§, - %) .
@ f has a local maximum (0, 0) and a local minimum at (—37 —g)

13. Find / / zy dA where Z is the region bounded by the curves y = 2% and y = z® in the first quadrant.
%

1 1 1 1 5
®E E 24 ®4_8 ®E

14. Evaluate the following integral. (Hint: Combine the sum into a single expression.)

/2 /w dydz V2 pVEea? dydzx
0o Jo

o ®% ©F OF = ©x
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15. How many of the expressions below describe the integral of f over the solid bounded by the coordinate planes
and the planesz =1 —-zand z =1 —y?

1 11—y 1—=z
. // / fz,y, z)dzdzdy
o Jo 0
1 l1—x 1—=
° // / fz,y, z)dydzdx
o Jo 0
1 z 1—2z 1 1 Yy
o/// f(x,y,z)dxdydz—i—/ / / f(z,y, z)dzdydz.
o Jo Jo o Jz Jo
1 x 1—x 1 1 1-y
o/// f(a:,y,z)dzdydx—i—/ // f(z,y, z)dzdydz.
o Jo Jo 0o Jax Jo

@ All four do

Exactly three of them do
@ Exactly two of them do
@ Just one of them does
@ None of them does

16. If i = y/—1, find the roots of the equation

Z =1
V3 o1 V3 .
—_— ==, ———|—z—, 7
\/2_ 2 \/_2 2
3 1 3 1
B-Liin, Yiis
2 2 2 2
1
@———i—iﬁ, l—i—z\/g, —1
2 2 2 2
@3- S+
___Z_7 __+_? Z
2 2 2 2
@_i_z@ 13 v
2 2’ 2 2’ 2 2

17. Let f be a continuously differentiable function such that

F@)+flx) == f(2)=2
Find f(1).

Wrw=1  Brm=-1 Q= ©Ofm=2  (E)i1)=c"

18. The function y satisfies the differential equation

d?y dy
@—6(1—4—9 y = 0.

It passes through the origin with a slope of 1. What is the slope at z = —1/3?

@3 ®7 ©o ©: ®~
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19. Find all the continuous functions f defined for all z > 0 and satisfying

20 f(z) = S/wa(t)dt

(A) fa) = Cw

forall x > 0.

(7$1/4

(E) /() =

(7I1/2

(D) f(x) =

Czl/3

(Q) @)

(B) f(z) = Ca?

20. Consider differential equations a, b, ¢, d given by

- :Eya

Cdy

and the slope fields below. Which of the following matches is correct?

i

//////////
NANNNNNNANN]
NANNNNNNAANN]
NAANNNANNAN

//////////
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RNNNNNANNNN
NAANNANNA

A////? NN
NANNNANNANN
NNV
NANNNNNNAANN
NANNNNNNANANN
\ N
NANNNNNNANAN
NANNNNNNAANN
NANNNNNNANAN

J///%////A
NOVNNNNNNAN
NONVNNANNNNAN
NONVNNNNNNAN
'8 NNNANNNANAN

N N
NENNNNNNNY
NNNNNNNNNY
SINNNNNNNNY

NAANANANNAN

AAUNVNNANNANN
NAANNANNAN

J77777 7777

1

(A) (@, (b, D), (¢, D), (d, IV)

(a,T), (b, 1), (¢, 11, (d, IV)

(©) (@, 1), (b, 1), (¢, 1V), (d, 11

(©) (a,m, (1), (¢, IV), (d, TID)

(E) (a,1m), (b, 1), (c, ), (4, 1V)
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1. One has
V(dz)2 + (dy)2 + (d2)? = V2 + 4t + 4 dt = (¢t + 2)dt,

whence the required length is

! 5
/(t+2)dt:—.
0 2

Remark: Straightforward.

1 2(1+1) 1
2. The tangent vector to C; is | 2t | and that to Cyis |—2(1 —t)|. Att = 1 they are respectively |2| and
4t? -1 4
4
0 |. The angle between them is
-1
1-44+2-0+4-(-1) 7r
arccos = arccos0 = —.
V12422442 /42 402 + (—1)2 2

Remark: Straightforward.
3. @ The required area is plainly

2 2 2 2
1 / (3+cos 86)%df = 1 / (9+6 cos 86-+cos? 80)df) = 1 / (946 cos 89—1—1-1-1 cos 160)do = 1 / (9+5)do =
2 /s 2 /s 2 ) 272 2/,

Remark: Straightforward.
4. The slope at 6 is

y'(0)  f'(0)sin®+ f(6)cosb
z'(0)  f(0)cosf — f(#)sinb’

and so the required slope is

y'(m/2)  5(cos5m/2)sinm/2 4 sinbn/2cosm/2
2'(n/2)  5(cos5m/2) cosm/2 —sinbr/2sinw/2

which should also be obvious from the graph. Remark: Fairly easy.

5. One has

(b-a)x(€-a)=0 = axb+bxc+exa=0
This gives

— — — — — = — —

bxc=—(adxb+cxa)=—(j+k+i-j)=—i—k.

Remark: Fairly easy.

1
6. The point sought lies on a line perpendicular to the plane and connecting with the origin. Since [g] is

1
perpendicular to the plane, the point sought must satisfy t + 4t + 9t =7 — ¢ = 3 hence the point sought

1 3
]

7. One has

is ( )- Remark: Straightforward.

—

T/(t) = (tcost) 1 + (tsint)j = T @®)]] = It
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-/
t t t
r(®) = (m cost)_i> + (m sint)?>

— —
= (signum (t) cost) i + (signum (¢)sint) j

— — — —
T'(t) = (—signum (t) sint) T + (signum (¢) cost) j , = HT’(t)H —1,
whence
-
[Tof
A== = —.
=@l 1
Furthermore 70 as the curve is embedded on a plane. Remark: Students will probably assume ¢ > 0 and
deduce the correct expression then.

8. @ From the projectile formulee one gets

2
x =x0+vo(cosa)t = x = 10¢; yzyo—i-vo(sina)t—% = y=2+10t - 5t°.

When the projectile lands, y = 0, whence

V35
0=2+10t — 5t* = t:1+Tx2.18,

V35

upon rejecting the negative root. Thus z = 10(1 + T) ~ 22 Remark: Straightforward.

9. @ Remark: Too easy!!!
10. (A) One has L(z,y) = 4z — 3y + 1 = —1 +4(z — 1) - 3(y - 2) and

flayy) =22 +bry—y? = (z—1+1)2+bxz—-1+1)(y—2+2)—(y—2+2)?
= (26—-3)+(24+2b)(x — 1)+ (b —4)(y — 2) + quadratic part

Equating coefficients with L(z, y) this necessitates 2b —3 = —1,2b+ 2 = 4, b — 4 = —3. These are all met when
b = 1 Remark: Work backwards to get the right L!!!

11. @Putf(:v,y,z):2:102+xy+y2+4x+8y—z+14. Then

dr +y+4
Vi(z,y,2)= |z+2y+8
-1

Since | 1 | is normal to the plane, one needs
-1
de+y+4=4; r+2y+8=1 = =1, y=-—4.

Furthermore, z = 4z + y = 0. The point sought is (1, —4,0).
12. (B) We f(x.y) = 2 + day — 242 + 1. We find

2
Vi = ).

The critical points are gotten by setting

4 4
32° +4y=0; 4dr—4y=0 = z(32z+4)=0 = (2,9) = (0,0), (z,y) = (_57_§>.
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13.

14.

15.

16.

17.

18.

We have

6x 4
H(ay) = [4 _4] = det A}y, = —24z — 16.

4 4
Now, det #}(0,0) < 0, whence (0,0) is a saddle point. Also, fi. (—g, _5) < 0and ji”( 4 4> =16 >0,
4 4\, .
whence 373 is a local maximum.

@ The desired integral is plainly

1 y1/3
/ / zydedy =
0 y1/2

1
/ y(y*? - y)dy

()

N = N

&l
(x}.

Remark: Straight forward.

The region of integration is plainly

{(z,y) eER?:0<2<2V2, 0<y<VB—a2}

The integral may be evaluated via polar c6-ordinates, obtaining

/4 2v/2
/ / " ardg = ™2
0 0 T 2

Remark: Straightforward.

The region of integration is shewn below.

Remark: The region consists of two tetrahedra split along the plane x = y.

z’ = ¢™/2 Hence 2% = ¢™/2¢2™k | =0, 1,2, and

in/6 _ . 2 = ezw/ﬁe27rz/3 — 657r1/6 _

5 i /6 Ami/3 _ 3i/2 _

— —1.

Zo=¢€ + =3 2o =€

[\]
S
N | .

Remark: Straight forward.
@ The equation is equivalent to

(f(x)e”) =ze® = f(z)e® =xe® — "+ C = f(z) =z —1+Ce "
Now f(2)=2 = 2=2-1+4Ce? = C=c® Hence f(z) =z —1+e " = f(1) =e.

@ We have y(z) = ae3® + bze3®, y(0) = 0, and y'(0) = 1. Hence 0 = a and 1 = b. This gives y(z) = ze3,
=3 + 3xe3”” and y(—1/3) = e~! — e~! = 0. Remark: Straight forward.

David GALVIN Julia HARTMANN David SANTOS



UNIVERSITY of PENNSYLVANIA Maths 114  Fall 2005 Final Exam Answer Key for Version A @

19. @ Differentiating both sides

2f(x) + 2 f'(x) =

Remark: Straight forward.

20. @ Remark: Too easy!

3f(x) = [f(a) =

1
@) = f)

N3
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