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ABSTRACT

TOPICS IN RANDOM CONFORMAL GEOMETRY:
SLE BUBBLE MEASURES, CONFORMAL WELDINGS OF LIOUVILLE QUANTUM
GRAVITY SURFACES, AND APPLICATIONS

Da Wu
Xin Sun

Robin Pemantle

In this dissertation, we showed that the SLE,(p) bubble measure recently constructed by
Zhan arises naturally from the conformal welding of two Liouville quantum gravity (LQG)

)

disks. The proof of the main results relies on (1) a “quantum version” of the limiting con-
struction of the SLE bubble, (2) the conformal welding between quantum triangles and
quantum disks due to Ang, Sun and Yu, and (3) the uniform embedding techniques of Ang,
Holden and Sun. As a by-product of our proof, we obtained a decomposition formula of the
SLE,(p) bubble measure. Furthermore, we provided two applications of our conformal weld-
ing results. First, we computed the moments of the conformal radius of the SLE,(p) bubble
on H conditioning on surrounding i. The second application concerns the bulk-boundary
correlation function in the Liouville Conformal Field Theory (LCFT). Within probabilis-
tic frameworks, we derived a formula linking the bulk-boundary correlation function in the
LCFT to the joint law of left & right quantum boundary lengths and the quantum area of
the two-pointed quantum disk. This relation will be used by Ang, Remy, Sun and Zhu in a

concurrent work to verify the formula of two-pointed bulk-boundary correlation function in

physics predicted by Hosomichi (2001).
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CHAPTER 1

INTRODUCTION

The Schramm-Loewner evolution (SLE) and Liouville quantum gravity (LQG) are central
objects in Random Conformal Geometry and it was shown in [Shel0| and [DMS20]| that SLE
curves arise naturally as the interfaces of LQG surfaces under conformal welding. Conformal

welding results in [Shel0, DMS20| mainly focus on the infinite volume LQG surfaces.

Recently, Ang, Holden and Sun [AHS20| showed that conformal weldings of finite-volume
quantum surfaces called two-pointed quantum disks can give rise to canonical variants of
SLE curves with two marked points. Later, it was shown by Ang, Holden and Sun [AHS22]
that another canonical variant of SLE called the SLE, Loop is the natural welding interface
of two quantum disks. The resulting LQG surface is called the quantum sphere, which

describes the scaling limit of classical planar map models with spherical topology.

As will be reviewed in Section 3.3, the rooted SLE,(p) bubble measure on H is an important
one parameter family of random Jordan curves constructed by Zhan [Zha22| for all £ > 0
and p > —2. When k > 4 and p € (-2, § —4], the law of the bubble is a probability measure
on the space of rooted loops that satisfies conformal invariance property (|Zha22, Theorem
3.10]). When p > (=2) V (§ — 4), the law of the bubble is a o-finite infinite measure and
satisfies conformal covariance property (|Zha22, Theorem 3.16]). In both cases, an instance
n of SLE,(p) bubble is characterized by the following Domain Markov Property (DMP):
suppose T is a positive stopping time for 7, then conditioning on the part of n before 7,
i.e., n[0, 7], and the event that 1 is not completed at 7, the rest of 7 is a chordal SLE,(p)
process on H\n[0, 7] (|Zha22, Theorem 3.16]). Moreover, it was shown that SLE,(p) bubble
measures can be viewed as the weak limit of chordal SLE,(p) on H from 0 to ¢ as ¢ — 0

(with force point at 07) after suitable rescaling (|Zha22, Theorem 3.20]).

On the other hand, it was shown in [ARS22, Section 4| that a particular SLE,(p) bubble

curve can be obtained from conformally welding two Liouville quantum gravity surfaces of



the disk topology. This was used to derive the Fateev-Zamolodchikov-Zamolodchikov (FZ7)
formula in Liouville theory, which serves as a crucial input to the proof of the imaginary
DOZZ formula for conformal loop ensemble (CLE) on the Riemann sphere [AS21|. This
paper generalizes the conformal welding result in [ARS22| to all p > —2; see Remark 1.1.2

for the precise relation between our result and the one in [ARS22].
1.1. Statements of the main results

1.1.1. SLE bubble measures via conformal welding of quantum disks

Let Bubbleg(p) be the space of rooted simple loops on H with root p € R. Precisely,
an oriented simple closed loop 7 is in Bubbleg(p) if and only if p € n and (n\{p}) C
H. Throughout this thesis, for an instance n € Bubbleg(p), let D,(p) be the connected
component of H\n which is encircled by n and let D,(c0) be the domain H\(n U D,(p))
containing co. The point p corresponds to two pseudo boundary marked points p~ and
pT on Dy(c0). Let SLEE?Obble(p) denote the rooted SLE,(p) bubble measure with root 0
constructed in [Zha22| (see Definition 3.3.7) and note that this is a o-finite infinite measure

on Bubbleg(0).

For each v € (0, 2), there is a family of Liouville quantum gravity surfaces with disk topology
called quantum disks. There is also a weight parameter W > 0 associated with the family of
quantum disks. Let M(Oifgk(W) denote the two-pointed, weight-W quantum disk, i.e., both
marked points are on the boundary, each with weight W; see Definition 2.3.2 and 2.3.4 for
two regimes in terms of W. When W = 2, the two marked points on Mgfgk(Z) are quantum
typical w.r.t. the quantum boundary length measure ([AHS20, Proposition A.8]) and we
denote the Mgfgk@) by QDg 5. Let QDg; and QD, ; denote the typical quantum disks with
one boundary marked point and with one bulk & one boundary marked point respectively;

see Definition 2.3.5 for the class of typical quantum disks and its variants.

Let QDg(¢) and QD;;(f) be the disintegration of QDg; and QD;; over its quantum
boundary length respectively, i.e., QDg; = [;~ QDg(£)d¢ and QDy; = [;° QD (¢)de,
and both QDg;(¢) and QD ;(£) should be understood as QDg; and QD ; restricted to



having total boundary length ¢ respectively. Similarly, let MdISk(W; -, /) be the disintegra-
tion of ngak(W) over its right boundary, i.e., Mngk = [ MdlSk(W; -, 0)dl, and the
./\/lgigk(W; -, £) again represents the MS}SI‘(W) restricted to having the right boundary length
(. Let [;° MdlSk(W; ) x QDg 1 (£)dl be the curve-decorated quantum surface obtained by
conformally welding the right boundary of Mglak(W) and total boundary of QD ;. Simi-
larly, fo Md‘Sk(W; - £) x QDy 1 (£)dl is the quantum surface obtained by welding the right

boundary of MdlSk( ) and the total boundary of QD ;.

In theoretical physics, the Liouville quantum gravity originated in A. Polyakov’s seminal
work [Pol81|, where he proposed a theory of summation over the space of Riemannian
metrics on fixed two dimensional surface. The fundamental building block of his framework
is the Liouville Conformal Field Theory (LCFT), which describes the law of the conformal
factor of the metric tensor in a surface of fixed complex structure. The LCFT was made
rigorous in probability theory in various different topologies; see [DKRV16] and [HRV18|
for the cases of Riemann sphere and simply connected domains with boundary respectively,

and [DRV15, Rem17, GRV19] for the cases of other topologies.

To be precise, let Py be the probability measure corresponding to the law of the free-
boundary Gaussian free field (GFF) on H normalized to having average zero on the unit
circle in upper half plane unit circle 9DNH. The infinite measure LFg(d¢) is defined by first
sampling (h, c) according to Py X [6_chC] and then letting ¢(z) = h(z) — 2Qlog|z|+ + ¢,
where @ = %—I—% and |z|4+ = max{|z|,1}. We can further define the Liouville field with bulk
or/and boundary insertion(s), e.g., LFﬁf’p) and LF]%?’Z)’(/B’p), where p € R and z € H. To
make sense of LF&f’p), where p € OH, let LFI(H?’I’) = lim_,q 652/4e§¢5(p)LFH(d¢)), @< being a

(@,2),(8,p)

suitable regularization at scale € of ¢. In terms of LFy with z € H and p € 0H, we

use the similar limiting procedure. Let LF]%I’ P2 lim, g Ea2/2e"‘¢’f(")LF[(§’p) (do), ¢-(2)
being some suitable renormalization at scale e. By Cameron-Martin shift (a.k.a. Girsanov’s
theorem), the LF]%IB ) represents a sample from LFy plus a S-log singularity at boundary

(@,2),(8:p)

marked point p locally. Similarly, LFy should be viewed as LFyg plus one boundary



(B-log singularity at p and one bulk a-log singularity at z.

For ¢ € H and p € 0H, let Bubbleg(p, q) be the space of rooted simple loops on H rooted at p
and surrounding q. Precisely, an oriented simple closed loop 7 is in Bubbley(p, ¢) if and only
if pen, (n\{p}) CH and ¢ € D,(p). Let SLEE?Obble(p) [dnli € D,(0)] denote the conditional

law of SLEEfbbble(p) on surrounding ¢ and this is a probability measure on Bubbleg(0, 7).

W

wyYy w 2
0

Figure 1.1: Illustration of Theorem 1.1.1 when W > g: Suppose (¢, 7n) is sampled from

C - LF]%?’Z)’(&W“’O) (dop) x SLEE:{)bble(p) [dn|i € D,(0)] as shown on the left above, then the
law of (D,(0), ¢,4,0) and (Dy(c0),¢,0™,0") viewed as a pair of marked quantum surfaces is
equal to fooo /\/lgfsk(W; €) x QDy 4 (€)dl, i.e., the quantum surface obtained by welding the
total boundary of a sample from QD; ; with the right boundary of a sample from Mglgk(W)

Theorem 1.1.1. Fixz vy € (0,2). For W >0, let p=W — 2 and o2 =7 — % There

exists some constant C € (0,00) such that suppose (¢,n) is sampled from
C - LG P29 (gg) 5 SLERPYe(p)[dnli € D, (0)], (1.1)

then the law of (Dy(0), ¢,i,0) and (Dy(c0),,07,0") viewed as a pair of marked quantum
surfaces is equal to

/ MEEE(W;-,£) x QDy 1 (£)dE. (1.2)
0

Remark 1.1.2. In [ARS22], the authors considered the same type of conformal welding with
W = l; — 2 (JARS22, Theorem 4.1]). The particular conformal welding result was used to

obtained the so-called FZZ formula proposed in [FZZ00|. However in [ARS22, Theorem 4.1],



the law of the welding interface was not explicitly specified. Here in the above Theorem
1.1.1, we generalized the [ARS22, Theorem 4.1] to all W > 0, and furthermore identified

the law of the welding interface to be the SLE, (W — 2) bubble.

The proof of Theorem 1.1.1 is separated into two parts. In Section 4.1, we show that
the law of welding interface of curve-decorated quantum surface (1.2) is the SLEE}‘Obble(p)
conditioning on surrounding ¢ and it is independent of the underlying random field. To
identify the law of the welding interface, we essentially use the “quantum version” of the
limiting construction of the SLE,(p) bubble; see Corollary 3.3.8 for the statement on the
Euclidean case. More precisely, we first consider the conformal welding of nggk(W) and
QD o, i-e., the typical quantum disk with two boundary and one bulk marked points, whose
welding interface is the chordal SLE,(p) conditioning on passing to the left of some fixed
point in H (Lemma 4.1.5). Then conditioning on the quantum boundary length of QD 5
between two boundary marked points shrinks to zero, we can construct a coupling with
(1.2). Under such coupling, these two welding interfaces will match with high probability
(Lemma 4.1.6). The independence of curve with the underlying random field follows from the

coupling argument and Corollary 3.3.8 on the deterministic convergence of chordal SLE(p).

The proof of the law of the underlying random field after conformal welding of two quantum
disks, i.e., the quantum surface (1.2), is done in two steps. In Section 4.2, we first consider
(1.2) when 0 < W < g, i.e., when the two-pointed quantum disk is thin. By Lemma 4.2.12,
the thin quantum disk of weight W with one additional typical boundary marked point
can be viewed as the concatenation of three independent disks: two thin disks of weight W
and one thick disk of weight v2> — W with one typical boundary marked point. Therefore,
we can first sample one typical boundary marked point on Mgfik(W) and then sample
two typical boundary marked points on QD ; (7, ), i.e., the quantum disk with one generic
boundary insertion (Definition 4.2.9). The field law after conformally welding M%}fk(W) and
QD 3(7, ) can be derived from conformal welding results for quantum triangles in [ASY22].

After de-weighting all the additional marked points, we solve the case when 0 < W < g



To extend to the full range W > 0, we inductively weld thin disks outside QD; ;(v,«). By
Theorem 3.2.2, a thick disk can be obtained by welding multiple thin disks. This concludes

the outline of the proof of Theorem 1.1.1.

Next, we use the techniques of uniform embedding of quantum surfaces from [AHS21]| to
remove the bulk insertion in Theorem 1.1.1 so that the welding interface is the SLE,(p)
bubble without conditioning. In order to introduce Theorem 1.1.3, we quickly recall the
setups of the uniform embedding of upper half plane H. Let conf(H) be the group of
conformal automorphisms of H where the group multiplication - is the function composition
f-g= fog. Let myg be a Haar measure on conf(H), which is both left and right invariant.
Suppose f is sampled from my and ¢ € C{°(H)', i.e., ¢ is a generalized function, then we

call the random function

foyd=aof '+ Qllog(f ") (1.3)

the uniform embedding of (H, ¢) via my. By invariance property of Haar measure, the law

of § e, ¢ only depends on (H, ¢) as quantum surface. We write

s ([T GOV 0 x QD (01 ) (1.4

as the law of (f e h, f(n), f(r)), where (H, h,7n,r) is an embedding of a sample from curve-
decorated quantum surface [;° MGES(W; -, £) x QD (£)d¢, and § is sampled independently
from my. Notice that here the my does not fix our boundary marked point r, which initially

is the root of 7.

The equation (1.3) also provides a natural equivalence relation ~. over curve-decorated
quantum surfaces; two curve-decorated quantum surfaces (D1, ¢1,m1,w1, ..., wy) with w; €
DyUOD; and (Da, ¢2,m2,21 - .., 2n) With z; € Do UdDs9 are equivalent as quantum surfaces,
denoted by (D1, ¢1,m,wi,...,wn) ~y (D2, $2,m2,21...,2y), if there is a conformal map

Y1 Dy — Dy such that g3 = 1) e, ¢1, 2 = ¥(m1), and P(w;) = z;, 1 <i < n.

In addition, we also consider the case when the marked points are fixed under the ac-



tion of Haar measure. For fixed p € OH, let conf(H,p) be the subgroup of conf(H) fix-
ing p and let my, be a Haar measure on conf(H,p). The curve-decorated quantum sur-
face [ MdlSk(W; €) x QDg 1 (£)dl can be identified as a measure on the product space

(C§°(H)' /conf (H, p)) x Bubbleg(p). Therefore, the measure

my, X < / MisK( W;-,E)XQDOJ(E)dE) (1.5)

can be defined in the exact same way as my X ([ MdlSk(W; - 0) x QDg 1 (€)dl).

For any fixed p € H, let SLEE}})bble(p) denote the SLE,(p) bubble measure rooted at p € R.

It is easily defined as the image of SLEE?Obble(p) under the shifting map f, : 2 — 2 + p.

dp

Figure 1.2: Illustration of the welding equation (1.6) in Theorem 1.1.3: first sample a
root point p according to Lebesgue measure dp on R, then sample (¢,7n) according to the

product measure LF(ﬁ2W+2’p)(d¢) X SLEbubble(W —2)(dn). The resulting quantum surface
(H, ¢,n,p)/ ~~ has the law of C [ MdlSk(W; ) x QDq 1 (£)dl after uniform embedding.

Theorem 1.1.3. Fixz v € (0,2). For W >0, let p =W — 2 and Powi2 =7 — % There

exists some constant C € (0,00) such that
my X ( / MGER (W -, 0) x QDO’l(K)cM) = C-LF{*"+%)(dg) x SLER Y () (dn)dp, (1.6)
0

where my is a Haar measure on conf(H), i.e., the group of conformal automorphisms of H.



Furthermore, there exists some constant C € (0,00) such that
oo
My o ( / MEERW; -, ) x QD0,1<z>df) = C-LFL 29 (dg) x SLEZW (p) (dn), (1.7)
0

where my o is a Haar measure on conf(H,0), i.e., the group of conformal automorphisms of

H fizing 0.

The rigorous proof of Theorem 1.1.3 is presented in Section 4.3. The equation (1.7) should be
viewed as the disintegration of equation (1.6) over its boundary root point. Unlike the case of
Theorem 1.1.1, where there are two marked points:one in the bulk and one on the boundary,
there is only one marked point in curve-decorated quantum surface fooo MS}SI‘(W; ) X
QDy 1 (€)dl. Therefore, we do not have enough marked points to fix a conformal structure
of H. In this case, the LCFT describes the law of quantum surface fooo Mggk(W; l) X
QDg 1 (£)d¢ after uniform embedding, whereas in Theorem 1.1.1, the LCFT describes the

law of the quantum surface (1.2) under a fixed embedding.

Another way of stating Theorem 1.1.3 without using uniform embedding is to fix a partic-
ular embedding on the right hand side of equations (1.6) and (1.7). For instance, we can
first sample (¢, n) from LFI(HIBQW‘LQ’O)(dqb) X SLEE}IObble(p)(dn) and then fix the embedding by
requiring v4(0,1) = vg(1,00) = vy(00,0), i.e., the quantum boundary lengths between 0, 1
and oo are all equal. By doing this, the law of (D,(0), $,0) and (D;(00),$,07,0") viewed
as a pair of marked quantum surfaces is equal to fooo Mgfsk(W; - £) x QDg 1 (£)dl up to some

multiplicative constant.

As a by-product of the uniform embedding, we also obtained the following decomposition

formula (Lemma 4.3.5 and Corollary 4.3.6) on the rooted SLE bubble measure SLEE};bble(p):

SLEPUM () (dn)

(V2V+2) WW+2) W (1'8)
2

L w2 ubble
=C 1D, ()] /H la =l ? Qg 7 SLER"e(p)[dn|q € Dy (p)]d°q,
n

where C € (0, 00), | Dy(p)| is the euclidean area of D, (p), k = 72, and p = W — 2. Equation



(1.8) also tells us that

2W(W+2) w
—w  (<x )—7"1‘

(Sq

W(W+2)

SLEP™™(p)[q € Dy(p)] o |g — p|"" ™ (1.9)

In other words, for fixed p € R, the “probability” that SLEE:;)bble(p) surrounds ¢ is pro-

2W (W +2) w
Cx )—7"!‘

K (\s‘q

W(W+2) . . . .
w . As we will see in Section 4.3.1, it is the

portional to |g — p|"V'~

Haar measure together with “uniform symmetries” of the underlying Liouville field, or more
concretely, the conformal covariance property of LCFT, that give us equation (1.9). The
equation (1.8) provides a concrete relationship between the ordinary infinite bubble measure
SLEE};bble (p) and the probability measure SLEE};bble(p) [dnli € D, (p)] after conditioning and

it builds the bridge between our two main theorems: Theorem 1.1.1 and Theorem 1.1.3.

Remark 1.1.4 (Scaling limits of random planar maps decorated by self-avoiding bubbles).
Motivated by [AHS22, Theorem 1.2], we conjecture that the scaling limit of the quadran-
gulated disk decorated by the self-avoiding discrete bubble converges in law to one-pointed
quantum disk decorated by SLE bubble, ie., the [ M§5%(2;-, ) x QDg(¢)dl in Theo-
rem 1.1.3, for k = 7% = % in the so-called Gromouv-Hausdorff-Prokhorov-Uniform topology
(GHPU topology). For the precise definition of GHPU topology, see [AHS22, Subsection
2.6]. The precise conjectures regarding the scaling limit of bubble-decorated quadrangulated

disks will be stated in Subsection 6.3.
1.1.2. SLE bubble zippers with a generic insertion and applications

Next, we consider the generalization of Theorem 1.1.1 to the case when the bulk insertion

of @D, ; has generic weight.
Moments of the conformal radius of SLE,(p) bubbles

To generalize Theorem 1.1.1, we need to define the twisted SLE,(p) bubble measure on
Bubbley(0,4) corresponding to weight-a bulk insertion of the quantum disk. Given n €
Bubble (0,4), let ¢, : H — D,(i) be the unique conformal map fixing ¢ and 0. Let m

denote the law of SLEE?Obble(p) [dn|i € Dy(0)] as in Theorem 1.1.1 and A, = §(Q — §) is



known as the scaling dimension. Define m, to be a non-probability measure on Bubbley (0, 7)

such that
dm,,

2 () = i () P2, (110

Fix p € R,q € H and let LFI(H’IB’p)’(a’Q) (¢) be the disintegration of LFI(H?’p)’(O"q) over its to-
tal boundary length, i.e., LFI(HIB,p),(a,q) = fooo LFg’p)’(a’q)(f)dﬁ. Like before, the measure
LF](H?’p)’(a’Q) (¢) represents the Liouville field LF](H?’p)’(a’q) restricted to having total bound-
ary length £. The quantum surface QD ;(«,~) is the simple generalization of QD ; and
has the LCFT description of LF]%? D00 ynder the particular embedding (H, ¢,0,1); see
Definition 4.2.7. Again, QD ;(a,;¥) is the disintegration of QD; ;(a,y) over its total
boundary length, i.e., QD; ;(a,7) = fooo QDy 1 (v, v;£)dl. We generalize Theorem 1.1.1 to
Theorem 1.1.5 in order to compute the moments of conformal radius of the SLE,(p) bubble

conditioning on surrounding i.

Theorem 1.1.5. For a € R and W > 0, there exists some constant Cy € (0,00) such that
the following holds: suppose (¢,n) is sampled from LFE{’?QW*Q’O)’(O"i)(l) X My, then the law of
(Dy(0), ¢,1,0) and (Dy(c0), ¢,0™,0") viewed as a pair of marked quantum surfaces is given
by Cw - [~ QD11 (v £) x MGSK (W3 1,0)de. In other words,

LFow 2000 (1) som,, = Cyy - / QD 1 (a,7; £) x MESE(W; 1, 0)de. (1.11)
0

For technical convenience, we restrict the total boundary length of the curve-decorated
quantum surface (1.11) to 1. For simply connected domain D, (0), ¢, is the conformal

map from D,(0) to H that fixes 0 and 1. Let g(z) = zz—jr; be the uniformizing map from H
to D and let ¢, : D, (0) — I be such that ¢, :=go w;l. Notice that ¢, maps ¢ to 0 and 0
to 1 respectively. Under our setups, the conformal radius of D, (0) viewed from i, denoted

by Rad(D,(0),%), is defined as m, ie.,

(1.12)

10



Notice that our definition of conformal radius (1.12) differs slightly with the classical liter-
ature of complex analysis, where the conformal map is chosen so that it maps ¢ to 0 and its
derivative at ¢ is in R4. By simple computation,

(i) = [govy] (i) = g/ (1 (0) - (0, 1) (1) = g'(3) - —— (1.13)

Therefore,
1)
len (@ 1g'(@)]

When 7 is sampled from SLEE:‘Obble(p) [dn|i € D,(0)], we are interested in the moments of

Rad(D,(0), 1) — 2141 (4)]. (1.14)

conformal radius Rad(D,(0),). Specifically, we want to compute E [Rad(D,(0),)?2==2],
which is the same as 2242 . | [|@Z){7(i)|2Aa_Q]. To clear up the constant in our conformal

welding equation (1.11), we further define the renormalized moments of conformal radius

CR(o, W) to be

a i E (i 2A4—2
CR(a,W) := iziiDgéoc),’W) = W”(C)vl/ }. (1.15)

Throughout this thesis, with a slight abuse of notation, when we talk about “the conformal
radius of SLEE?Obble(p) [dn|i € D,(0)]”, we really mean the conformal radius of the random
simply connected domain D,,(0) viewed from ¢ when 7 is sampled from probability measure

SLERG™"(p)[dnli € Dy(0)].

Proposition 1.1.6 (Moments of conformal radius of SLE, bubbles). Fiz x € (0,4), W =

2,p=0and I <a<Q+ % Suppose n is sampled from SLEEfbbble[dn]i € D,(0)], then we

have
P(22)r(s - 22 4 1)
E [ (i)?Re7?] = — 2~ 2 : 1.16
L (1.16)
Consequently,
2o — 2241
E [Rad(D,(0),1)?2e 2] = 2282, (v)r((g 1; ). (1.17)

Moments of the conformal radius of the general SLEE%bble(p)[dn|i € D,(0)] bubbles are

11



computed in Proposition 5.2.12. The key ingradients of the computation are the function
G(a, B) and the Liouville reflection coefficient R(f3, u1, p2) in [RZ22, AHS21], which describe
the quantum boundary length laws of the two-pointed disk and the disk with one bulk and

one boundary marked points, respectively.
The bulk-boundary correlation function in LCFT

As an another important application of Theorem 1.1.5, we derived a formula for the bulk-
boundary correlation function in the LCFT within rigorous probabilistic frameworks. In
theoretical physics, the LCFT is defined by the formal path integral. The most basic ob-
servable of Liouville theory is the correlation function with N bulk marked points z; € H
with weights a; € R and M boundary marked points s; € R with weights /3;. Precisely, for
bulk insertions (2;)1<i<n with weights (a;)1<i<n and boundary insertions (s;)i<j<am with
weights (5;)1<j<m, the correlation function in the LCFT at these points is defined using

the following formal path integral:

M

N M B N Bj L
<Heai¢(zi) H €2J¢(5j)> — / DXH eaiX(Zi) H 67JX(Sy')e**gu,u,9(x)7 (1.18)
X:H—R i—1

=1 =t 1o tto =1

where DX is the formal uniform measure on infinite dimensional function space and S ﬁ 1o (X)

is the Liouville action functional given by

1 1
SL (X):i=— / (VX |? + QRyX + dmpe™™) d\, + 5 / (QKgX + 2mae%X) Aoy
H R

1227 %] 47T
(1.19)
For background Riemannian metric g on H, Vg, Ry, Kg,d)\g, d\yy stand for the gradient,

Ricci curvature, Geodesic curvature, volume form and line segment respectively. The sub-

scripts p, py emphasize the fact that both p and py are positive.

As a conformal field theory (CFT), the bulk correlation function <e°‘¢(z)># o in the LCFT

)

takes the following form:

<e°‘¢(z)> Ule) for z € H, (1.20)
12272 %]

= |32 284

12



where U(a) is known as the structure constant and A, = §(Q — §) is called the scaling

dimension as mentioned before. In [FZZ00]|, the following formula for U(a)) was proposed:

Q
r(z K 2
4 a2 2 4
Upzz(a) = ;2— 5 W(‘l)g F<70‘_7>p<70‘_72_1> cos (o — Q)rs)

(1.21)

where the parameter s is defined through the ratio of cosmological constants %:

1 By oo 2
s pp [, _ s € [0, ;), when fsm% <1,
cos - = 7 sin R with
2 2
a s € 4]0, +00), when ‘L—asin% > 1.

In [ARS22], the (1.21) was proved within rigorous probability theory frameworks. From now
on, for measure M on the space of distributions, let M[f] := [ f(¢)M(d®). For v € (0,2)

and p, p19 > 0, let
<€a¢(z)> — LFI(H?»Z) [e—uw(H)—ua%(R) _ 1} , for z € H, (1.22)
123725
where

2 2
jo(H) = lim > / G2 and  yy(R) = lime T / 36:(2) g,
H R

e—0 e—0

Since [Jz|?4e <e°‘¢(z)># o does not depend on z € H, define U(a) := <e°‘¢(i)>u o’

Theorem 1.1.7 (|[ARS22, Theorem 1.1|). Forvy € (0,2),a € (%,Q) and i, ftg > 0, we have

U(a) = Upgzz(a).

The above theorem is the first step towards rigorously solving the boundary LCFT. In this
paper, we consider the bulk-boundary correlation in the LCFT. For z € H and s € R, by the
conformal invariance property, the bulk-boundary correlation function in the LCF'T takes

the following form:

<€a¢(z>€§¢(s)> _ Go(a; B) (123)

way | Sz[PRa—Bs |z — 5288

13



Within probabilistic frameworks, define

<ea¢<z>e§¢<s>> = LR(@2:(5:9) [e—M%(H)—Ha%(R)} (1.24)
12212%3]
and
Gugup (00, B) = LEG OO | et () oo )| (1.25)
since |Sz|?R2e"R8|z — 5|28 <e°‘¢(2)e§¢(s)> does not depend on z and s. The function
122 %]

Gy (e, ) is also called the structure constant in boundary Liouville theory.

So far in the literature, all the exact formulas in LCFT except FZZ (1.21) have been derived
by BPZ equations and the corresponding operator product expansion [BPZ84], including
[KRV17] for the DOZZ formula and [Rem20, RZ20, RZ22] for different cases of boundary
Liouville correlation functions with g = 0 and pg > 0; see also discussions in [ARS22,
Section 1.1]. In this thesis, from Theorem 1.1.5, we derive a formula linking the bulk-
boundary correlation function to the joint law of left & right quantum boundary lengths

and quantum area of Mgfgk(W) when 0 < W < 72—2

Proposition 1.1.8 (Bulk-boundary correlation function in the LCFT). Fiz v € (0,2) and

g > 0. When Bowio and a satisfy 0 < Bowyo < v < @ and Q — % <a <@, we

have
5 ) 9 1 2(Q-a)
Gupa (@, Baw+2) = CR (o, W) 72 ’ UU(O‘)F(%(Q —a)) (2 sin(7T’72/4)> g
disk —poRw —pAw | L
Mp3 (W) |e K%(Q—a) (LW sin(7r72/4))] ’

(1.26)

where Bow 2 = v — %, Ly, Rw and Aw denote the left, right quantum boundary length

and the total quantum area of ./\/lgfgk(W) respectively. The CR(a, W) is the renormalized

moments of the conformal radius defined in (1.15) and takes an explicit formula (5.33). The

14



Uq(a) is defined in Theorem 5.2.17 and takes the following explicit formula:

o 2(Q-a)
7 2 % om \” v A? ¥

The K, (x) is the modified Bessel function of second kind. Precisely,

K,(z) = /0 e~ T cosh(vt)dt forx >0 and v € R.

The condition 0 < Bow+2 < v in Proposition 1.1.8 is equivalent to 0 < W < g, i.e., the

case when the two-pointed quantum disk is thin. By [HRV18, (3.5),(3.6),(3.7)], the Seiberg

bounds correspond to

1
a<@Q, fows2<Q, and a+ 552W+2 > Q, (1.28)

which hold if and only if
_ (a,1),(Baw +2,0) —ppeg (H)—pove (R)
0 < Gupp(a, Bowy2) = LEFy e < 0. (1.29)
Notice that the range of o and Bap 42 in Proposition 1.1.8 are strictly contained in (1.28),

and therefore the G, 1, (v, fow+2) in (1.26) is nontrivial.

Remark 1.1.9. An explicit formula for the quantity

is — — M
ngQk(W) e o Rw —pAw . K%(Q—a) <LW S111(7_‘_,.}/2/4)>:| (130)

in (1.26) is derived in the concurrent work of [ARSZ23, Lemma 4.4]. Combined with Proposi-
tion 1.1.8, this verifies the formula for G, ,,, (o, ) proposed by Hosomichi [Hos01] in physics;
see [ARSZ23, Theorem 1.2] for more details.

The contents of this thesis are essentially identical to my paper [Wu23|, with only a few

cosmetic changes.

15



1.2. Organization of the thesis

The rest of the thesis is organized as follows:

e In Chapter 2, we review all the necessary backgrounds on Liouville quantum gravities

and the Liouville Conformal Field Theory.

e In Chapter 3, we review key concepts on Schramm-Loewner evolutions, conformal

weldings of quantum surfaces, and constructions of SLE,(p) bubbles.

e In Chapter 4, we prove the main results of this thesis, including Theorem 1.1.1 and

Theorem 1.1.3.

e In Chapter 5, we prove Theorem 1.1.5, which generalizes Theorem 1.1.1 to the case
when the quantum bubble zipper has generic bulk insertions. As applications of The-
orem 1.1.5, we compute the conformal radius of SLE,(p) bubbles on H conditioning
on surrounding ¢ and derive an analytic formula linking the bulk-boundary correlation
function in LCFT to the joint law of left & right quantum boundary lengths and the

total quantum area of the two-pointed quantum disk.

e In Chapter 6, we discuss several conjectures that arise naturally from the contexts of
this thesis, including generalized SLE, bubbles and scaling limits of bubble-decorated

quadrangulation disks.

16



CHAPTER 2

LIOUVILLE QUANTUM GRAVITIES AND THE LIOUVILLE
CONFORMAL FIELD THEORY

The purpose of this chapter is to provide readers with all the necessary backgrounds on the
Liouville Conformal Field Theory and Liouville quantum gravities. The discussion will be

self-contained and centered around the main results of this thesis.
2.1. Notations and basic setups

Throughout this thesis, v € (0,2) is the LQG coupling constant. Moreover,

2

Q=~-+ and K="

= |
D[ =2

For weight W € R, fw is always a function of W with Sy = Q + 3 — % =7+ % We
will work with planar domains in C including the upper half plane H = {z € C : &(z) > 0},
horizontal strip S = R x (0,7) and unit disk D = {z € C : |2| < 1}. For a domain D C C,
we denote its boundary by dD. For instance, 0H = R = RU {oo}, S = {z € C: 3(z) =

Oor 1} U{£oo} and 0D = {z : |z| = 1}.

Fix a simply connected domain D C C. Let C§°(D) be the space of test functions equipped
with the topology where a sequence (¢y) satisfies ¢, — 0 in C§°(D) if and only if there
exists a compact set K C D such that the support of ¢ is contained in K for every k € N

and ¢ as well as all of its derivatives converges uniformly to 0 as k — oc.

A distribution on D is a continuous linear functional from C§°(D) to R with the aforemen-

tioned topology. Let C5°(D)" denote the space of distributions on D.

We will frequently consider non-probability measures and extend the terminology of prob-
ability theory to this setting. More specifically, suppose M is a measure on a measurable
space (£, F) with M (£2) not necessarily 1 and X is a F-measurable function, then we say

(Q, F) is a sample space and X is a random variable. We call the pushforward Mx = X, M

17



the law of X and we say that X is sampled from Myx. We also write

~ [ #@) (o).

Weighting the law of X by f(X) corresponds to working with measure d]\fi)/( with Randon-

Nikodym derivative de = f. For some event E € F with 0 < M[E] < oo, let M[-|E] denote

M[EN]

the probability measure —g7r" over the measure space (B, Fg)with Fp = {ANE : A € F}.

For a finite positive measure M, we denote its total mass by |M| and let M# = |M|~*M

denote the corresponding probability measure.
2.2. The Liouville Conformal Field Theory
2.2.1. Overview

In 1981, Polyakov introduced a path integral theory of summation over Riemannian metrics

in the seminal paper “Quantum geometry of bosonic strings” [Pol81].

We start our discussion by recalling the Feynman path integral formulation of Brownian
motions in R%. Let ¥ be the space of simple continuous paths o : [0, T] — R¢ with ¢(0) = 0,
and the d-dimensional Brownian motion may be regarded as a probability measure P (a.k.a.

Wiener measure) on X. For tg =0 < t; <...<tp_1 <t =T and yo = 0, we have

1 1 11—
P(o(t1) € dy,o(ta) € dya, .., o(ti) € dyp) = - eXp{ Z ’y i1l } (2.1)
t1yeenstk —ti1
where
k
Zt1 ..... tpy — H (27['(151‘ — ti_l))d/z . (2.2)
i=1

Notice that if we choose a finer and finer partition 0 =tg < t1 < ... < tp_1 <t =T, then

the energy function

k 2 T
‘yz Yi— 1‘2 1 <‘yz_yz—1‘> 1/ . 2
— t; —t;i— - ~ — o(t)|“dt.
Zj ol S e (L) L et

=1
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Therefore, we define the Brownian action functional Sgy (a.k.a. Dirichlet energy functional)

by

1

T
Sp(o) = /0 6(t) . (2.3)

It is now well-known that the Brownian motion (Bjs)s>0 can be understood via the following
Feynman path integral representation:

B[P((Bvsser)] = 5 [ Fl@)e 5 @Do, (2.4)

where Do stands for the formal “uniform” measure on ¥ and Z is the renormalization
constant (a.k.a. partition function). The above path integral formulation came up frequently

in the contexts of Large deviation theory in order to obtain the rate function.

Due to the fact the Brownian motion is the scaling limit of simple random walk, it is often
be treated as the canonical random path in R?. Now that we have the canonical random

path, what about the canonical random surface?

The answer is the Liouville Conformal Field Theory. In Polyakov’s framework [Pol81], the
Liouville Conformal Field Theory (LCFT hereafter) describes the conformal factor of the
metric chosen “uniformly at random” and is a two-dimensional version of a Feynman path
integral with an exponential interaction term. Mathematically, LCF'T is an infinite measure

on some infinite-dimensional function space and we call the underlying random field ¢ the

Liouwville field.

To be concrete, we consider the Riemann sphere (C, g) as our underlying Riemannian man-

ifold, where C = C U {oo} and g¢(2) L, |zl+ = max{1, |z|}. For z,a € C, let

s W’
Val(z) := 2 (2.5)

be the vertex operator associated to ¢.

The purpose of the LCFT (on Riemann sphere) is to study the vertex operator under some
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“uniform measure” Dy twisted by e 5:(#) where Sp(-) is the so-called Liowville action
functional. Let us define these terms more carefully. For distinct (2;);<x<ny € CV and

(@i)1<i<y € CN| let

N

N
k1 - {p:C=R}Y \ 24

where “Dy” is called the Free field measure in Physics literature and it should be understood
as the “Lebesgue or uniform” measure on some infinite-dimensional function space {¢ : C—

R} and SL(+) is the Liouwville action functional taking the following form:

1
S1(@) = = | (IVee(@)* + Q- Ry(x) - p(x) + dmpe’?? ) g(d*z), (2.7)
47 C
where Ry(z) = —ﬁAIng(x) is the Ricci curvature of metric g, v € (0,2), Q = % + 3 and

> 0 is the so-called the cosmological constant.

Since, in rigorous mathematical sense, the “Lebesgue measure” on infinite-dimensional func-
tion space does not exist, the (2.6) is an illegal definition. How to make it rigorous? We
will represent the functions ¢ : C — R in terms of the eigenvector basis w.r.t. the Laplacian
operator —%A and make sense of the measure “e~52(®) Dy using the Gaussian free field
(cf. Sheffield’s Proceedings of the ICM contribution for 2022 notes titled “What is a random
surface?” [She22, Page 35]).

We will present the detailed computations regarding the above discussion in Section 2.2.3.

2.2.2. Gaussian Free Fields

Brownian motion can be viewed as a canonical random function from R to R. One general-
ization of Brownian motion is called the Gaussian free field (GFF hereafter), which can be
viewed as a random generalized function from R? to R. In this thesis, we will only consider

the case when d = 2.
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The zero-boundary GFF

Let D C C be a proper open domain with harmonically non-trivial boundary (i.e., Brownian
motion starts from a point in D hits 9D a.s.). If f and g are functions on D whose gradients

are square integrable, then we can write

v = % /D Vf(z)-Vg(2)d*z (2.8)

for the Dirichlet inner product between f and g. Let Ho(D) be the Hilbert space closure of
the space of compactly supported smooth functions on D w.r.t. (2.8). The zero-boundary

GFF on D is the formal sum

Z%‘fz’, (2.9)

i>1
where { f;}i>1 is an orthonormal basis of H (D) and {«;};>1 is an sequence of i.i.d. standard
Gaussian variables. The formal sum (2.9) a.s. does not converge pointwise or in Hy(D) but
one can check that for each f € Hyp(D), the formal inner product (h, f)v is a mean- zero

Gaussian variable and these random variables satisfy the following covariance structure:

By integration by parts, we can define the ordinary L? inner products
(h, ) = =27 (h, A5 v, (2.11)

where Ay ! is the inverse Laplacian with zero boundary conditions, whenever Ay 1f € Hy(D).

Then the random variables (h, f) are jointly centered Gaussian with covariances
Cov({(h, f), (h / f(2)g9(w)GE (2, w)d*zd*w, (2.12)

Therefore, we can check that zero-boundary GFF lies in the negative Sobolev space H¢(D)

for any € > 0 [She07, Section 2.3] .
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The free-boundary/whole-plane GFF

From now on, assume D C C, ie., we allow D = C. Let H(D) be the Hilbert space

completion of

{f e CXD): (v <o [ Jlalas - o} (2.13)

with respect to (2.8). Note that when [, f(z)d?z = 0, the inner product (2.8) is positive

definite.

The free-boundary GFF (if D # C) or the whole-plane GFF (if D = C) is again defined by
the formal sum (2.9) but with the f;’s equal to orthonormal basis of H (D) instead of Hy(D).
Same as the zero-boundary case, the formal inner products for (h, f)v for f € H(D) are

well-defined and are jointly centered Gaussian variables with covariance structures given by

E[{h, f)v(h, g)v] = (f, 9)v-

Next, let A~! be the inverse of the Laplacian restricted to the space of functions such that
Ipf z)d?z = 0, normalized so that [, A D ~1f(2)d?z = 0, with Neumann boundary conditions

when D # C. Again, whenever A~ f € H(D), we can define the L? inner product
(h, f) == =2m(h, A" f)w
These L? inner products are jointly centered Gaussians with covariances
Cov((h, f), / f(2)g(w)GP (2, w)d?zd*w, (2.14)

where G is the Green’s function with Neumann boundary conditions if D # C and GP =

—2mlog|z —w| if D =C.

What about the case when (A~!f, A~ f)y < oo but Ip f( z)d?*z # 0?7 We fix some fy such

that (A1 fo, A7l fo)v < oo and Jp fo(z Yd?z = 1. Let (h, fo) := c for some ¢ € R. For any
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(whether generalized or not) function f, the function

Fmf- ( /D f(Z)d2Z> fo (2.15)

has total integral zero and we let

o f) = (B F) + - /D (). (2.16)

Notice that the number c above is arbitrary. Therefore, free-boundary and whole-plane GFF
are only defined modulo a global additive constant. Precisely, we view h as an equivalence
class of distributions where two distributions are equivalent if and only if their difference is

constant.

In the typical case when D = C (resp. D = H), we fix the additive constant by requiring
the circular average of h over 0D (resp. 0D NH) is zero, i.e., we consider the field A — h;(0)
(well-defined random field). Note that hi(0) will be defined as below.

Circular averages of GFF

Let D C C and suppose h is an instance of GFF (zero-boundary, whole-plane, free-boundary)
on D (with additive constants fixed in the two latter cases). Let z € D and € > 0 be such

that 0B(z,e) C D. Let p, . be the uniform measure on 0B(z,¢) and we define
he(z) == (h, pze)- (2.17)

We should think h.(z) as the random distribution A acting on the uniform measure on

0B(z,¢) or average of h on the 0B(z,¢).
2.2.3. The path integral construction of the LCFT on the Riemann sphere C

The materials presented in this section follow closely from Vargas’s lecture notes on DOZZ

formula [Varl7, Lecture 3|.
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Let C = CU {oo} be the Riemann sphere and we consider the metric g(z) = ﬁ on C.
Notice that the Ricci curvature R, of this metric g is a measure given (in generalized function
notation) by

Ry(z)g(x)d*sr = —Alng(x)d*z = 4u(d*z), (2.18)

where u is the uniform measure on the circle of center 0 and radius 1 with normalization
such that [5 m(d?z) = 27. Let H(x) be the GFF with covariance kernel given by (with an

obvious abuse of notation since GFF is a generalized function)

1
E[H (z)H (y)] = Kg(=,y) = log H + log [z[4 + log [y|+.

Notice that the GFF H(x) has average 0 with respect to the curvature

/@H(x)Rg(w)g(fE)dQ:r =0. (2.19)
Let
L*@,9) = {so [t < oo} (2.20)

be the space of square integrable functions from C to R. The standard Sobolev space H' ((E)
is given by

1@ = {o: [lo@Po) + [ 1vota)ie < oo},

where V is the standard gradient in C (with respect to the Euclidean metric d®z). Let

(¢j)j>1 be the standard eigenvector basis for the operator —A, := —éA, ie.,
- Apy(e) = Ajeya) (221)
- () = Njpi(x). .
gla) P =P

We further renormalize them to have L? norm equal to 1, i.e.,

/Agoj(x)zg(d?x) =1.
C
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Hence, every function ¢ in L2(((AZ, g) can be written uniquely in the orthonormal basis ex-

pansion in terms of {1, 1, ¢2,...,¢j,...}. Precisely,
p = c—i—ZCj(pj, (2'22>
Jj=z1
where

¢ = [¢<x>¢j<x>g<d2x>
C

for all 5 > 1. It is well-known that the “uniform measure "D on the infinite-dimensional
function space does not exist mathematically. However, at the very formal level, for any

bounded continuous functional F' : LQ(((A:, g) — R, it is natural to write

v)D // c+ c de | | de;, 2.23
[y 0o~ [ [ (= Eem)alli e

7>1

where dc and dcj,j > 1 are standard Lebesgue measure on R. If ¢ has eigenvector decom-

position (2.22), then

1 oo
/ V() [>g(d*x) =326 ;. (2.24)
7j=1
Hence, formally we have
2 2 s
/2 R ( )@ 47'r fclvgﬂf’ z)[*g(d*x DSO / /N* c+ ch(pj H 471' dcj
L2(C,g) R j>1 j=1
(2.25)
By simple change of variables u; = 7\/> , we have that
//N* c+Zc]g0] de He K dq)
R j>1
(2.26)
=9 du;
—C// c+vV2 Zuj dc He‘TJ 2 I
RN = VA j=1 V2m
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where the constant C' is defined formally as C':== [[}Z, (271()\j)_1/ ?). In probability theory,
we know that for iid. standard Gaussian (g;);>1, the sum v27r ., sj% converges to
= j

the GFF H in Hfl((/fl, g), which is the dual space of Hl(@, q9).

Therefore, following many steps of formal calculation, we can rigorously define

/ R F(Sp)efﬁ f@ ‘VgW(x)|2g(d2x)D(p = / EH [F(H + c)] de. (227)
L?(C.9) R

Here the notation Ex emphases the fact that we are taking expectations with respect to the

law of the GFF. By construction,

/A H@)Ry(2)g(d®x) =0 and /A Ry (2)g(dx) = 87, (2.28)
C C

which leads to the following definition

/F(g@)ezllw Je IVge(@)Pg(d®x)— - [z QRg(@)¢(@)9(d) Dy = / e 2R [F(H +¢)]de  (2.29)
R

Let us again emphasize the fact that the Gaussian free field is defined in the sense of

distributions and should be viewed as random generalized functions.
Therefore, we have the following definition of the Liouville field on Riemann sphere C.

Definition 2.2.1 (Liouville field on C, [AHS21, Definition 2.6]). Let (H,c) be sampled
from Py x [e729¢dc] and let ¢(z) = H(z) — 2Qlog|z|+ +c. Let LFz denote the law of ¢
and we call a sample from LFg a Liouville field on C. Here P is the probability law of the
Gaussian free field H.

Here we remark that the above definition is a rigorous way of making sense of the expression
“e=SL(P) Dy’ when = 0. When g > 0, we simply weight the zero-u Liouville measure by

e M4 where A is the quantum area of the LQG surface (will be discussed in later section).
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2.2.4. The LCFT on the upper half plane H

Let g be a smooth metric on H such that the metric completion of (H, g) is a compact

Riemannian manifold. Let H!(H, g) be the standard Sobolev space with norm defined by

1/2
By = ( [ e+ rh<z>129<d2z>) |

Let H~'(H, g) be its dual space, which is defined as the completion of the set of smooth

functions on H with respect to the following norm:

|f’H*1(H,9) = sup
heH' (H,9),|hl 1 (s g)<1

/ F(2)h(=)g(=)d22]
H

Here we remark that H~!(H) is a polish space and its topology does not depend on the

choice of g. In this thesis, all the random functions considered are in H~!(H).

Let h be the centered Gaussian process on H with covariance kernel given by

E[h(x)h(y)] = Gu(z,y) := log + 2log |z| 1 + 2log |y,

[z = ylle —7|

where |z|; = max(|z|,1). Notice that h € H~'(H) and for test functions f,g € H'(H),

(h, f) and (h, g) are centred Gaussian variables with covariance given by

El(h, 1), (h, g)] = / / F ()G, ) g () ded?y.

Let Py denote the law of h. For smooth test functions f and g with mean 0 on H, i.e.,

| = [ a0

we have that

1
El(h. ). (h.9)) = o [ V1) Vo(e)d.
T JH
Notice that this characterizes the free boundary Gaussian free field, which is defined modulo
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an additive constant. We can fix a particular instance of field i by requiring the average

around the upper half plane unit circle to be zero.

Definition 2.2.2 (Liouville field on H, [AHS21, Definition 2.14]). Let (h,c) be sampled
from Py x [e~9¢dc] on the product space H~'(H) x R. Let ¢(z) = h(z) — 2Qlog|z|y + ¢
and let LFy denote the law of ¢(z) on H~(H). We call the sample from LFy the Liouville
field on H.

Lemma 2.2.3 (JARS22, Lemma 2.2]). For a € R and zy € H, the limit

LFI(H(I)(,Z()) = hm €a2/2€a¢6(20)LFH(d¢)

e—0

)

exists in the vague topology. Moreover, sample (h,c) from (2%20)*0‘2/2|zo\12a@_a Py x

[e(a_Q)cdc] and let
#(2) = h(z) — 2Qlog|z|+ + aGu(z, 20) + ¢ for z € H,

then the law of ¢ is given by LF](}?’ZO). We call LF](H?’ZO) the Liouville field on H with a-

msertion at z.

Next, we introduce the definition of Liouville field with multiple boundary insertions. The
following definition is the combination of [AHS21, Definition 2.15] and [AHS21, Definition
2.17]:

Definition 2.2.4. Let (5;,s;) € R x 0H for i = 1,...,m, where m > 0 and s; are pairwise

distinct. Let (h,c) be sampled from C’éﬂﬂi’si)iPH x |e(2Xifi=Qcge| where

_3.(0_Bi m BB
(Birsi): H;il |si|+ﬁl(Q 2 )ezj:i+1 1 Gu(si,sg) if 51 % oo,
CH“ 1) —

Bi_ B BiBj
_5. Q_J_i m iPj e .
T il (977 7 i T Gaees) if 51 = oo.
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Let
o) h(z) —2Qlog |z|+ + > ity %GH(z, si) +c if 81 # 00,
zZ) =
h(2) + (B1 — 2Q)1og |2 + Ly FGu(z,5:) e ifs1 =00
We write LF]E_H'B #5)i for the law of ¢ and call a sample from LF]E_H'B 5i the Liouville field on H

with boundary insertions (8;, $;)1<i<m.

Lemma 2.2.5 ([AHS21, Lemma 2.18|). We have the following convergence in the vague

topology of measures on H~'(H):

TES_HOO Tﬂ(Qfg)LF]gf’TMBi’si)i — LF]&{??W)?(BhSi)i.

Definition 2.2.6. Let (a,q) € R x H and let (8;,p;) € R x 0H for 1 < i < m. Suppose

h,c) is sampled from cBipi(ed) p o e(3 XiBita=Q)eq,. , where
H

C]](-Hﬂi ’Pi)i,(oé,q)

_A. _& m BiBj a2 —2a(0Q—« .
- H;?il |pi|+5i(Q 2 )6Zj:i+l TJGH(pi,Pj)(QSq)*7|q’+2 (Q—a) if pp # o0,
o _g.(0_Bi_bB1 m BiBj o2 _
H?;2 ’pz‘+5z(Q 2 21)6 Je=it1 TJGH(piypj)(2%q)—7‘q’+2a(Q ) if P = 0.
Let
o) h(z) —2Qlog |z|+ + aGu(z,q) + > "4 %GH(z,pi) +c if p1 # oo,
Z) =
h(z) + (b1 — 2Q) log 2]+ + aGu(z,q) + X0y ZGu(z,p;) + ¢ if py = oo.

We denote the law of ¢(z) on H~!(H) by Lng’pi)i’(a’q).

Finally, we recall the definition of the LCFT on horizontal strip & = R x (0,7). It is

essentially the same procedure as defining LCFT on H. Let

Gs(z,w) = —logle* — | —log |e* — €| + max(2Rz, 0) + max(2Rw, 0)
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be the Green function on S.

Definition 2.2.7 (JAHS21, Definition 2.19]). Let (h,c) be sampled from C(’B £00)(B3:53) pe
[6(5+%7Q)Cdc], where 5 € R and (83, s3) € R x S, and

Oéﬁ’im)’(ﬂ3’53) — (B Q-B)+2B)Rss|

Let ¢(z) = h(z) — (Q — B)|Rz| + %Gg(z, s3) + ¢ and we denote the law of ¢(z) on H~!(H)
b LF(ﬁ +00), (53733)'

Conformal symmetries of the Liouville Conformal Field Theory

Let conf(H) be the group of conformal automorphisms of H where group multiplication -
is the function composition f-¢g = f o g. The most results in this section can be directly

adapted to the sphere case C (see [AHS21] for details).

Proposition 2.2.8 ([AHS21, Proposition 2.16]). For 8 € R, let Ag = 2(Q — ). Let

f € conf(H) and (B, s;) € R x OH with f(s;) # oo for all1 <i <m. Then LFyg = f.(LFg)

and

LF(Buf si))i H|f s ‘ Ag, f* (LF(Bzvsz)l)

Proposition 2.2.9. For1 <i<mand1 < j <mn, let (a;, %) € RxH and (8}, s;) € Rx0H

with f(sj) # oo for all1 < j <n. Let f € conf(H) and we have

LF(az,f(Zz))u(/Bg,f(SJ) i _ H H ’f % ’ 204, |f ( )| Ag; LF]&_}?hzi)h(ﬁﬁsj)j‘
1=1j5=1

Proof. The proof is exactly the same as that of [AHS21, Proposition 2.9|, which describes

the case in C instead of H. O
Lemma 2.2.10 (JARS22, Lemma 3.14|). Let « € R and v € S with R(u) = 0, then we have
(a7u) — LF]%?zeu)

exp, LFg
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Lemma 2.2.11 (J[AHS21, Lemma 2.20]). Let 5 € R and (83, s3) € R x dS, then we have

2
LRG0 G1e) _ sy 1 plio) ()

Similarly, if B1,B2,P3 € R and f € conf(H) satisfies f(0) = 0, f(1) = 1, and f(—1) = oo,

then
LF]%Iﬁlyoo)’(B%o)v(ﬁS:l) — 2A31—AB2+A33 . f*LFéﬂﬁlyfl)v(ﬁ%O)v(ﬁSvl)'

2.3. Liouville quantum gravities

The Liouville quantum gravity is a natural way to produce “random geometry” from the
Gaussian free field. The study of natural probability laws on the space of two-dimensional
Riemannian manifolds is called two-dimensional quantum gravity. By the Riemann uni-
formization theorem in complex analysis, every simply connected Riemann surface . is
conformally equivalent to one of three Riemann surfaces: the open unit disk D, the complex
plane C, or the Riemann sphere CU{oco}. Therefore, . can be parametrized in coordinates

z = xi + y in one of such domains such that the metric takes the form
e?) (da® + dy?) (2.30)
for some real-valued function ¢. Therefore, the random Riemann surface .¥ can be studied

via the random function .

In Liouville quantum gravity, one views ¢ as the scalar multiple of the GFF and seeks to
define the measure

pp = e @2z, (2.31)

where h is an instance of GFF on some simply connected domain D C C. Since h is a

distribution, certain regularization procedure is needed in order to make (2.31) precise. The
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most common choice is to let h-(z) be the circular average of h on 0B(z,¢) and set

p i= lin% e’ 2e7he(2) g2 5 (2.32)
E—

It was in [DS11, Men17]| that the above limit exists a.s. in the vague topology of Borel mea-
sures on D. The pair (D, uy) is described as a random surface .# conformally parametrized
by D with area measure pp. We can also parametrize . in a different domain D. If

P D — D is a conformal map, then we can write
h=hot+Qlog|y, (2.33)

where Q = % + % The measure p; on D is as. equivalent to the pullback via =1 of the
measure pp, on D. It is shown in [Men17| that the (2.33) holds simultaneously for all possible
. The quantum surface is defined to be equivalence class of pairs (D, h) under relationship
(2.33).
2.3.1. Quantum surfaces
Let v € (0,2) and DH = {(D,h) : D C C open, h € C§°(D)’'}. We define equivalence
relation on DH by letting (D, h) ~ (D, h) if there is a conformal map 1 : D — D such
that h = 1 o, h, where

Yoy hi=hotp ' +Qlog|(xp1). (2.34)
A ~-quantum surface (a.k.a. v-LQG surface) is an equivalence class of pairs (D,h) € DH
under the equivalence relation ~,. An embedding of a quantum surface is a choice of
representative (D, h). The transformation (2.34) is called the coordinate change. We can also

consider quantum surfaces with marked points (D, h, z1, ..., 2m, w1, ...,wy) where z; € D

and wj € 0D. We say

(Dyhy 21,y 2my Wiy oy wn) ~y (DR 21,0y 2, W -, W)
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if there is a conformal map v : D — D such that h = o, h and (%) = z;, Y (wj) = wj.
Let Zp,,n denote the set of equivalence class of such tuples under ~, and let 2 = %
for simplicity. We use (2.34) to define the equivalence relation because v-LQG quantum
area and 7-LQG quantum length measure is invariant under pushforward e.. Since we will

mainly work with H, we view the set %, ,, as the quotient space
{(H, h,21,..., 2m, W1, ..,wy) : his a distribution on H, 21 ..., 2, € Hywy,...,w, € R}/ ~, .

The Borel o-algebra of %, is induced by the Borel sigma algebra on H ().

In this thesis, we will work with quantum surfaces whose distribution h looks like GFF

locally. The concrete definition is given as below.

Definition 2.3.1 (|GHS19, Definition 3.8]). Fix a simply connected domain D C C and let
h be a random distribution on D. For z € D, we say the distribution h is GFF-like near z
if there exists a constant r > 0 such that the law of h| B(z,r) 1s absolutely continuous w.r.t.
that of (h + 9)|B(z,r), Where (h,g) is a coupling of zero-boundary GFF h on B(z,r) with a
random continuous function g on B(z,r). If z € 9D and 0D is analytic near z, we similarly
call h GFF-like near z is h is locally absolutely continuous w.r.t. a free boundary GFF plus

a continuous function in a similar manner.

If h is a random distribution which is GFF-like near z, then the measure
— lim &7 /2e7h=(2) g2
Hh EIL% 9 e z

can be defined in B(z,r) for some r as in Definition 2.3.1. Similarly, if the domain D has
non-trivial boundary and the random distribution % is GFF-like near z € 0D, then the
random measure

vy o= lim e’ /4e3he(2) gy
e—0

exists almost surely, where for z € 0D, h.(z) is the circular average of h on dB(z,) N D
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(see [DS11]).

For some random distribution h, we call random measures uy and vy, quantum area measure

and quantum boundary length measure respectively.
2.3.2. Quantum disks and quantum spheres

We recall the definitions of two-pointed quantum disk introduced in [AHS20]. It is a family
of measures on %po. It is initially defined on the horizontal strip S = R x (0,7). Let
exp : § — H be the exponential map z + e* and let hs = hy o exp where hy is sampled
from Pg. We call hs the free boundary GFF on S. It is known that hs can be written as
the sum of h¢ and h’ where h° is constant on u + [0, 47],u € R and h* has mean zero on all

such vertical lines. We call h the lateral component of free boundary GFF.

Definition 2.3.2 (Thick quantum disk). Let W > 772, and let f=Q+ 3 — % Let

By — (Q — B)t if £ >0,
}/t:

—~—

By +(Q— Bt if t <0,

where (Bs)s>0, (Es)szo are independent standard Brownian motions conditional on Bog —
(Q—B)s < 0and Bys — (Q — B)s < 0 for all s > 0. Let h'(z) = Y; for all z with R(z) = ¢.
Let h2(2) be the lateral component of free boundary GFF on S and let ¢ be sampled from
%e(ﬁ_Q)ch independent of A and h?. Let /ﬁ(z) = h'(z) +h%(z) and let ¢(2) = /I’Z(z) +c. Let
MS}SI‘(W) denote the infinite measure on %2 describing the law of (S, ¢, —oo, +00). We

call a sample from nggk(W) a weight-W quantum disk.

Definition 2.3.3 (Thick disk with one additional boundary marked point). For W > g,
we first sample (S, ¢, +00, —00) from V¢(R)Mgf§k(W)[dqb], then sample s € R accord-
ing to the probability measure proportional to vg|r. We denote the law of the surface

(’57 (Z)v —+00, _OO)/ ~y by Mg,lfk(W)

Definition 2.3.4 (Thin quantum disk). Let 0 < W < 772 and define the infinite mea-
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sure /\/lg’i;k(W) on two-pointed beaded surfaces as follows: first take 7" according to (1 —
V—QQW)_QLebRJr, then sample a Poisson point process {(u,Dy)} according to Lebp 7} X

./\/lgfgk('yQ — W) and concatenate the D,, according to ordering induced by u.

When W = 2, the two marked points of MSEI‘@) are typical w.r.t. the quantum boundary

length measure (see [AHS20, Proposition A.8]).

Definition 2.3.5. Let (S, ¢, —00, +00) be an embedding of a sample from nggk(z). Let
A = 114(S) denote the total quantum area and L = v4(9S) denote the total quantum bound-
ary length. Let QD denote the law of (S, ¢) under reweighted measure L_Q/\/lgfgk(Q), viewed
as a measure on & by forgetting two marked points. For non-negative integers m and n, let
(S, ¢) be a sample from A™L™"QD, then independently sample 21, ..., 2, and w1, ..., wy, ac-
cording to ,ujf and l/f, respectively. Let QD,,, , denote the law of (S, @, 21, . . ., zm, w1, . . ., wn)
viewed as a measure on Zp,,. We call a sample from QD,, ,, quantum disk with m bulk

and n boundary marked points.

Let C denote the horizontal cylinder obtained by identifying two boundaries of R x [0, 27]

and let h¢e be the centered Gaussian process with covariance kernel given by
Ge(z,w) = —log|e” — €| + max(Rz, 0) + max(Rw, 0). (2.35)
Let H(C) be the Hilbert space closure of
{f € C™(C) - /Cf(z)d2z _ o}

with respect to the Dirichlet inner product (-, -)v (2.8). For notational convenience, we write
the line segment {t} x [0,27] on C as [t,t + 2mi] for each t € R. It is well-known that we

have the orthogonal decomposition of Hilbert space (see, e.g. [She07])

H(C) = H1(C) ® H2(C),
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where Hi(C) C H(C) (resp. H2(C) C H(C)) denotes the subspace consisting of functions

which are constant (resp. have mean zero) on [t,t + 2mi] for each ¢ € R.

Definition 2.3.6 (Two-pointed quantum sphere, [AHS21, Definition 2.2]). For W > 0, let
a=Q — % < Q. Let

B —(Q—a)t ift>0,
‘}/rt:

B+ (Q-a)t ift<o,

where (B;)s>0 is a standard Brownian motion conditioned on By — (@ — a)s < 0 for all
s > 0. The (E)szo is an independent copy of (Bs)s>0. Let hl:(2) = Yy, for z € C and let h3
be independent of h} and have the projection of he onto Ha(C). Let h = h¢ + hZ and let ¢
be a real number sampled from Je2*~@)dc independent of h. Let ¢ = ¢+c. Let M;ph(W)
be the infinite measure describing the law of (C, ¢, —00, +00)/ ~,. We call a sample from

./\/lzph(W) a two-pointed weight-W quantum sphere.

In the sphere case, the marked points are typical w.r.t. the quantum area measure when

W =4 —~? (see [DMS20, Proposition A.13]).

Definition 2.3.7. Let (C, ¢, +00, —00)/ ~, be sampled from ./\/l;ph(4 —~2). Let QS be the
law of (C,¢)/ ~. under the re-weighted measure u¢(C)_2M;ph(4 —42). For m > 0, first
sample (C, ¢) from p4(C)™QS, then sample m independent points z1,. .., 2z, according to
Mf- Let QS,,, be the law of (C, ¢, 21,...,2m)/ ~. We call a sample from QS,,, a quantum

sphere with m marked points.
2.3.3. Relationships with the Liouville Conformal Field Theory

As reviewed in Section 2.2, the Liouville Conformal Field Theory is the Quantum Field
Theory (QFT) corresponding the Liouville action functional which originates in [Pol81|. For
each two dimensional Riemannian manifold, the LCFT associates it to a random field, which
altogether form a conformal field theory. As mentioned in Section 1.1.1, LCFT was made
rigorous in probability theory in [DKRV16] and [HRV18| for the case of Riemann sphere

and simply connected domain with boundary respectively and in [DRV15, Rem17, GRV19|

36



for the case of other topologies.

The LCFT and quantum surfaces provide two perspectives on LQG surfaces. Their close
relationships has been demonstrated by Aru, Huang and Sun [AHS17] for the case of QS;

and by Cerclé [Cer21| for the case of QDj3. Precisely, [AHS17, Theorem 1.1] showed

that, modulo some multiplicative constant, QS; has the law of LF((EV’ZI)’(%ZQ)’(%%) under
the particular embedding of (@, 21, 22, 23). In the exact same spirit, [Cer21, Theorem 1.1]
showed that QD 3 has the law of LFg’pl)’(%m)’(%pi”),pl,pg,pg € OH when embedded into

(Hap17p27p3)'

Notice that in all the cases above, we have enough marked points to fix the conformal
structure. Traditionally, in the context of LCFT, we tend to assume that there are enough
marked points since otherwise, we cannot properly define the Liouville correlation functions.
What about the case when there are not enough marked points on the surface to fix the

conformal structure?

The answer is given in [AHS21| and we should consider uniform embeddings of quantum
surfaces. In words, when there are not enough marked points, the LCFT describes the law

of quantum surfaces under uniform embeddings of marked points (maximal symmetries).

Now we set up the uniform embedding carefully. The discussion here is more general than
that in subsection 1.1.1 before Theorem 1.1.3 in the sense that we also allow the domain
D = C and more than one (bulk and/or boundary) marked points. Concretely, for simply
connected domain D conformally equivalently to either C or H, let conf(D) be the group
of conformal automorphisms of D where group multiplication - is the function composition
f-g= fog. Let mp be a Haar measure on conf(D), which is both left and right invariant.
Suppose f is sampled from mp and ¢ € H~!(D), then we call the random function fe. ¢ =
o1+ Qllog(f~1)!| the uniform embedding of (D, ) via mp. By invariance property of

Haar measure, the law of e, ¢ only depends on (D, ¢) as quantum surface.

We write mg x QS as the law of fe, ¢, where § is sampled from mg and ((E, ¢) is an embedding
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of a sample from QS independent of mz. We call mz x QS the uniform embedding of QS

via Haar measure mgz. The mp x QD is defined in the exact same way.

Theorem 2.3.8 (|[AHS21, Theorem 1.2|). There exist constants Cy and Co such that

m@ X QS = 01 . LF@ and my X QD = 02 . LFH. (2.36)

We can also consider the quantum surface with some (bulk and/or boundary) marked points
but not enough to fix a conformal structure. Fix a,b € D U 90D and let conf(D, a,b) be the
subgroup of conf(D) fixing points a and b. Let mp ,; be a Haar measure on conf(D, a, b).
The quantum surface with two (bulk and/or boundary) marked points can be identified
as a measure on C§°(D)’/conf(D,a,b). Therefore, we can define, for instance, mp 45 X

(quantum surface with two marked points) in the exact same way as mz x QS and mp x QD.

Some other LCF'T representations of the quantum surfaces without fixed conformal struc-
tures were also proved in [AHS21]|. The below theorem describes the case the two-pointed

quantum disk.

Theorem 2.3.9 ([AHS21, Theorem 2.22|). Fiz W > 72—2 and Pw = v + % If we in-

dependently sample T from Lebr and (S, ¢, +00, —00) from Mgfgk(W), then the law of

p:=0¢(-+T)is 2(@_76‘4/)2 18 2(Q—A/,BW)2 LFS" )

Notice that two points on the boundary are not sufficient to fix a conformal structure of S.
Therefore, we have one degree of freedom described by horizontal shifting under Lebesgue
measure. In the language of uniform embedding, Theorem 2.3.9 also tells us that the uniform
embedding of Mgfik(W) in (S, 400, —00) has the law of LCFT with two boundary marked

points module some multiplicative constant. Concretely speaking, we have

is Y ,too
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When W = 2, the equation (2.37) becomes

,E
Similarly, in the sphere case, we have
ms x QS, = C - LFY? 09 (2.39)
C.p.a 2 ® '

for some finite constant C'. Note that equations (2.38) and (2.39) should be viewed as the

disintegration of (2.36) over their marked points respectively.
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CHAPTER 3

SCHRAMM-LOEWNER EVOLUTIONS, CONFORMAL
WELDINGS OF QUANTUM SURFACES, AND SLE,(p) BUBBLE
MEASURES

In this chapter, we review key results on Schramm-Loewner evolutions, conformal weldings
of quantum surfaces, and the construction of SLE,(p) bubbles. Nothing substantial is proved
in this chapter except some simple variations of known results that cannot be found in the

literature.
3.1. Schramm-Loewner evolutions
3.1.1. Overview

In 1999, Schramm [Sch00] wanted to construct—for any simply connected domain D C C
with boundary points a and b—a random non-self-crossing fractal curve n connecting a and

b. He hoped that this n has the following two nice properties:

e The law of an SLE curve 7 is conformally invariant in the sense that if ¢ is a conformal
map (by definition, analytic and one-to-one) taking D to some other domain (D),
then the image of n under v is again an SLE curve in ¢(D) from v (a) to ¢(b) (up to

different time parametrizations).

e The SLE path n is Markovian in the sense that conditioning on [0, 7] for some positive
stopping time 7 and the event that n is not completed at 7, the conditional law of the

rest of 1 is again an SLE in D\n[0, 7].
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Figure 3.1: The g4(z) : H\n[0,¢] — H is the Loewner evolution and ¢;(z) = z + % +o(]z|™)
as |z| — oo under capacity parametrizations.

Schramm [Sch00| showed that there is one and only one way of defining this family of
random fractal curves if one insists on these properties. This family of curves is indexed by
a parameter k € [0,00). By conformal invariance property of SLE curves, it suffices to define
the law of 17 on the upper half plane H C C with a = 0 and b = oco. Define the analytic

functions g; : H\n|0, t] — H by requiring that go(z) = z and for any fixed z € H, the ODE

2
g — Wy

Ogi(z) = (3.1)

is satisfied up to the stopping time 7 when z is first hit by the curve 1[0, 7], where W} :=
KBy = Byt is the standard Brownian motion scaled by a factor of vk (or sped up by a
factor of k). This requirement uniquely determines the functions g; which in turn determine

the curve 7.

Intuitively, the bigger k is (the faster Brownian motion moves up and down) the “more
wildly “the curve becomes. It was shown by Rohde and Schramm [RS05] that 7 is a.s. a
simple curve when k € [0,4]. The n a.s. hits (but does not cross) itself when x € [4, 8] and

the 7 is a.s. space-filling when xk > 8.

3.1.2. Chordal SLE,(p) processes

In this subsection, we review the basic construction of chordal SLE,(p) process. The chordal

SLE,(p) process, which was first studied in [LSWO03, RS05|, is a natural variant of chordal

SLE, where one keeps track of extra marked force points.

41



First, we introduce some notations and terminologies that will be carried out throughout
this thesis. Let (E,dg) be a metric space and let C([0,7], E) be the space of continuous

functions from [0,7) to E. Let

For each f € X% the lifetime T; of f is the extended number in (0, co] such that [0,7/“}) is
the domain of f. Let H= {z € C: Sz > 0} be the open upper half plane. A set K C H is
called an H-hull if K is bounded and H\ K is a simply connected domain. For each H-hull
K, there is a unique conformal map gx from H\K onto H such that gx(z) — 2z = O(1/2)
as z — 00. The number hcap(K) := lim,_, 2(gx(2) — 2) is called H-capacity of K, which
satisfies hcap(@)) = 0 and hecap(K) > 0 if K # (. Let

rady,(K) :=sup{|z —w|: z € KU{w}} (3.2)

for w € C and K ¢ C. For W € ¥R, the chordal Loewner equation driven by W is the

following differential equation in C:

8tgt(z) = gt(Z) — Wt

with 0 < t < Ty and go(z) = z. For each z € C, let 7 be the biggest extended number in
[O,TI;] such that the solution t — g¢;(z) exists on [0,7}). For 0 <t < m, let Ky = {z €
H: 7} <t} and H; = H\K;. It turns out that each K; is an H-hull with hcap(K;) = 2t and

gt = gk, We call g; and K; the chordal Loewner maps and hulls respectively.

42



9
"8

gt
H en(t) 7N
0 a(07) Wi g(0F)

Figure 3.2: The chordal SLE.(p_, p4+) process: initially, we have two force points at 0~
and 07 with weights p_ and py respectively. Correspondingly, we have two additional force
point processes V,~ and V.

We now review the definition of multi-force-point SLE(p) process. Here, all the force points
lie on the boundary. Let x > 0 and p = (p1,...,pm) € R™. Let w € R and vy,..., vy, be

such that

pj > —2 and p; > —2. (3.3)
2 2

Jwj=wt Jvj=w=

Consider the following system of SDE:

th Zﬂ{Wt¢Vj}ﬁdt+det7 WQ = Wj;

2

J _ _ J_ .. :
A% —Il{WﬁéVtg}V;j_Wtdt, Vi = vj, 1<7<m.

is 0. It is known that a weak solution of the

— J s 1
If some v; = oo, then V}’ is oo, and Vi
system (3.4), in the integral sense, exists and is unique in law, and the W in the solution
a.s. generates a Loewner curve 1, which we call SLE,(p) curve starts from w with force

points v = (v1,...,vp). The th is called the force point process started from v;.
3.2. Conformal weldings of quantum surfaces

In this section, we review the key results in [AHS20] and [AHS22]| regarding the conformal

welding of quantum disks and quantum spheres.

First we define for W > 0 and ¢, ¢ > 0, the family of measures {MdlSk(W; 0,0 }o 01> such
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that Mggk(W;f, ') is supported on quantum surfaces with left and right boundary arc
lengths ¢ and ¢ respectively. This family of measures satisfies the following disintegration

relation:

MES (W) = /0 /0 MISEW; e, ) dea . (3.5)

The disintegration (3.5) characterizes nggk(w; ¢,¢") modulo a Lebesgue measure zero set
of (£,¢'). This ambiguity was removed by some suitable topology introduced in [AHS20,

Section 2.6 and 4] for which the measure MG5<(W; £, ') is continuous in (¢, ').
Theorem 3.2.1 (Conformal welding of two quantum disks, [AHS20, Theorem 2.2|). Let
W1, Wa > 0 and there exists some constant ¢ = cw, w, such that

MGS W1+ Wai £, 1) @ SLE.(W1 — 2, W = 2) = ¢ / MGE (Wi L,r) x MGS (W, £)dr
0

(3.6)

When Wy + Wy > l;, the ng;k(Wl + Wy £,0') @ SLE. (W7 — 2,W5 — 2) in (3.6) denote
the measure on the curve-decorated quantum surfaces obtained by first sampling a quan-
tum disk (S, ), +00, —00) according to Mgfak(W;E,f’ ) with an arbitrary embedding then

independently sampling 1 according to SLE,(W; — 2, Wy — 2) on (S, 400, —0).

When W € (0, g), the measure nggk(wl + Wo; £,0') @ SLE, (W7 — 2, Wy — 2) corresponds
to sampling independent SLE,(W; — 2, Wy — 2) in each component of the thin quantum
disk.

Here we emphasize that for all W > 0, the Ms (W1 + Wa; £,£') @ SLE. (W1 — 2, W, — 2)
is a measure on the curve-decorated quantum surface (equivalence class of surfaces), which
means it does not depend on the particular embedding. In this thesis, we will frequently
encounter this kind of measures (on different curve-decorated quantum surface) and they

are defined in the exact same manner.

The following theorem describes the conformal welding of n quantum disks, which is a
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natural generalization of Theorem 3.2.1.

Theorem 3.2.2 (Conformal welding of n disks, [AHS20, Theorem 2.2|). Fiz W1y,..., W, >0
and W =Wy + ...+ W,. There exists a constant C = Cw, .. w, € (0,00) such that for all

£,r >0, the identity

MG (W5 £,7) @ PEN(Wy, ... W)
= c/// MESE(W5€,01) x MES(Was £, 02) x ... x MGSE (Wi byoq,m)dly ... dby—y

(3.7)

holds as measures on the space of curve-decorated quantum surfaces.
The measure PYS<(W1, ..., W,,) is defined in [AHS20, Definition 2.25] on tuple of curves
(M, yMn—1) 1 a domain (D,z,y). It was defined by the following induction procedure:

first sample nyp—1 from SLE,(Wy + ...+ Wy_1 — 2, W,, — 2) then (n1,...,Mn—2) from
PUK( . W)

on connected component (D', y") on the left of D\nn—1 where 2’ and y' are the first and

the last point hit by n,—_1.

As reviewed in Section 3.1.1, for simply connected domain (D,p,q) (D # C) with two
marked boundary points. The chordal SLE, is a family of conformally invariant random

curves from p to ¢. When 0 < k < 4, SLE, is a.s. simple and only intersects 0D at {p, q}.

One can also construct a whole-plane variant of SLE,: for (C,p, q) with p # ¢ and p > —2,
there is a SLE-like random curve connecting p and ¢ called the whole-plane SLE,(p). The
definition is not important for our presentation here so we simply omit it (check [MS17,

Section 2.1.3]).

For s € (0,8), on (C,p, q), the two-sided whole-plane SLE,;,, which is denoted by SLEP™Y, is

defined by first running a whole-plane SLE,(2) curve 7; from p to ¢, then running a chordal
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SLE, curve 72 on C\n; from ¢ to p. That being said, the SLEP™Y is a probability measure
on pairs of curves on C connecting p and ¢ (form an oriented loop) and satisfying the bi-
chordal resampling property: conditioning on one arm, the other arm is a chordal SLE, in

the complement.

It was shown in [Bef08] that SLEL™? almost surely has Hausdorff dimension d = 1+ §. Its
d-dimensional Minkowski content measure Contq(n) exists [LR15]. The following unrooted

SLE Loop measure was constructed by Zhan in [Zha21]|:

1 Y .
SLE°*P (d) 7 /@ /(c 1p— g 22 DSLEP=9(d)d?pd?q. (3.8)

- Conty

The rooted version can be easily obtained by the disintegration on the outside integral
(Jo- - dq?) in (3.8). The (3.8) is a rather constructive definition in the sense that it tells
us that the unrooted SLE loop measure SLE°°P(dn) can be sampled by the following three

steps:

1. Sample a pair of points (p, q) according to the measure

lp — q| 2 Da?pd?q on C x C. (3.9)

2. Sample n = (1, 12) according to the two-sided whole-plane SLEL=9(dn).
3. Re-weight the 1 by the square of its Minkowski content measure Contg(n)?.

For v € (0,2), recall that the unmarked quantum disk QD is defined in Definition 2.3.5. Let

QD(¥) be the disintegration of QD over its total boundary length, i.e.,

QD = /0 ~ QD).

For ¢ > 0, let (D1,D3) be sampled from QD(¢) x QD(¢) and let Weld(Dy, D2) be the

curve-decorated quantum surface obtained by first uniformly sampling points a and b on the
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boundaries of D; and Ds respectively and then conformally welding Dy and Dy by identifying
a and b. Let Weld(QD(¢), QD(¥)) denote the distribution of Weld(D;, Ds) and define

Weld(QD, QD) = /0 0 Weld(QD(6), QD(0)) .

Theorem 3.2.3 (|[AHS22, Theorem 1.1|). For v € (0,2), we have
QS ® SLEP°P = C'- Weld(QD, QD) (3.10)

for some finite constant C'.

The proof of above theorem relies on the uniform embedding of the three-pointed curve-
decorated sphere QS; ® SLEL™Y (see [AHS22, Figure 1| for a nice summary of the proof
pipeline).

3.3. SLE,(p) bubble measures

In this section, we review the basic terminologies and limiting constructions of rooted

SLE,(p) bubble measure in |[Zha22].
3.3.1. Basic notations and terminologies

First, we introduce some basic notations and terminologies. Let f € X¥. For a continuous
and strictly increasing function € on [O,T}) with #(0) = 0, the function g := fof~! € ©F
is called the time-change of f via 8, and we write f ~ g. Let $E = »F/ ~ and an element
of E/JTE, denoted by [f], where f € ¥ is called an MTC (module time-changes) function or
curve. Throughout this thesis, all the curves considered are MTC curve. Therefore, we will
simply write f instead of [f] without confusion. The $E is a metric space with the distance

defined by

dgp = inf {sup{dp(f'(1),g'(1) 0 <t <Tp}: [ € lfl.g € gl Tp =Ty}, (3.11)
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An element f € ¥¥ is called a rooted loop if

lim f(2) = f(0)

t%Tf

and f(0) is called its root. If f € X is called a rooted loop, then [f] € £F is called a rooted

MTC loop. Notice that all the elements in Bubbley(p) are MTC loops.
3.3.2. Constructions of SLE,(p) bubble measures via radial Bessel processes

We now review Zhan’s constructions on SLE,(p) bubble measures via the Radial Bessel

Processes.

Let 0_,d+ > 0 and B; be a standard Brownian motion. A stochastic process (Z;):>0 with

Zy = x € [—1,1] satisfying the following stochastic differential equation (SDE)

5 5
dZ; = /1 — Z2dB; — f(zt +1)dt — (2 — 1)dt (3.12)

is called the Radial Bessel Process with dimension (d4,d_) starting from x. It has a unique
strong solution with infinite lifetime and we let 1/;5*’6* denote its (probability) law on the
path space C([0,00),R). It stays in the interval [—1,1] and behaves like a squared Bessel
process of dimension §+ near +1. This process satisfies the Markov property in the sense
that for any stopping time 7 w.r.t. the filtration F = (F;)¢>0, conditioning on (Z;)o<i<r,

the rest of the process is a radial Bessel process with dimension (04, d_) starting from Z;.

Proposition 3.3.1 (Transition density of radial Bessel processes, [Zha22, Proposition 2.14]).
When 0_,64+ > 0 and x € [—1,1], the solution of (3.12) has the following transition kernel:
i~ P£a+’a_)(x)PT(La+’a_)(y)e_’B"t
P, Y) = Wara (1) D

n=0 f_ll Way,a— (S)Pr(za+7a_)(8)2d8 ’

(3.13)

where ag = % —1,wa, a_(s) = (1—8)° (1+5)°, By = dn(n+1+as+a_), and P
are Jacobi polynomials with parameters (o, a—), which is a class of orthogonal polynomials

w.r.t. 11 yWaya (cf [KWKS]).
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Proposition 3.3.2 (Invariant probability density of radial Bessel processes, [Zha22, Propo-

sition 2.15|). Under the above settings, let

Way,a (z)

PolT) = 3.14
(z) T s o (5)ds (3.14)
and we have that for y € [-1,1] and t > 0,
1
| ptoml e = pec(o). (3.15)
Moreover, there exist constants C, L € (0,00) such that for any x,y € [—1,1],
_yts
Pe(2,y) = Poc(y)| < C-pooly) - (3.16)

fort> L.

By standard arguments in SDE, there exists a stochastic process (Z;)ier such that for any
fixed 7 € R, Z; follows the law of 1(_; 1)peo(y)dy. Moreover, conditioning on (Z;)i<r, the
random process (Zi1+,)t>0 is again a radial Bessel process with dimension (d4,0_) starting
from Z;,. We call such process Z; the stationary radial Bessel process with dimension

(64,0-). Let y%*’d’ denote its unique probability law on C(R,R).

In (3.12), when 64 > 0, 0_— < 2, and the initial value z € (—1,1]. The process Z; will never
visit (1,00) but will visit —1 at some finite time. Let ,ufc*’(L denote the law of Z; killed once

it hits —1.

Lemma 3.3.3 (|Zha22, Lemma 3.6]). Let 6* =4 —0_ > 2 and we have that

04,0
d —+5 MZ
(D) =357 (3.17)
dvg  ~ . Mg
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for any stopping time T and

1

=1
MZ = e §0+(2-0-)t (1—;Zt> ’ . (3.18)

The relationship (3.17) allows us to show that there exists a o-finite measure u% o [Zha22,

Lemma 3.7] on the space

8= | C((-.7).R)
T'e(—00,00]
such that
O04,0—
d/,L +>
%(2) = MZ. (3.19)
dvg Fr

In fact, one can derive the radial Bessel process from the chordal SLE,(p—, p+) process. Let
7n be an instance of SLE,(p_, py) curve starting from 0 with force points v™ > 0 > v~. Let

Wi be the driving function and let V,~ and Vt+ be the other two force point processes.

Define
oW, — V,F — V-
7, = W +Vt Vi (3.20)
Vir =V
and let
K AN A
t) = =log [ —— ). 21
p(t) QOg(U+_U) (3.21)

Let Z = Zp-1(5) and Z is a radial Bessel process with dimension (d4,0_), where 4+ =

4

w(pr +2).

By SLE coordinate change [SWO05]|, we are interested in the case when
P+ =p and p— =K—6—p.

The process is stopped when the curve swallows v~. This corresponds to the radial Bessel
process is stopped once hits —1. Recall that the truncated radial Bessel at —1 has the law

of pu®+9-.
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Let pf = kK —6 — p_ 2%—2&nd5i=%(pi+2):4—5_>2. Next, we consider

the SLE,(p4, p* ) process starting from 0 with force points at 07 and 0~. Let Z; and p(t)

be as in (3.20) and (3.21) respectively and let Z, = Zpy-1(5)- Then (/Z\S)SE]R has the law of

. . d4,0%
stationary Bessel with law VR+ .

Moreover, we can recover W from Z; from the following [Zha22, Lemma 3.14] :

;

—

Vsi:fs l(liZ)e%Tdr

—00 KR

Ws — I—BZS ‘/S+ + 1—2ZS VS_

(3.22)
at) = o & (1= (22)) exrar
Wy = Wy

Recall the measure pf{’é* from the Randon-Nikodym derivative relationship (3.19). The
push-forward of uﬁ;g”&_ under the composition map /Z\t — W +— 7 is an infinite measure on
Bubbleg(0), which we denote by pg. When s € (0,4) and p > —2, under suitable capacity

parametrization, it is the measure that we want.

Theorem 3.3.4 (Existence of SLE,(p) bubbles, [Zha22, Theorem 3.16]). Let 0 < k < 4
and p > —2. Then there exists a non-zero o-finite measure SLEE%bble(p) on Bubbley(0)

such that the followings hold:

1. It satisfies the domain Markov property in the sense that conditioning on the initial
segment and the event that the curve is not completed, the rest of the curve has the

law of the chordal SLE(p) in the remaining domain.
2. The SLEE}bbble(p) has the law of po under capacity parametrizaton map.

3. For any r > 0, the restriction of SLEE}bbble(p) to the event that {n : radg(n) > 1} is a

finite measure.

(p12)(2p+8)

Moreover, SLEE%bble(p) satisfies the conformal covariance with exponent o := o ,

51



i.e., for any ¢ € conf(H) fizing 0,
D(SLERG™(p)) = 4'(0)*SLEZE"(p). (3.23)
The 1. and 3. characterize SLEE%bble(p) up to a multiplicative constant, i.e., any measure
on Bubbley (0) satisfies 1. and 3. equals some constant times SLEE’%bble(p). Moreover,
o Ifp>75—2, SLEEjbbble(p) is supported on the loops that intersect R only at 0.

o Ifp< &5 —2, SLEb“bble( ) is supported on the loops whose intersection with R is a

compact subset of R, of which 0 is an accumulation point.

The explicit construction of the rooted SLE,(p) bubble is carried out by taking the weak
limit of chordal SLE, (p) measures under suitable rescaling. We use — to denote the weak
convergence. Recall that for bounded measures p,,n € N, and p defined on some metric

space E, p, — p if and only if for any f € Cy(E,R), pn(f) = u(f).

n ~SLE(p) from ¢ to 0

(", p)

0 < ¢

Figure 3.3: Illustration of Theorem 3.3.5: SLEbubble( ) as the weak limit of chordal SLE,(p)
with suitable rescaling.

Theorem 3.3.5 ([Zha22, Theorem 3.20]). Let 0 < k < 4 and p > —2. There exists a
non-zero o-finite measure SLEbUbble( ) on Bubbley(0) such that the following holds: For

any fized S > 0, let Es = {n :radg(n) > S}. Then as e — 0T,

(p+2)(k—8—2p)

SRR I SLES ) o(p) 2 1 SLERPY (o) (3.24)
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in the space $.C with distance defined by (3.11), where SLEH(5,€+)_>O(/)) denotes the law of

R,

a single-force-point SLE(p) on H : (g;e1) — 0.

For general simply connected domain (D, a, b), let SLEY (a,c)—b(P) denote the chordal SLE,(p)

R,y

process on D from a to b with force point ¢. Throughout this thesis, ¢ € {a™,a™} in most

cases.

Remark 3.3.6. Notice that in [AHS21, Theorem 3.20|, the author considered

SLEE{(T,T*’ )—=—r (p)

for r > 0 as the limiting sequence of measures. To get (3.24), first apply the shift map

fr : H — H such that f,(2) = z + r then let € = 2r-.

Definition 3.3.7 (Rooted SLE,(p) bubble measure). For 0 < k < 4 and p > —2, we define
the weak limit SLEE?Obble(p) in Theorem 3.3.5 as the rooted SLE,(p) bubble measure with

root 0. More generally, for any p € OH, let f,, : H — H be such that f,(z) = z+p and define
SLEZH(p) = f,(SLEZM*(0))

If p = 0, then we omit the existence of p and write SLEE};bble for fixed p € JR.

Corollary 3.3.8. Let E\i,?) be the set of curves on H starting from some point on [0, 00],

ending at 0, and surrounding i. Under the same settings as Theorem 3.3.5, we have

SLEJ (p)[dn|E; o) % SLERYP(p)[dn| Ero]  ase — 0F (3.25)

g;et)—0
in the metric space 3C with distance defined by (3.11).

Proof. Let Ey = {n:radp(n) > 1}. It is clear that E:g C E;. Moreover, E:g is open in %€
and 8/E\i;] contains the curves that end at 0 and pass through i. For 0 < § < 1, let Es =

{n : rado(n) > 6} and 75 = inf;so{t : rade(n[0,¢]) = 6} be the first time that SLEL™(p)
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curve has radius § under capacity parametrization. For any n € Ej, let ns = 1[0, 75]. For
any fixed instance of 7, let 8/_E:n/6 be the set of curves from n(7s) to 0 on H\ns that pass
through 7. By Domain Markov Property of SLEE?Obble(p) stated in [Zha22, Theorem 3.16],
we have that

SLEDUe () [9E, o / SLEZ\™ | o (0)[OE; 5, SLERI () (dins). (3.26)

By [Zha22, Theorem 3.20|, SLEE}})bble(p) [Es] > 0. Moreover, it is well-known that when
0 < Kk < 4, the probability that chordal SLE,(p) passes through a fixed interior point is
zero (see, for instance, |[Zhal9|). Therefore, SLEbUbble( )[OE\;O] = 0. By (3.24) and [Zha22,
(F3)],

(p+2)('~”~ 8—2p)

]1E1]l~SLE (eet)so(p) = ]lElILNSLEb“bble(p) (3.27)

Equivalently,

(p+2)(f€—8—2p)

o SLEEI (eet)s0(p) = SLEb“bble( ). (3.28)

In order to prove (3.25), it remains to show that 0 < SLEE,uObble(p) [E:To] < 00. By [Zha22,
Theorem 3.16],
SLERYPPIe(p)[E; 0] < SLERYP(p)[Eq] < oo (3.29)

For any n € Es, let ns = n[0,7s]. For any fixed instance of 7, let Ez\g denote the set of
curves on H\ns from 7(7s) to 0 that surround i. Again, by Domain Markov Property of
SLEE}})bble(p) (|[Zha22, Theorem 3.16]),

SLEbubble E; o] / SLEH\Z(;’U(W))%O(P)[ ,ns]SLEbUbble( )(dns), (3.30)

where the force point v(ns) is defined in [Zha22, (3.17)]. For each instance of 75, we claim

that

—~—

H
SLE, {1 o(as))-0 () Bim] > 0. (3.31)

H\ns

o (na0(n5)) 0 (p) [E;;] = 0. By conformal invariance property of

Assume otherwise, i.e., SLE
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chordal SLE,(p), we only need to consider the SLE,(p) on H from 0 to co conditional on
passing to the left of i. By scaling property of chordal SLE,(p), the probability that SLE.(p)
conditional on passing to the left of ai,a > 0 is zero, i.e., SLE,(p) will almost surely stay
to the right of positive imaginary axis. This is impossible and leads to a contradiction.

Therefore, SLEE%bble(p) [ET()] > 0 and this completes the proof. O
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CHAPTER 4

SLE.(p) BUBBLES VIA CONFORMAL WELDING OF QUANTUM
SURFACES

4.1. Law of welding interface via the limiting procedure

In this section, we prove Proposition 4.1.1, i.e., we show that under the same setups as
Theorem 1.1.1, the law of the welding interface is SLE,(p) bubble measure conditioning on

surrounding .

Proposition 4.1.1. Fiz v € (0,2). For W > 0, let p = W — 2. Let (H, ¢,n,0,7) be an

embedding of the quantum surface

/ MGSE(W5-,0) x QD (£)dX. (4.1)
0

Let My denote the marginal law of ¢ in (H,¢,n,0,i), then (¢,n) has the law of My x
SLEYY"(p)[]i € Dy(0)].

4.1.1. The LCFT description of three-pointed quantum disks

We start with the definition of two-pointed quantum disk with one additional typical bulk

insertion.

Definition 4.1.2 (JARS22, Definition 3.10]). For W > g, recall the definition of thick
quantum disk MSEI‘(W) from Definition 2.3.2. Sample ¢ on H~!(H) such that (H, ¢,0, co)
is an embedding of Mglgk(W) Let L denote the law of ¢ and let (¢, z) be sampled from
L(d®)pp(dz?). We write M‘f’lgk(W) for the law (H, ¢, 2,0, 00) viewed as a marked quantum

surface.

Lemma 4.1.3. For v € (0,2) and W € R, let Sy = v+ % Suppose (¢, x) is sampled
from LFI(HW)’(’BW’OO)’(BW’X) x dx, then the law of (H, ¢, n,i,00,X) as a marked quantum surface
is equal to MM?gk(W)

~
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Proof. By [ARS22, Lemma 3.13], if M{5*(W) is embedded as (S, ¢,i6, +00, —00), then
(¢, 0) has the law of

i LF‘(S-BW’iOO)’(%w) (d(ls)]l

IO ECmE do. (4.2)

56(0,%)

Fix 0 € (0,7) and let exp : S — H be the map z — e®. By [ARS22, Lemma 3.14] and

[AHS21, Lemma 2.20], we have

exp, (LFESﬁW,ioo),(v,ie)) _ LFgﬁew)’(ﬁw,m),(ﬁw,O).

Let fo(z) = 555 — cot#, which sends e i, 0o > 00, and 0 — x = —cot §. By [AHS21,

Proposition 2.16], for any r € R, we have

LF];;YJ)v(ﬁWu_ cot 0)?(5W,ﬁ_COt 9) — (Sln 9)2A"/+2AB (fe)*LFI(EE/»eiG)v(5W7O)’(BW’T) ,

where A, = §(Q — §). After multiplying both sides by ( L — cot 9) 2ABW, we have

sin 0

( T cot 6) 2ew LFI(H?’Z')’QBW’_Cow)’(ﬁwvﬁ—ww)
sin 6

. 1 cot 6 226w (0 -
= (sin 9)2A7+2Aﬂw <s1n€ -— ) (fo), <r2AﬁwLF§;7 )>(Bw ,0),(Bw )) .

By |[AHS21, Lemma 2.18|, taking limit as r — oo yields

& 19)2LFg,i),mw,—mte),ww,oo) — (f). LFg,eei),(5W70)7(ﬁwm)‘
S

Here the convergence is in the vague topology. When 6 is sampled from ]l(om)(g)dg, we have

L pi B ,—cot0),(Bw.00) _ 1 p(:):(Bw 00), (B )

— d
(sing)2  H H o

by change of variables x = — cot §. This completes the proof. O
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A direct consequence of [AHS20, Theorem 2.2] is the following.

Theorem 4.1.4. Let (H, ¢,0,00) be the embedding of a sample from Mgf;k(W +2). Letn
be sampled from SLE,(W —2,0) on (H,0,00) independent of ¢, then

MGSE(W +2) @ SLE. (W — 2,0) = C / MUKW, 0) x MI(2,0,)d0 (4.3)

for some constant Cyy2 € (0,00).

For W > 0, let Bwio = v — . Let (¢,x) be sampled from LF[(PHW’i)’(’BW+2’OO)’(ﬁW+2’X) X dx
and let n be sampled from the chordal SLEE1 (x:x—)—s00 (W —2). Denote vg(a, b) the quantum
boundary length of (a,b) with respect to the random field ¢. Fix § € (0,3) and let M;
denote the law of (¢, x,n) restricted to the event that v4(x,00) € (6,2), v4(R) € (1,2) and

1 is to the right of 7. Let MY i =T ‘M(; be the corresponding probability measure.

(0@

vy(—00,00) € (1,2) X

Figure 4.1: Tlustration of Mj: first sample (¢, x) from LFg’i)’(BW”’OO)’(’BW“’X) X dx and
then sample 1 according to SLEK (X )HOO(W — 2). The M; is the restriction (¢,x,7) to
the event that v4(x, 00) € (6,20), vy(—00,00) € (1,2) and i is to the right of 7.

Lemma 4.1.5. Fiz W > 0. There exists some constant C € (0,00) such that for each § €

(0, %), if (¢, x,m) is sampled from Ms, then the law of marked quantum surface (H, ¢,n,i,x, 00)
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18

20 21"
C- / / / MGER W3 0,01) x MTSE(2, 61, 0))deydede . (4.4)
1
Proof. By Lemma 4.1.3, if we sample (¢, x) from

LF](H%Z')7(5W+2 ,00),(Bw +2,X) x dr,

then (H, ¢,,x,00) viewed as a marked quantum surface has the law of C - ./\/l(f‘;k(W +2)
for some constant C' € (0,00). Furthermore, if we sample n from SLEE{(X;X,)_WO(W =
2) conditioning on i is to the right of 1, then by Theorem 4.1.4, the quantum surface
(H, ¢,n,i,x,00) has the law of

C- / / / MEES (W3 0,01) x M523 01, €)dederde’. (4.5)

Conditioning on vy (x,00) € (6,20) and v4(R) € (1,2) gives the desired result. O

4.1.2. Proof of Proposition 4.1.1 via coupling

Fix W > 0. Sample a pair of quantum surfaces (Dy, Ds) from

/ | MOV sa.) % QD s () (4.6)

and let D1 ® Dy be the curve-decorated quantum surface obtained by conformally welding
the right boundary of Dy and total boundary of Ds. Notice that D; ® Dy has a interior
marked point and a boundary marked point. Let (D, ¢p, np,0,%) be the unique embedding
of D1 & D3 on (D,0,) and let f : H — D be the conformal map with f(i) = 0 and f(c0) =

Denote Mp the joint law of (D, ¢p, 7p, 0,4) and let Mgﬁ = |M ‘MD be the probability measure

obtained from Mp.
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Figure 4.2: Left: (¢p,np) from Mgﬁ is obtained by embedding D @ D5 into (D, 0,7). Right:
(¢%,1°) from ]\4;17E is obtained by embedding D 5 @ Ds s into (D, 0, 7).

Next, we recall the definition of Mf. ForO <~y <2and W > 0, let Byy2 =7— % Sample
(¢,x) from LF%’J)’(’BW“’OO)WW“’X) x dz and let n be sampled from SLEE{(X;X,)_NDO(W —2).
Fix § € (0, 5) and let M; be the law of (¢, x, ) restricted to the event that v (x, 00) € (4, 20),
vg(R) € (1,2) and i is to the right of 7. Let MfE = ﬁMg be the corresponding probability

measure.

Sample (¢, x,n) from 1\4;7£ and let D; 5 and Dy 5 be the two components such that (H, ¢, 7,1, x)
is the embedding of the surface D;5 @ Dy s after conformal welding. Let # =¢of 1+
log |(f~1)| and ° = f o7 be such that (D, ¢?,7°,0,4) is the embedding of D15 ®Dys. Here

1’ is the welding interface between D; 5 and Dy . Let X5 = f(x) be the image of x under f.

Lemma 4.1.6. There exists a coupling between Mgf and Mf such that the followings hold:
There exist random simply connected domains Us and ﬁ; C D and a conformal map gs :

ig — Us satisfying the following properties: With probability 1 — os(1), we have
1 6n(2) = ¢ 0 g5(2) + Qloglgh(2)l,  for 2 € Uy,
2. diam(D\Us) = 05(1) and diam(D\Us) = o5(1).
3. |x5 —i| = 05(1).

4. SUp,ci |95(2) — 2| = 05(1), for any compact set K C D.
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In order to prove Lemma 4.1.6, we need the following two basic coupling results on the
quantum disk. The first one is on QD; ;. Suppose D as a quantum surface has the law of
QD ; and it has emebdding (H, ¢,i,—1). Let D° := (H, ¢,i,—1,—1 — 2¢), where H. =
H\B:(—1 —¢) with B.(-1—¢) ={2€C: |2+ 1+¢| <¢e}.

Lemma 4.1.7 ([ARS22, Lemma 5.17]). Fore > 0 and ¢ > 0, suppose D and D are sampled
from QDM(E)# and QDM(Z)# respectively, then the law 0]517E converges in total variation

distance to D° as { — £,

The second coupling result is on Mglgk(W) Suppose D is sampled from Mgfak(W) and it
has embedding (D, ¢, —i,i). With a slight abuse of notation, let D¢ := (D, ¢, ae, oL, i, —1),
where B:(i) ={z € C: |z —i| <e}, D. = D\B.(4), and {a., al} = 0D N IB(7).

Lemma 4.1.8. Fix W > 0. For ¢,¢, T,Z? > 0, suppose D and D are sampled from
Mgfgk(W;f,r)# and nggk(W,Z%’)# respectively, then De converges in total variation dis-

tance to D as (0,7) — (€, 7).
Proof. The proof follows directly from [AHS20, Proposition 2.23|. O

Lemma 4.1.9. Suppose (¢, x,n) is sampled from Mf and let A = vy(—00,x%), B = v4(x,00)
and P = vy(n), then as 6 — 0, B converges to 0 in probability and the Mf-law of (A, P)
converges in total variation distance to a probability measure on (1,2) x (0, 00) whose density
function is proportional to

4

fw(a,p)p” " dadp, (4.7)
where fy(a,p) = \MSEI‘(W;a,p)\.
Proof. By Proposition 5.1 and [AHS21, Lemma 3.3|, we have

1

‘MdiSk(W'f 7“)‘ = f (e d disk /0. _ -5+
0,2 )| = fw(l,r) an |M1,2 (256,r)|=C(l+r) * 7. (4.8)
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By (4.4), the Mf—law of (A, P, B) is a probability measure on the space
Ss = {(a,p,b) € (0,00)* : b € (6,26),a+b e (1,2)},

whose density function is proportional to

m(a,p,b) = fw(a,p)(p+b) 7+

Therefore, we have

|Ms| = | m(a,p,b)dadpdb.
Ss

By definition of Mf, for any € > 0, we have limg_,q Mg%[B >¢e] =0. Asd — 0, the
limiting M?ﬁ—law of (A, P) is a probability measure on (1, 2) x (0, 00) whose density function

_4
is proportional to fy (a,p)p 22 This completes the proof. O

1 .
T Xs

[ ]

g5 - Us — Us

Figure 4.3: We can couple MF; and M;ﬁ so that the light green and pink quantum surfaces

agree with high probability. The domain ﬁ; is the interior of Df U Dj in the embedding of
Dy ® D3 and Us is the interior of D] ; U D5 5 in the embedding of Dy 5 ® Dy 5.

Proof of Lemma 4.1.6. Recall the definition of marked quantum surfaces D; and Dy embed-
ded as (D, ¢p, np, 0,7). Let A and P be the left and right boundary length of D; respectively.

The law of (A, P) is the probability measure on [1,2] x (0, 00) proportional to

. _ 4
MW ;a,p)| QD 1 (p)] o fiw(a,p)p 2T (4.9)
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Conditioning on (A, P), the joint law of (Dy, D) is MS?;I‘(W; A, P)# x QDljl(ﬁ)#.

Next, let As and Ps be the left and right boundary of D; s respectively and let Bs be
the right boundary of D 5. By Lemma 4.1.9, as § — 0, Mg#—law of (As, Ps) converges in
law to (;{, ﬁ) and By — 0 in probability. Therefore, we can couple ]\4;éﬁ and M]f;’ﬁ so that
(As, P5) = (A, P) with probability 1 — 05(1). By Lemma 4.1.7 and 4.1.8, there exists a

coupling between (Df, D3) and (Dj 5, D5 ;) such that
lim P [(Df, D3) = (Di;5,D3s)] =1 (4.10)
6—0 ’ ’

for some ¢ = o05(1) with sufficiently slow decay. Let Us denote the interior of D;UDs
in the embedding of D; @& D2 and Us denote the interior of m in the embedding
of D5 ® Dys. By conformal welding, the marked quantum surfaces (ﬁ;,ng,O,i_) and
(Us,#%,0,i~) agree with probability 1 — 05(1). On this high probability event, there exists
a unique conformal map g5 : ﬁg — Us such that ép = ¢° o0 gs + Qlog |g5| with g5(0) = 0 and

gs(i”) =i .

Notice that the random simply connected domain /U\; is completely determined by M§ .
Almost surely under MSE , the {E\ﬁ;}g is a sequence of shrinking compact sets in the eu-
clidean sense, i.e., diam(D\Us) = os(1) and Ns>0 D\Us = {i}. By the coupling between
Mﬂf and Mg#, we know that diam(ﬁ\/U\;) = 05(1) with probability 1 — os(1). Notice that
diam(ﬁ\va(;) = 0 if and only if the harmonic measure of D\&; viewed from 0 in Us tends to
0 as 6 — 0. Therefore, in our coupling, with probability 1 — os5(1), the harmonic measure
of ]D)\/U\g viewed from 0 in ﬁ; is 05(1). Since the harmonic measure is conformally invariant
and by (4.10), with probability 1 — 05(1), harmonic measure of D\Uy viewed from 0 in Uy is
also 05(1). Hence, we have diam(ID\Us) = os5(1) with probability 1 — os(1). This proves (2)

in Lemma 4.1.6.

By construction, we know that x5 € D\Us and |x5 —i| < diam (D\Us). The above argument

directly implies that [x5 —i| = 05(1) with probability 1 —o5(1). Therefore (3) is also proved.
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Finally, by (4.10), we have g5(0) =0, gs(i~) =i, diam(D\Us) = os5(1), and diam(]D)\/U\g) =

05(1) with probability 1 — 05(1), the standard conformal distortion estimates imply (4). O

Proof of Proposition 4.1.1. For the convenience of readers, we first recall the definition and
basic setup regarding MJ# on H: For W > 0, let By = v — % Sample (¢,x) from
LF[(E’HY’Z')’([}W“’OO)’(&W“’X) x dz and let 1 be sampled from SLEE{(X;X,)_NDO(W—Z). Fix§ € (0, 1)
and let Mf be the probability law of (¢, x,n) restricted to the event that vy(x, c0) € (9, 20),
vg(R) € (1,2) and ¢ is to the right of . Sample (¢,x,7n) from Mgéé and let D; 5 and Dy 5
be the two components such that (H, ¢,7,,x) is the embedding of the conformally welded

surface D15 © Do 5.

We first prove the results on (D, 0, ) instead of (H,4,00). Let f : H — D be the conformal
map such that f(z) =0 and f(oco) = 4. In the end, since both Mf and M§ are probability
laws, we can pull back all the results via f~'. Let ¢° = ¢o f~' +log|(f~!)| and n° = fon
be such that (D, ¢°,7?,0,4) is an embedding of D15 ® Dys. Let x5 = f(x) be the image of

x under f. Here 1’ represents the welding interface between D; 5 and Dy .

By Lemma 4.1.6, there exists a coupling between MSé and MgéE such that
lim P [(D5, D5) = (Di;,D55)] =1 (4.11)
6—0 ’ ’

for some ¢ = 05(1) with sufficiently slow decay (this is (4.10)). Moreover, let Us be the
interior of m C D and let 6; be the interior of W C D. Then there exists
a unique conformal map gs : ﬁ; — Uy such that with probability 1 — o5(1), x5 — i| =
05(1) and sup,cg |gs(2) — 2| = 05(1) for any compact set K C D. Take K = D; C D
and by definition of M7, np C D;. The image of np under g5 is 7° C 0D, 5. Since
sup, |gs(2) — z| = 05(1), there exist parametrizations ps : [0,1] — 7° and pp : [0,1] — np
such that [g5(pp(t)) — pp(t)| = |ps(t) — pp(t)| = o05(1) for all ¢ € [0,1]. Hence, under such
coupling between MSE and M(f, with probability 1 — 05(1), there exist parametrizations ps

and pp of n° and np respectively, such that Supyeo,1] Ps(t) — pp(t)| = 05(1), which implies
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the topology of convergence under coupling is the same as (3.11).

Next, by Lemma 4.1.6, |x5 — i| = o0s(1) with probability 1 — 0s(1), and for any instance

of X5, n° has the law of SLEP =)

57(5(\5;)(5

W —2)[-|0 € Dys]. By Corollary 3.3.8, for any

—>z‘(

deterministic sequence x5 on 9D that converges to ¢ in euclidean distance as § — 0,

SLE? 4 (W =2)[-|0 € Dys] = SLEP(W — 2)[-[0 € Dy (4.12)

Ry(Xg3%x5 )i

in the distance (3.11). Hence , under MSE , mp is independent of ¢p and has the law of
SLEE};bble(W — 2)[-|0 € Dy]. By pulling back all the results above on D to H via f~1, we

have that
2 2 00 )
/ G(0)dl x SLERPY (W —2)[+|i € Dy (0)] = / / MGE (W3 0,7) x QD 1 (r)drdl (4.13)
1 1 0

for some unknown Liouville field ¢. Finally, by the identical scaling argument in the proof
of [ARS22, Theorem 4.1], the integration on [1,2] in (4.13) can be replaced by (0, c0). This

completes the proof. O
4.2. Law of field via quantum triangles

4.2.1. Preliminaries on quantum triangles

Our derivation of field law relies on the conformal welding of quantum triangles with quan-
tum disks. In this section, we recall the definition of quantum triangles and review the

conformal welding theorem between quantum triangle and quantum disk ([ASY22]).

Definition 4.2.1 (Thick quantum triangle, [ASY22, Definition 2.17]). For Wy, Wy, W3 >
L;’ set B; = v + % < Qfori=1,2,3, and let LFEgBlﬁFOO)v(ﬁQ:*OO)v(ﬁS;O) be the Liouville

field on § with insertion (1, B2, 83 at +00, —oo and 0, respectively. Let ¢ be sampled from

1 L (B1:+00),(82,-00),(85,0)
@Q-8)Q—P5)(Q—p3) ¢
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Define QT (W1, Wa, W3) to be the law of the three-pointed quantum surface
(Sa ¢a +OO, —00, O)/ ey

and we call a sample from QT (W7, Wy, W3) a quantum triangle of weight (W5, Wy, W3).

One can also define the conditional law of quantum disks/triangles on fixed boundary length.

This is again done by disintegration.

Definition 4.2.2 ([ASY22, Definition 2.26]). Fix Wy, Wa, Ws > 3. Let 8 =+ 2% and

B = 1 + B2 + P3. Sample h from Py and set

h(z) = h(z) + (B = 2Q)log |z|+ — frlog|z| — falog|z — 1].

Fix £ > 0 and let L1z = v5([0,1]). We define QT (W7, Wa, W3;£), the quantum triangles of

weights Wi, Wa, W3 with left boundary length ¢, to be the law of h+ %log LL;Q under the
.

2 e;(ﬂ*QQ)*l

reweighted measure ;WPH(dh). The same thing holds if we replace L1z = v5([0, 1])
L

12
by L1z = v5((—00,0]) or Loz = v5([1, 4+00)).
Lemma 4.2.3 (|[ASY22, Lemma 2.27|). In the same settings of Definition 4.2.2, the sample

from QT (W1, Wo, Ws; £) has left boundary length £, and we have

QT(Wl,WQ,Wg):/ QT (Wh, Wa, Ws; £)de. (4.14)
0

Let SLE.(p—;p+,p1) be the law of a chordal SLE, on H from 0 to oo with force points
07,07, 1, with corresponding weights p_, p, p1 respectively. Moreover, suppose 7 is a curve
from 0 to oo on H that does not touch 1. Let D, be the connected component of H\n
containing 1 and 1, is the unique conformal map from the component D, to H fixing 1 and

sending the first (resp. last) point on 0D, hit by 1 to 0 (resp. oo0). Define the measure
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P

SLE(p—; p+, p1; @) on curves from 0 to oo on H as follows:

dSLE,(p—; p+, p1; @)
dSLE,(p—; p+, p1)

— (1), (4.15)

Theorem 4.2.4 (|JASY22, Theorem 1.2|). Suppose W, W1, Wo, W3 > 0 and
A2
5 ¢ {Wh, Wa, W3, W + W1, W + Wa}.

Let

Wi+ Wy — Wy —2

i (W3 +Wi1+2—-Wsy—k). (4.16)

Then there exist some constant C = Cww, w, € (0,00) such that

QT (W+W1,W—|—W2,W3)®SLE W 2, Wo —2, W7 — Wg;a)
(4.17)
=C- / MGSE(W50) x QT(Wy, W, Wa; £)dL.

4.2.2. Quantum disks with generic bulk and boundary insertions

Definition 4.2.5 (Special case of Definition 2.2.6). Let o, 5 € R. Fix p € R and ¢ € H.

Suppose (h,c) is sampled from Céﬂﬁ’p)’(a’q)PH X [e(%f@Jra_Q)cdc , where
p)(e, -B(Q-%) —2a(Q-a
PP = 1p 70D (239) 7% g9

Then the field ¢(z) = h(z)—2Q log |z|+ +aGu(z, q)—i—gGH(z,p)—l—c has the law of LFI(HIB’p)’<a’Q).

Moreover, If p = oo, let (h,c) be sampled from Céﬂﬁ’oo)’(a’q)PH x |e(38+a=Q)eq, , where

~20(Qa)

Cﬁﬁ’w)’(a’q) = (29 )—7|q|+

Sq

Let ¢oo(2) = h(z) + (B — 2Q) log |z|+ + aGu(z, ¢) + ¢ and ¢ has the law of LF](}?’OO)’(Q’IJ).

Proposition 4.2.6 (|[ARS22, Proposition 3.9]). Suppose (H,,i,0) is an embedding of
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QD 1, then ¢ has the law of Cp - LF](HIW)’(%O) for some fixed finite constant Cy.

Definition 4.2.7. Fix a, 8 € R. Define the quantum surface QD ; («, ) as follows: suppose
(H, ¢,4,0) is an embedding of QD ;(«, ), then the law of ¢ is LF](H?’i)’(ﬁ’O). Notice that

QD 1(v,7) = C - QDy ; for some finite constant C.

Lemma 4.2.8. Fiz o, 3 € R and let h be sampled from Py. Let h(z) = h(z) + aGy(z,i) +
BGu(z,0) - 2Qlog |2+ and L = v (R). Let LES"W0(0) be the law of h+ 2 log £ under

9 a2/22€’Y(a+2 ot
v L’Y(a+§7 )

quantum surfaces (H, ¢,0,1) with ¢ being sampled from LFﬁ_ﬁ’i)’(ﬂ’O) (€). Then QDy 1 (c, B 0)

the reweighted measure Py, and let QDy (c, B;€) be the measure on

is a measure on quantum surfaces with (quantum) boundary length ¢, and

. [e.e] .
LF]&]‘?ﬂ)v(ﬁvO) :/ LF]&_}?’Z)’(B’O) (Z)df and QDl 1 / QDl 1 ﬁ 6)
0

(4.18)

Proof. Suppose ¢ has the law of h+ %log %, then we have

vg(R) = /IRe;¢(z)dx = E/Re;%)dx = /. (4.19)

Therefore, we have v4(R) = ¢ almost surely under LFI(H? A(8.0) (¢). Moreover, for any non-

negative measurable function F' on H~'(H), we have

2 (at Q)—l
/ / (h + —1og 6) ge2p2 T —— P (dh)dl
L Y [yle+iQ) (4.20)

/ / F(h+ ¢)2=0° 20+ 5-Qcqe py (dh)

by Fubini’s theorem and change of variable ¢ = %log%. This matches the field law in

Definition 2.2.6. Hence (4.18) is proved. O

Definition 4.2.9 (QD with one general boundary insertion). Fix o € R and let (H, ¢, ,0)

be an embedding of QD ; (7, ). Let L = v4(R) denote the total quantum boundary length
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and A = pg(H) denote the total quantum area. Let QD (7, ) be the law of (H, ¢,0)
under the reweighted measure A~'QD; (v, ). For integers n > 0 and m > 1, let (H, ¢)
be sampled from the re-weighted measure A”Lm*IQDOJ(fy, «), then independently sample
Wi, ..., wm_1 and 21, ..., 2, according to yf and que respectively. Let QD,, ., (7, @) denote

the law of (H, ¢,0,w1,...,wm—1,21,...,2,) viewed as a measure on equivalence class Z, .

Notice that in the above definition, we only have one general boundary insertion (with weight

a). All the other insertions (both bulk and boundary) are quantum typical.

« « o

Figure 4.4: Left: QDg (v, @) Middle: QDg 5(v, @) Right: QDs 5(v, )

More generally, for fixed ¢1,...,..., 4y, like in [AHS20, Section 2.6], we can define the
measure QD . (7, @)(f1, l2, ..., £n) using disintegration and it satisfies
QD (7, ) = / . / QD (Vs a5 b1, b)) dly . dly,. (4.21)
0 0

4.2.3. Conformal weldings of thin and thick disks

Lemma 4.2.10. For W > l;, let By =~ + % < Q. Then we have

QDg3(7,Bw) = C- QT(2,2,W) (4.22)

for some finite constant C.
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Proof. After applying [AHS21, Lemma 2.31] twice, we have
LESY O (de)vy(dw)vy(dy) = LEGY OO 09 (q4)dwdy. (4.23)

By disintegration, we can fix an embedding of QD 3(v,a) to be (H, ¢, —1,0,1) so that ¢
has the law of C - LF%W’O)’(%_U’(%” for some finite constant C. Let f : H — S be the
conformal map such that f(—1) = —oo, f(1) = oo and f(0) = 0. Therefore, by Definition

4.2.1, it has the law of QT(2,2, W) under push-forward of f. This completes the proof. [
Lemma 4.2.11. Recall LFEfi’Zi)i from Definition 2.2.4. We have

LEY ) [f«b) /H g<u>u¢<du>] = LE =50 £ (6)] g (w)dPu (4.24)
for non-negative measurable functions f and g.
Proof. The proof is identical to that of [AHS21, Lemma 2.33| with C replaced by HL. O

Next we recall the decomposition theorem of thin quantum disk with one additional typical

boundary marked point that is crucial to our derivation of the field law.

Lemma 4.2.12 ([AHS20, Proposition 4.4]). For W € (0, g), we have

. 2 2 . .
ME(W) = (1 _ 7QW) MEFW) ¢ MIE(2 — W) MEF(W). (4.25)
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W w

Figure 4.5: When 0 < W < %-, Welding QD 4 (v, @) with Mg (W) is equivalent to first
welding QD 3(v, @) with three independent quantum disks MdlSk( )s /\/ldISk( — W) and
ng;k(W) separately then de-weighting all the three additional boundary marked points
and sampling an bulk marked point in the blue region according to quantum area measure.

Proposition 4.2.13. Fiz 0 < vy < 2 and 0 < W < 72—2 For a < v < Q, let W, =

2—(a—y)y>2>2L. Let (H, ¢,n,0,i) be an embedding of
/ QD 1 (v, 05 €) x MG (W £)de. (4.26)

Then ¢ has the law of C - LF](H’?QWJ’W" 0, 0r:9) for some finite constant C. Notice that a =

Pw, =Q+ 3 — a.

Proof. Fix 0 < W < L- ® and < ~. Start with the following four quantum surfaces:
QD 3(7, @), M5 (W), MG5(7* — W) and MGE<(W). (4.27)

Notice that QD 3(v, @) has one « insertion and two v insertions along its boundary. First,
weld two MdlSk( ) disks along the boundaries of QD 5(7, «) with v and « insertions, then

weld ng;k(y2 — W) along the boundary of QD 3(v, a) with two ~ insertions. Precisely, we

71



consider

Weld (QDos(% @), MG (W) x MGES(y* = W) x MGss (W ))
/ </ MGSE (W5 61)QDg 5(v, o3 61,fg,ﬁg)MdISk(W;fg)dﬁldE;z,) :
Mdlsk(,y2 — Wi la)dls
/ (// MGSE (W5 61)QDg 3(v, o 1, Eg,ﬁg)MdlSk(W;ég)déldE;),) : (4.28)

0y P MGSE(y? — Wi ) dly

= Ly - Weld(QDy 5(7, @), M5 (W) x MEEH(v* = W) x M5 (W)
-2
= (1= 5W) 1yt wetd (@D (0,0, MEREOY )),

where Ly denotes the quantum length of welding interface between QD 3(7, @), Mgfgk(’yQ —
W) and

Weld (QDy 3(7, @), M3 (W) ) = /0 QDo(7,a50) x MEK(W; - 0)de. (4.29)

In (4.29), QDg 3(7, a;¢) represents the QD 3(v, @) conditioning on having total boundary
length ¢ and ngfk(W, -, 0) represents the Mgffk(W) conditioning on having left boundary
length ¢. By de-weighting all the three marked points on the welding interface and sampling
an additional bulk marked points in the inner region of (4.29), we have
Weld (QDy (7. o), MEE(W / QDo 5, 3 £) x MIEE(W; 0)de
= [ eapy (st x MYt
0
/ - QDg; (v, 050) x MIE(Wipae  (4:30)
= L} - Weld(QDy 1 (v, @), MG5“(W))

=L} A7 Weld(QDy 4 (7, @), MGS< (W),

where Lp denotes the quantum length of the total welding interface and A; denotes the
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quantum area of QDg (v, ). Hence, by (4.28), (4.30), we have

Weld QDo (7, ). MESE(W) x M5 (y2 = W) x M) )
(4.31)

2\ _ _ e
= (1—72W> Lyt L} - A7 Weld(QDy 4 (7, @), MSE(W)).

By applying Theorem 4.2.4 three times, we know that suppose (H, ¢,n1,12,13,0,1,—1) is

an embedding of

Weld (QDo (7, @), MYE (W) x ME3(3% = W) x MEE(W))

then ¢ is independent of (11, 72,7n3) and has the law of C' - LF$2W+W“’O)’(O’_1)’(O’1) for some
finite constant C'. Here we emphasize the fact that weights of insertions —1 and 1 are both

zero due to the computation

52+W+(72—W) = 52—1—72 =0,

where the 2 comes from the insertion v on QD 5(7, @), the W comes from Mgfgk(W) and
the 42 — W comes from MdlSk( — W). Finally, by quantum surface relationship (4.31) and

Lemma 4.2.11, we know that suppose (H, ¢,0,7,7) is an embedding of

Weld (QD 5 (7, ), MESE(W))

then ¢ has the law of C - LF]%?W*W“’O)’(W) for some finite constant C. O

4.2.4. Proof of Theorem 1.1.1

In this section, we prove Theorem 1.1.1 by inductively welding thin disks along the QD ;.
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2
,
= Wy

Figure 4.6: Hlustration of the induction procedure in the proof of Theorem 1.1.1: suppose
2 - 2 .

W>2% and W = % € (0, %), then welding a thick quantum disk ng;k(W) is equivalent

to welding three thin quantum disks ng;k(W). Notice that here we only care about the

law of the underlying random field.

Proof of Theorem 1.1.1. By Proposition 4.1.1, we have the correct curve law and know that
the curve law is independent of the underlying random field. Therefore, it remains to derive
the field law. Fix0<7<2and0<W<l22. For a <, let Wy, =2 — (. — )y > 2. Let

(H, ¢,n,0,7) be an embedding of quantum surface
| QD as) < M v g (132
0

By Proposition 4.2.13, ¢ has the law of C - LF]%I&W*W"”O)’(%“ for some finite constant C.
Therefore, in order to prove the Theorem 1.1.1, we only need to extend the range of W from

0 ﬁ) to (0,00). For any W > 2 there exists some integer n > 2 such that W = ¥ ¢
I ) . Yy = 9 g et n
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(0, 72—2) Moreover, by Theorem 3.2.2, we have

/ QD 1 (£) x MKW 0)de
0

=AMQDMM>

MW 0, 6) MW 1, 62) ... MG (W s o, £y ) MESE (W5 1., 6 | dE

n thi;lrdisks
_ /Ooo ((((QDy 1 OMST5 €, 0)) MRV 01,62)) ) MEF(T 30,1, ) ) dF,

(4.33)

where dl = dfdly, ... dl,. Notice that QD;; = C' - QDy(7,7) by definition and W, = 2.

By applying Proposition 4.2.13 n times from the inner bracket to outer bracket, we have that
(+8),(By 4 2077 :0)

)

suppose (H, ¢,7,0,4) is an embedding of (4.32), then ¢ has the law of C' - LFy
which is the same as C - LFI(}g Bo2w0) g1 some finite constant C. This completes the

proof. O

4.3. Proof of Theorem 1.1.3 via uniform embeddings of quantum surfaces
4.3.1. Uniform embeddings of quantum surfaces

To start, let us recall the setups of the uniform embedding of quantum surfaces described
in Section 2.3.3. Let conf(H) be the group of conformal automorphisms of H where group
multiplication - is the function composition f-g = f o g. Let myg be a Haar measure
on conf(H), which is both left and right invariant. Suppose f is sampled from mpy and
¢ € H™'(H), then we call the random function f e, ¢ = ¢ o =1 + Q|log(f~1)'| the uniform
embedding of (H, ¢) via my. By invariance property of Haar measure, the law of § e, ¢ only

depends on (H, ¢) as quantum surface. Let (2;)1<i<n € H, (5j)1<j<m € OH be groups of bulk

and boundary marked points respectively. Suppose (H, h, 21 ..., 2n, S1,--.,Sm) is a marked
quantum surface, then we call myg x (H, h, 21 ..., 2y, 51,...,5n) the uniform embedding of
(H,hyz1...,2n,81,---,Sm) via myj.
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Lemma 4.3.1 (JARS22, Lemma 3.7|). Define three measures A, N, K on the conformal
automorphism group conf(H) on H as follows. Sample t from 1t>0%dt and let a : z — tz.
Sample s from Lebesque measure on R and let n : z — z +s. Sample u from ]l_g<u<%du
and let k : z — % Let A, N, K be the law of a,n,k respectively, then the law of

aonok under A X N x K is equal to my.

Lemma 4.3.2. Suppose f is sampled from mpy, then the joint law of (§(0),§(7)) s

— _dpdg. 4.34
Sq-Ip—qf? (434
Proof. By the definition of A, N and K in Lemma 4.3.1, the f(7) and f(0) have the marginal
law of ts 4 ti and t tan u + ts respectively, where t is sampled from 1{t>0}%dt, s is sampled
from ds, and u is sampled from ﬂ{_g<u<%}du. Let x =ts,y =t and z = ttanu + st, then

we have

1 1 y 1 )
Zdsdtdu = | —=dady | [ ——2——dz ) = ——_dpd?q.
g o <y2$y> <y2+(2—w)2 Z> Sq-p— g2t

Therefore the joint law of (f(0), f(4)) is mdpdqQ. O

Lemma 4.3.3. Let f € conf(H) be such that f(0) =p € R and f(i) = q € H, then we have
that
o oy — la—pP
F@Ol=S¢  ed o) =220 (4.35)

Sq

Proof. Write f(z) = %48 with ad — be = 1. Since f(0) = p and f(i) = ¢, we have that

cz+d
R(q) agttd,
g(q) C2+d2 )
p =t
ad —bc =1

and f'(0) = . Since & = % and @ +d2 = L,

Furthermore, we have |f/(i)| = 5 ST

_1
c2+d?



11(0) = w +SQq = la—p® ;n4g |f/(i)| = S¢. This completes the proof. O

Sq Ry}
4.3.2. Proof of Theorem 1.1.3

Fix p € R and v € (0,2). Recall that for any n € Bubbleg(p), the D,(p) denotes the
component of H\n which is encircled by n. Let |D,(p)| denote the euclidean area of D, (p).
For W > 0, let p = W — 2. Define

— 1 W_2W(W+2) WW+2) w
SLEZS™ () = 15 /H lg—pl" "7 (Sq) 7 SLERY(p)[dnlq € Dy(p)ld’q.
n

(4.36)

Lemma 4.3.4. For W > 0, let Bowi2 = v — % There exists some constant C € (0, 00)

such that

my X ( / MEES(W;-, ) % QDO,AW) = C-LF{#" 2P (dg) x SLERY(p) (dn)dp.
0
(4.37)

Furthermore, we have

P

M ( / MEES(W;-, ) % QD0,1<e>de) = C-LFE? 29 (dg) x SLERUY® () (dn), (4.38)
0

where recall that my o is a Haar measure on conf(H,0), i.e., the group of conformal auto-

morphisms of H fizing 0.

Proof. By Theorem 1.1.1, suppose (H, ¢,7,0,4) is an embedding of the quantum surface

/ MEEE(W;-0) x QDy 4 (),
0

then (¢,n) has the law of

C - LEQ P22 (4g) s SLEREP (o) [dnli € D,(0)] (4.39)
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for some constant C' € (0,00). By Proposition 2.2.9 and Lemma 4.3.3, for any f € conf(H)
with f(0) =p € R and f(i) = q € H, we have

FLEG OO — | pr(g)|Ssawea | /(i) AT L PP 42 )

(4.40)

A
g — p[*\ w2 2A (7:0),(Baw12.p)
N (S‘sq (Sg)™ - LEy e,

Recall that for @ € R, Ay = §(Q — §). By Lemma 4.3.2, if f is sampled from a my, then

S

the joint law of (f(0), f()) is dedqz. Therefore, suppose f is sampled from a my,

then f*LFI(HW)’(BQW“’O) has the law of

1 _ |2 A52W+2
_ . (!q - Pl ) - (Sq)?A . LEQBawa) g 2
Sq-p—dl Sq (4.41)
_2W(W+2) wWWw+2) w
_ |q _ p|W 2 (%q) 22 p) LFS’q)7(62W+27p)dpd2q.

Moreover, since SLEE:JObble(p) [dn|i € D,(0)] is a probability measure, for fixed f € conf(H)

with f(0) = p and f(i) = ¢, we have
FSLEZG ' (p)ldnli € Dy(0)] = SLEZG"(p)[dnlg € Dy(p)]. (4.42)
Combining (4.39), (4.41) and (4.42), we have

my X ( / MGSE(W; -, 0) x QD1,1<€>d£)
0

_2W(W+2) WW+2) W
2

w u e
=C-lg—pl" " (3q) T 2 LEP PR SLEREY (o) dnlg € Dy(p)ldpdg.

(4.43)

On the other hand, by [AHS21, Lemma 2.32] (the proof is identical with the domain replaced
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by H), we have that

—_——

LEg"**7)(dg) x SLER}™"(p)(dn) Lp, ) (o(d*))dp

— LF$2W+271’)7(%(1)(d¢) % SLEbubble( )(dn)]an(p) (d2 )dp
_2W(W+2) W(W+2) W
= LE 2P 09D Gg) g —p|" T (Sq) 72 SLERYM(p)[dinlg € Dy (p)]dgdp.
(4.44)
Hence, by (4.43) and (4.44), we have
my X < / MR (W -, 0) x QDM(E)(M)
(4.45)

e

= C - LEY" 2P (dg) x SLERP () (dn) (1, (yd>)dp

for some constant C € (0, 00). After de-weighting both sides of (4.45) by the quantum area

of D, (p) and forgetting the bulk marked point, we have

my X < / MKW -, ) % QDOJ(K)dE) = C-LF" 2P (dg) x SLEbubble( )(dn)dp
(4.46)
since quantum area is invariant under the Haar measure my. Furthermore, if we consider
the myy o, which is a Haar measure on the subgroup of conf(H) fixing 0, i.e., conf(H, 0), then

we have
my o X ( / MGSE(W; -, 0) x QDOJ(eW) = LR 20 (dqﬁ)xSLEb“bble( )(dn). (4.47)

Note that equation (4.47) should be viewed as the disintegration of equation (4.46) over its

boundary marked point. O

Lemma 4.3.5. Fiz p > —2. Then there exists some constant C € (0,00) such that

P

SLERIMe(p) = ¢ - SLERIY(p), (4.48)
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where the constant C' equals to SLEE}IObble(p) li € Dy(0)].

Proof. Notice that

| Dy(0)] - SLEZG"(p) (dn) = / 4eD,(0)SLER" (p) (dn)d*q

/ SLEPUDIe(p)[g € D, (0)] - SLEPSY () [dnlg € D,y (0)]d2q.

Let ¢ € conf(H) be such that (i) = ¢ and 1(0) = 0 and it is easy to show that ¢’ (0) = laP

Sq

By [Zha22, Theorem 3.16], we have

SLERY™(p)[q € D, (0)] = ¢/(0)™ - SLEZS(p)[i € D, (0)], (4.49)
where o = %ﬁrg_“). Since W = p 4 2, we have
W) = gV TR (S R (4.50)
Hence,
SLERI (p)[g € Dy(0)] = C - gV =5 (3q)~ 5+, (4.51)

where C' = SLEP'P"®(p)[i € D,(0)] € (0, 00) by Corollary 3.3.8. Therefore, by (4.36),

u 1 _2W(W+2) W WV ,
SLE};Obble(p) =C . u)(o)’/H|q|W - (%Q) - W T2 SLEb bble( )[qu c Dn(O)]d2q
n

~——

= C - SLEY"(p).

(4.52)

This completes the proof. O

Corollary 4.3.6. Fiz p > —2 and p € R. Then there exists some constant C' € (0,00) such
that

e~

SLERUPPIe(p) = C' - SLERWPPIe(p). (4.53)
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Proof. Fix p € R. Let f, € conf(H) be such that f,(z) = z + p. Since SLEE}}]bble[dnlq €

D, (0)] is a probability measure on Bubbley (0, ¢) for all g,
fy (SLERS™*[dn|q € D,(0)]) = SLEZE[dlq € Dy (p)) (4.54)

Hence,
fy (SLELF(0)
2W (W +2) w W(W+2)
=fp<|D [l g S SRR )l € D01
2W (W +2) w W(W+2) "
T / g — "V (g - p) T SLERIY ) dnlg € Dy (1))

2W(W+2) w W(W+2)
= oo Ll Qo S ) dnlg € D)

~——

= SLEP'(p).
(4.55)
By Lemma 4.3.5, we have
SLEDWM(5) = C - SLERWVE (1) (4.56)
The (4.53) follows from applying f, on both sides of (4.56). O

Proof of Theorem 1.1.3. Theorem 1.1.3 follows immediately from Lemma 4.3.4, Lemma

4.3.5. O
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CHAPTER 5

SLE BUBBLE ZIPPERS WITH A GENERIC INSERTION AND
APPLICATIONS

5.1. SLE bubble zippers with a generic bulk insertion

5.1.1. Quantum disks with a generic bulk insertion

Definition 5.1.1 (same as Definition 2.2.6). For a, 8 € R, let ¢ be sampled from LF](}]?’i)’(B’O).

We denote QD ; (@, B) the infinite measure describing the law of quantum surface (H, ¢, 0, 4).

Lemma 5.1.2. Fiz o, 5 € R and g € H, and we have
(gq)?Aa—A[; ‘q|2A’8LF]§§’q)(ﬁ7O) _ (foo)*LF]g.]?7OO)7(a7i), (51)
where foo € conf(H) is the conformal map with fs(00) =0 and foo(i) = q.

Proof. For each r > 0, let f, € conf(H) be a conformal map such that f.(r) = 0 and

fr(1) = q. By Proposition 2.2.9, we have
,0),(a, N —2A4 — ), (o,
LEG @D = | (i) 7280 | f1(r) |25 () LEG D, (5.2)

Assume f,(z) = %, where a,d, — b.c, = 1. Trivially, we have |f.(z)] = m. Since

fr(r) =0 and f.(i) = q, we have

&l
<

= 2142
c2+d?

__ arcr+brdy
Re=2s8™

arr+ b, =0.
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After solving the above equations, we have

lq]
ar =
r r24+1v/S3q’

_ _ laP — ___rld
|f’r( )| — (r?+1)Sq and br - r2+1/Sq’
PO o _ VlaPr? D) —(Sq—rRg)?
’fr(z)’ - Jq? \/7“2+1\/7|q| 9
o YSa—ry
\ e VT2+ ‘Q‘

After multiplying 8@Q=3) on both sides of (5.2), we have

BQ—5) A
r 2 (%q)2Aa_A/B‘q’2ABLF[(H?7Q)’(B’O) _ Tﬁ(Q—g)OCT)* [LFI(HIBWM&J)} )

(7“2 + 1) (Q_*)
As r — o0, the left hand side becomes (%q)QAa*AB]qPABLFﬁ_}?’Q)’(ﬁ’O). The right hand side
converges in vague topology to ( foo)*LFI(Ef (@0 follows from the facts that fr = foo in
the topology of uniform convergence of analytic function and its derivatives on all compact

sets and [AHS21, Lemma 2.18]. This completes the proof. O

Lemma 5.1.3. Let aj,a0,8 € R and £ > 0. For e > 0, we define the measure LF(QQ’ 9:(6,0)

through the Radon-Nikodym derivative as follows:

LFI(H‘IJ:z’i)v(ﬁvo) (6)
LFI(H?‘lvi)v(ﬁvo) (6)

2

((;5) = 5%(0‘3_5“1)6(0‘2—@1)11)5(1) )

Furthermore, we have the weak convergence of measures

lim LF(CV%Z) (8, O) (E) — LF]E_]?2’i)’(/6’O) (6)

e—0

Proof. We know that if ¢ is sampled from LFI(E}?’i)’(B’O)(l)#, then ¢ + %logﬁ has the law of

LF]%?J),(&O) (6)#. Moreover, we have

LEE GO @) GO )




Let
W= h—2Qlog ||y + ;G ) + DGu(,0),  j=172

and h%e = b1+ (ag —1)Gre(+, %), where G (2, 1) is the average of Green function Gy/(z, )
over OB(i,e). Notice that Var (h.(i)) = —loge — log2 + 0-(1) and E [e(@2—a)he()] =
(14 0:(1)) (25)7%(0‘270‘1)2. Furthermore, the average of —2Qlog| - | + aGu(-, 1) + gGH(-,O)
over 0B(i,¢) is —alog(2e) + 0-(1). Let L1 = 7, (R), Ly = 15, (R) and Ly = v;5(R). For

any bounded continuous function F on H~'(H), we have

/ cha3—ad) (e (R0~ los L) pi _ 2 1 1y 0= 2 3BTy
v ot

— (1+05(1)) (az—a1)he(3) (71 2 a3 92 7%(§+a27Q)

—/IE[e(OQ—al)hs(i)]e F(h = Zlogla)-27% - 7L, "

— 2 2
= /(1 + 0-(1))F(h2e — ;10g Lye) 277 2L,

The second equality follows from the Girsanov’s Theorem. Since Ly = (1 + 0.(1))L2 . and
sup,cr |Gu(z,i) — Gue(x,i)| = 0:(1), the final ¢ limit follows from the the Dominated

Convergence Theorem. O

5.1.2. Proof of Theorem 1.1.5

Proof of Theorem 1.1.5. By Theorem 1.1.1, we have
(Baw +2,0),(71) _ oo disk (177
LEy (1) xm = Cy - QD 1 (€) x M5 (W51, £)de.
0

Let (Y,n) be sampled from the left hand side. Let 1), : H — D, (i) be the conformal map
fixing 0 and ¢ and &, : H — D,(c0) be such that &,(0) = 07, &,(1) = 07 and &,(c0) = co.
Let X,Z € H~'(H) be such that

X =Y oty + Qlog |4y and  Z =Y o0&+ Qloglé|.
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Notice that QD ;(£) embedded in (I, 0,4) has the law of C'- LF](HIW)’(%O) (r). Therefore, the
X has the law of
Cw / IMIS (W31, 0)] - LRG0 (0)de,
0

The conditional law of marked quantum surface (H, Z,0, 1) given X is MdISk(BW; 1,vx(R))*.
Next, if we re-weight X by £2(0* =7 (@=NX:() and send e to 0, the law of X converges

weakly to
Cw / MESE W 1,0)] - LESD 00 () gp,

Consequently, the law of Z conditioned on re-weighted X is MdlSk(W; 1, vx (R)*.

Next, let 6; . be the uniform probability measure on 0B(i,¢) for sufficiently small €. Let
= (y)«(0i) be the push-forward of 0; . under 1. Since ¢/, is holomorphic and log |¢/; |

is harmonic,

X&(l) = <X7 972,6) (Yowﬂ—i_QlOgW)r]" zs) (}/7 Q?W,/ ‘E)_‘_QIOg‘w%(Z)‘

Therefore, re-weighting by £3(07=7%) gla—7)Xe (i) i equivalent to re-weighting by
S0 e(a—v) [(Y’92|w;,(i)|s)+Q log 47, (4)]]

La2—2) (a=7)(Y,07 , ) g o
(€|¢7]( )|)2 7 )6 i,|95 (1)]e ‘wg(z)’ 1a24+Q 2

Hence, we conclude that for any bounded continuous F on H~*(H)? and bounded continuous

function g on Bubbley(0, ) equipped with Hausdorff topology,

oa— K 7. Z
t [ [ (et o)) 20 T 0 P, v, 2 LR 000 1)@y g(nma )

=/<Mﬂxnmw#M”WMM%mmmm.

By conformal welding, (X, Z) is uniquely determined by (Y, 7). Similarly, (17, 7) is uniquely
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determined by ()Z ,2) Therefore, when (}N’,Tﬂ is sampled from LF]%? 2w+2.0), (7)o m,, X
has the law of

Cw - / MKW 1,0)] - LES 00 (0)a
0

and the conditional law of marked quantum surface (H, Z,0, i) given X is nggk(w; Lvg(R)).

This finishes the proof. O

5.2. Applications
5.2.1. Preliminary results on integrabilities of LCFT

First, we recall the double gamma function I'y(2). For b such that R(b) > 0, ['y(z) is the

meromorphic on C such that

o0 —z —(b+1L 9
lan(z):/ N N TV ) WSRES ICRE DAY
o ¢ (1— e*bt)(l _ e_%t) 9 "

for R(z) > 0 and it satisfies the following two shift equations:

Ty(z) 1 . Ny(z) 1 1 lf%er%
Fb(Zer)—mP(bz)b + and Fb(z+§)_\/ﬁr<b><b> . (5.3)

The above two shift equations allow us to extend I'y(z) meromorphically from R(z) > 0 to
the entire complex plane C. It has simple poles at —nb — m% for nonnegative integers m, n.

The double sine function is defined as

o Te(2)
) = Bt Ty (5.4)

We can now define the Liouville reflection coefficient R. For fixed 1,2 > 0, let 0; € C

satisfy p; = ¢™(@i=%) and Ro; = % for j = 1,2 and define the following two meromorphic
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functions for § € C as belows::

- (%)%(Q—ﬂ)—%(z 3@Q-8)—3 (8 — %)eiﬂ(m-i-az—Q)(Q—ﬁ)
R(Bv”la//“?): 72 20— : B B ’
(-8 - )79 T1@Q = H)S3(3 + 02— 01)53 (3 + 01— o)
(5.5)
wamm=F03@®)M@mwﬁ (5.6)

Proposition 5.2.1 ([RZ22, Theorem 1.7]). Let Sy = Q = 3 — % €(3,Q). Let i1, pp >0

not both be zero. Recall random field h defined in Definition 2.3.2 of MS}SI‘(W) We have

that

E [ (g (R) + pav R + 7)) 79| = (., o, 12) (5.7)

Lemma 5.2.2 ([AHS21, Lemma 3.3|). For W € [g,’yQ) and Py = Q + 3 — %, let Ly, Lo

denote the left and right boundary length of weight W quantum disk nggk(W), then the law
of mL1 + poLs s

2

LesoR(Bw, pa, )l 72 dL.

Let W = 2,41 = po = 1 and by independent sampling property of Mgfgk@), we have the

following results on the joint law of left and right boundary length.

Proposition 5.2.3 (|[DMS20], Proposition 5.1). For £,y > 0, we have

(22”)7 ()2

MG (2;4,7)| =
(1—-p)r@—-3)

(5.8)

Proposition 5.2.4 (JAHS21, Proposition 3.4]). For W € (%,72) and Py = Q+ 3 — %

Let Ly and Lo be the left and right quantum boundary lengths of weight-W quantum disk

87



MdlSk( ), and we have

ng;k(W) [1 _ e—#1L1—,u2L2] - _ R(,BW;/“?,UQ)' (5.9)

_r
2(Q - B)
Next, we recall the two-pointed correlation function of the Liouville theory on H that was
introduced in Section 1.1.2 when p = 0, g > 0. For bulk insertions z; with weights «; and
boundary insertions s; with weights 3;, the correlation function of LCFT at these points is

defined using the following formal path integral:

N M 5, M 8 5 x
<Heai¢(zi)H62¢(sj)> :/XH RDXneaz (2i) H 4+X 0y (X) (5.10)
. :H— j=1

In the above formula, DX is the formal uniform measure on infinite dimensional function

space and S4?(X) is the Liowville action functional given by

1 1
/ (|V9X]2 + QRQX) dXg + 2/ <QK9X + 27r,uae%X> d)\ag. (5.11)
H ™ JR

Spa(X) 1=

For background Riemannian metric g on H, Vg, Ry, K4, d)\g, dNy, stand for the gradient,
Ricci curvature, Geodesic curvature, volume form and line segment respectively. The sub-
script pg emphases the fact that we are considering the case when u = 0, ug > 0. For z € H

and s € R, the bulk-boundary correlator is

ad(z) B8(5)\  _ G(a, ) 5.12
<e €2 >ua ]z _z‘zA(ﬁAB’z _ S‘ZAB‘ ( . )

Next, we introduce the rigorous mathematical definition of G(«, 3).

Definition 5.2.5 (|[RZ22, Definition 1.5]). The function G(«, ) is defined as

_ 2Q-2a=B\ __
G(a,p) = ir (W) (uB ! ) G(a, B),
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whereforB<Qand%—a<§<a:

&)

~

yiG-a=9) 7(@ams

J— v

G(a,B)=E (/ g(xegh(x)dx) . (5.13)
R

|z — i

In the above formula, g(x) = ﬁ, |x|+ = max(|z|,1) and h(x) is sampled from Pp.
+

Theorem 5.2.6 ([RZ22, Theorem 1.7]). Fory € (0,2),8<Q and 3 —a < g < a,

[\

G

2339\ 7@ (g + % — ) (a— )Ty (a+ DIy (@Q - £)?
(:5) = ( r(1-2) ) L (Q - g)rg(a)ng(Q) '
(5.14)
Lemma 5.2.7. Fiz £ > 0. Let v, 3, o be such that v € (0,2),5 < Q,3 —a < g < a. Leth
be sampled from Py and let hoo(2) = h(2) + (8 — 2Q) log |z|+ + aGu(z,1). Let ¢ be sampled
from LF](H?’OO)’(Q’i)(ng)) and for each bounded non-negative measurable function f on (0,00),

we have
; 2
LFﬁf’ooMa’l) [f(vs(R))] = f(ﬁ)Q*Tgi(%ﬁJran)*l _

where G (o, 8) is the two point (one bulk, one boundary) correlation function of Liouville

theory on H.
Proof. 1t suffices to consider the case when f(¢) = 1,-¢<4(¢). By direct computation,

. a2
LEGo @D p o R) =E| [ 1, 4 z—ze<%ﬁ+a—Q>Cdc]

R €2V ®)€(ab)}

b
a v

o2 2(0_q_1
:/a 2—2£3<é5+a—Q>—1.3.E[y,;;?R) 25)} de.

The second line follows from the change of variable £ = e2¢v,_(R). The third line follows
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2(0_n_1
from the finiteness of E [V”(Q *=2f)

hoo (R) ] and Fubini’s theorem. The finiteness of

2(Q-a—1p)
E[VZN(R) 2 ]

is proved in [RZ22, Proposition 5.1]. Furthermore,

- 2(Q-a—38)
E [Vj(%g)a_éﬁ)] — imE (/ 5“112e;hs(:v)eg[(ﬁ—f,)log|$|++aGH($7Z)]d$> K : ]
= R

el
- ya+22 -2 $(@-a=38)
2
=1limE / e%he<x>—%E[he(w)21W+7 d
€40 R |z — |7
i ) yat+2E—2 2(Q-a—3p)
- / eFhe@-GEm @ T
R |z —i|re
i ety @39
R |z — i
= G(a, B).
This completes the proof. -

5.2.2. Moments of the conformal radius of SLE,(p) bubbles

By (1.11) in Theorem 1.1.5,
LR 2000 (1) som = Oy - / QD 1o, 7:6) x M5 (W1, 6)de (5.15)
0
for W > 0 and « € R. By definition of m,, (1.10),

ma| = E [Juy, (i) [22] (5.16)
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since m is a probability measure. Therefore, taking mass on both sides of (5.15) yields

o
0),(a,i N 2A0—2] _ . i :
L= 2O ) | [y ()22 _CW-/O QD (0,7 O] [ MEE (W31, ) a.

(5.17)

Lemma 5.2.8. Fiz { > 0 and q € H. Let v,83,«a be such that v € (0,2),5 < Q and

%—a<§<a. Then we have

o - _ _o? 2011, )1 2 —
ILEL D@D (g)] — |q| 7288 (Sg)Re—2Ra . 9= % 05 (30H0= Q1. 2 G(a, g), (5.18)
Y
Moreover, for p >0, 8 <Q and Q —a < g < «, we have
LF]&{??O)?(O‘#}) |:67MV¢(R):|
22 2(0_a_1 2 (1
= |q| 229 (Sq)2s P2 2 . Ga, fun @D ( (26 e Q)
Y Y
(5.19)

Proof. By Lemma 5.2.7 and Lemma 5.1.2, for bounded continuous function f on (0,00),

B<Qand%—a<§<a,

LEG D f (s (R))] = Jqf 2 (39)2 22 LFF I [ (R))]

a2 [ 201 —_0)-1 2 —
=l 2@ 2 [T 807 2 G,
0
When f(£) = e ™ for f < Q and Q — o < g < a,
 entpGB+a-Q)-1 4, _ 2(Q-a-3p)p (2 (1
e Hlviz dl = pu~ 2Tl —(=B+a—-Q) ).
0 7 \2
This completes the proof. O
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Special Case: W =2

When W =2, Ag, = A’Y*% =2- %. By (5.17), we have

('7—3,0),(0471') . _ o0 is
LFy (1)| - E [Joy () P2 2]==Cb-jﬁ QD (a, 7; 0)| MG (2 1, 0)]de. (5.20)

Furthermore, we renormalize the moments of the conformal radius of SLE, bubbles so that
there is no additional multiplicative constant on the right hand side. More specifically, we

define the renormalized moments of the conformal radius to be

E [[(0)]*2 ]

CRa(a) := G
and therefore have
(’77%70)7(0‘@') _ o . disk .
LFy ()| - CRa(a) = ; QD 1 (e, y; OIMG5*(2; 1, £)|dL.

Proposition 5.2.9 (Moments of the conformal radius of SLE, bubbles, same as Proposition
1.1.6). Fiz W =2p=0and 3 <a<Q+ % Suppose n is sampled from SLEE}})bble[dn\i €
D, (0)], then we have

(e - 2= 4 1)
E [ (i)|*A 2] = — 15T : 5.21
[ (0) 222 e (521
Consequently,
(208 — 2241
E [Rad(D;(0),)?2«72] = 22872 ) (g i ). (5.22)
re—1)
Proof. By Lemma 5.2.8, when o > %,
-2 0),(evi o2 2 4
LF](HI7 OM )(1) =922 .;-G(a,'y—;) (5.23)
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and when o > 1,

o2 200_0)2—=
QD 1 (0, 7im)| = 2717V 2 a, ). (5:24)
’ Y
By [AHS21, Proposition 5.1],
(2m)*
. )7 _4 1
M1 = 1y
(1= -%)
Notice that when % <a<@Q+ %,
/°° 3o " B<2(a 0 +1 20z+1> FZ(a-Q)+DI(5H -2 +1)
A a%w= PSS LN = 1
0 [(14r)r)2 ™ 7 o PGz +1)
2 A\p(8 _ 2
Gt aa)
L +1) ’

where B(z,y) is the Beta function with parameter x,y. Therefore, when max{Z, %} <a<

Q+ %, we have

Gla,y)  @oit TG -2+
Gor=9 a-pra-pi  EEn

CRz2(a) = (5.25)

By shifting relation (2.30) in [RZ22],

Gla,y) 5T - %)% ' I‘(QTO‘ —1)0(4)?2
Glaoy— 5~ @nief TE DI —pr& -y

Therefore, when % <a< @+ %, the renormalized moments of the conformal radius is equal
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to

1 Kk _s L2 —1r(;)? P2 -G -2 +1)
CRa(a) = —— “_zr(g —Dr(2 —nrz-1) . 4 +1)
Conr (B -DI() DB - TG -2 +1)
RICEINC Y G+1) (5.26)
Con2 o, TR -prié -2 40
T 4 INCIE
ok DE-DIE -2+
4y POT(; —3)

Notice that the lower bound o > % comes from T'( 270‘ — %) However, this term is transitory

and will be canceled with a term in =Z(®2)_
G(aﬂ/_;)

function, (5.26) holds when 3 < o < Q + % Therefore, when a = ,

. Therefore, by analytic continuation of Gamma

CRy(7) =~ =
Hence, when 3§ < a < Q + %,

" CRa(y) I(

E [ [ (1)[*2+]

CRy(a) TS -2 +1)
_ CRala) j . (5.27)

Next, we verify the Proposition 5.2.9 by using the Laplace transform of total boundary
length v4(R). As we will see, it will produce the exact same formula. We mention this
computation to motivate our calculation of general weight-W case. From now on, let Ly

and Ry denote the left and right quantum boundary length of Mgfsk(W) respectively.

Lemma 5.2.10. Let y > 0 and we have

_4 a,i R
LFy M) s ®) L Ry (a) = MIE(2)[e#2(QD, (o 7; Lo)]
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Proof. By definition of welding operation, the Ly is also equal to outer boundary of QD ; (7).

Therefore,

_4 a,i o0 .
LFg :0),(ev1) [6_#%(1@)} ‘E “%(i)‘maa] =y / Mg’lgk(z;g){e—uRz]QDLl(a,y;é)dﬁ
0

o / M3 (2, 0) [e2|QD, (o, 7; )] de
0

=Cy- MSE“(?) [ |QD 4 (o, 7; Lo)|] -

(5.28)

O

Proof of Proposition 5.2.9 using Laplace transform. We first simplify last line of (5.28). By

(5.19), when Q@ —a < § <aand vy < Q, ie, a > %,

MISE(2) [e#72|QDy 1 (@, 7; Lo) |

22 _ 20
= 2_27G(Q’V)M8’1§k[e—pR2L;( Q)]
22 (27’[‘)%_1 o0 5 .
= 2_% ;a(aay) > 5 L //O e_ﬂz,r;(a—Q) (6 + T)*?*ldgdr‘

(1-2ra-2

Let r =¢-t and dr = dt - /. We have

o0 4 o0 4
// e—MﬁW—Q)(HT)w?ldedr:// e (0t) D0 4 0 4)72  ededr
0 0
oo p2(a—Q) —pue oo 2(a—Q)
_ / O e / “i“dt ,
0 (7 0 (14+¢)227"

2(H — _ 4 S 1 4
When,y(oz Q) > 1,1.e.,0¢>7,
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Furthermore, when % <a< @+ %,

* ) 2 2 I'Za—Q)+ DI(S — 22 41
/“dr:B(W—Q)H,i—aH): G )4)(72 >t
G ! LA D(%+1)

D2 A)T(E - 2 )

¢ +1)

Y

where B(z,y) is the Beta function with parameter x,y. To conclude, when % <a< @+ %,

MESE(2)[e™2|QD 4 (v, 7; La) ]

(2m)n ! g, <2a 8> P2 — O -2+ 1)'
r(4+1)

On the other hand, Wheny—%<QandQ—a<%—%<a, i.e.,a>%,

. 4, s 2 (20 8
L C]
gl vk

-4 [ e
LEy 7O [mma®)] 2%

2
~
Therefore, when % <a<Q@Q+ %, we have

G 4 20 4\p(8 _ 2a
CRiy= O emet  TE-IIG -2+

which is identical to our previous calculation (5.25). Notice that by analytic continuation,

we can again extend the range of a to (3,Q + %) in the end. O

General weight-I case

In this section, we compute the moments of the conformal radius of SLEE%bble(W —2)[dn)i €

D,,(0)] for general W > 0.

Lemma 5.2.11. Let y4 > 0 and we have

LEE 2O [emme @] B [y ()22 2) = Cy - MEEEW) [ - 1QDy (73 L))

(5.29)
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Proof. The proof is identical to that of Lemma 5.2.10. 0l

Similarly as before, define the generalized renormalized moments of the conformal radius

CR(c, W) to be the following:

E [jv4 ()22

CR(a, W) := c
W

(5.30)

Therefore, we have

L 2O [mims @] CR(a, W) = MFW) [ - |QD; 1o, % Lw)l] - (5.31)

Proposition 5.2.12. Fiz v € (0,2). When Bowio and « satisfy 0 < Bowia < v and

Q—BQLQH<04<Q+7, we have

E [|oy, (i) 722

_ G(ey) G(v,v - QW) Iy “1%@7&) (8u1 (Bw; >> dp
G- Gy TEQ-a)+DI(E(a - 2)) (5.32)
(%( 7) + DL (y - 1552))

' 2(Q—) '
Jo (Bm R(Bw; pr, )) dpi
Corollary 5.2.13. Let v, be such that o > %, and we have

) a 2(~H_
CR(O{, W) . LF$2W+2,O):((X71) [6*”¢>(R)] — 9% (o Q):| ‘

29 .
26, ) MiEOT) [eRW L

Proof. By (5.18) and definition of QD ;(a,7;¢), when 3 —a < 3 < a and v < Q, ie,

v
Oé>§,

2(iyta—Q)-12__
2 7@(04,7).

|QDy 1 (v, v; Lw)| = 277[/7
The statement then follows directly from (5.29). O
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Lemma 5.2.14. When W € (0, A’;) and a < Q+ 3

V]

Mdlsk( ) |:L{;’V(a_Q)€RW:|

v

_ 3(Qa)< %) R(Bw )
= o s, 1) ) dpa
2(,8W _ Q)F (% 3#1 W K1 1

(Q—a)+1>/0 .

Proof. By |AHS21, Proposition 3.6], when W € (0, 772) and Sy = Q + 3 — % €(Q,Q+13),

Mdlsk( ) [emeWwa] = _m}?(ﬁw;ﬂh 1).

Taking partial derivatives on both sides with respect to 1 and we get that

disk (117) [[.e—t1Llw —Rw] _ Y 0 ,
M ( ) [Le s ] = 2(5W — Q) <8M1R(ﬁW7M171)> :

Next, for fixed real number a > —1, we integrate the above equation against u{ on both
sides. By Fubini’s theorem,

00
/ (ZMdlSk( ) [LWe_'ulLW_RW] d;ul Mdlsk( ) |:LWe—RW / pde ’LLILWd,LL1:|
0 0

=T(a+ l)MdISk( ) [L;Vae*RW] .

Let a = %(oz — Q). When a < Q + 2, ie., %(Q —a) > —1, we have

> 2(Q-a) disk (117 —uLw—R
G MG (W) [Lemmtw =] dyyy
0
:FG(Q_O‘) >Mdlsk( )[L”(a v —Rw].

Therefore, when a < @+ 3 and 0 < W < g, we have

Mdlsk( ) |:L5/V(Q_Q)6RW:|

O

2(Q-a) 0
! <R(ﬁw;/ﬂ, 1)) dpy.



O

Lemma 5.2.15. Fizvy € (0,2). When Baw 12 and a satisfy 0 < Low 12 < v and Q—% <

a < Q+ 3, we have

2(Q-a)
G(a,”) v o m (a%lR(/Bw;Mh 1)) dp

CR(a, W) = = . 5.33
W) = Gy - B (- TP 2(Q -0y P2 7))y O
Proof. By Lemma 5.2.8, Corollary 5.2.13 and Lemma 5.2.14, when
(
I<a<Q@Q+13,
0<W <2 ie,0< Pawsa <7,
(5.34)
Baw+2 < Q,
Q—-a< LQV;“ < a,
we have
G(a, Bow+2) 2(Bw — Q)L (5(Q — a) + DI(5 (3P2w+2 + o — Q))
< 2(Q-a) < 0 )
. v —R su1,1) ) d
/0 Hq 8#1 (/BW H1 ) H1 (535)

0o 2(Q_C“)

Glavy —20) (= ZOT(Z(Q — a) + DI (Z(a — W22))

Notice that (5.34) implies 0 < Sop 42 < v and % <a <@+ 3. Since @ =Q - %,

by analytic continuation of I‘(%(a - @)), the lower bound of « can be extended to

a>Q — % Therefore, the statement is proved. O]

Proof of Proposition 5.2.12. By analytic continuation of I‘(%(a - @)) , we can further
relax the range of o and fay 2 to € (3,Q+3) and fow 42 € (0,7) as long as %(a— @) IS

Unzomez(—Qn —2,—2n—1). Here, we extend to the range of « so that it contains the point
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~. Therefore, by simple computation,

E [y (0)*2 2]
_ CR(a, W)
~ CR(y,W)

__ Gl Gor—%) (5.36)

Glay=2F) GO,

57 (G RBwin. 1) din CPEQ-7)+ DI - 12))
F(%(Q —a)+ 1)F(%(0¢ - @)) fooo Ml%(@—“f) (%R(ﬁw’ . 1)) dlul.

By analytic continuation of Gamma function, we see that the above equation holds as long

as0<,6’2w+2<'yandQ—%<a<Q+%. O

5.2.3. The bulk-boundary correlation function in the LCFT

In this section, we derive an analytic formula linking the bulk-boundary correlation function
in the LCFT to the joint law of left, right quantum boundary length and total quantum
area of ./\/lglgk(W) First, we recall the definition of the quantum disk with only one bulk

insertion point.

Definition 5.2.16 (JARS22, Definition 4.2]). For « € R, let ¢ be sampled from LFE?’“. We

denote /\/l?f(s)k(a) as the infinite measure described the law of quantum surface (H, ¢, 7).

Theorem 5.2.17 ([ARS22, Proposition 2.8],[Rem20]). For a > 3, let h be sampled from
Py and let ¢(z) = h(z) — 2Qlog 2|+ + aGu(z,i). Let Ug(a) :=E [u{;(R)%(Q_a)] where the

expectation is taken over Py. Then we have

2
Ty(o) = <P2(127f)> r(0-T) el e
T4

Proposition 5.2.18 (Same as Proposition 1.1.8). Fiz v € (0,2) and p,puy > 0. When
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Bow+2 and a satisfy 0 < Baw4o < v and Q — % < a <@, we have

Gus(a, Bawy2) = LFI(PHB?W“’O)’(“’Z') [€—H8V¢(R)—uy¢(H)]

2
L2 a2 2 L ZN R
= CR(a, W)™ ' 2272 Up(a < i > "
S T g —ay 2 st
disk —poltw —pAw | s
M) | S (0 )|

(5.38)

where Ly, Ry and Aw denote the left, right quantum boundary length and total quantum
area of ng;k(W) respectively, and CR(a, W) is the renormalized moments of the conformal

radius taking formula (5.33).

Proof. For pg, u > 0, we have that

LF]§§2W+2aO)u(a’i) [6—#5V¢(R)—uu¢(H)] . CR(O[, W)
:/ MW €) [emrofw=rAw ] QD (@, 3 £) [e 411 ]

~ (5.39)
- / MESEWs£) [emrofiw=ndw . QD (o, v 0) [e7401]] de

0

- Mgfik(W) [e—MaRW—MAW -QDy (o, v; Lw) [e—uAmH ’

where Ay is the total quantum area of QD ;(c,v,£). Next, notice that

QD1 (a3 0) [E_MAM} = ‘QDl,l(O‘a'y;Z)‘ 'QD1,1(a,7;f)# [e‘“Al’l}
=£ ‘M?fﬁk(a?g)‘ MY (0 O)F [em 0] (5.40)

=0 M?fﬁk(a; 0) [e~rAro]

where A; o is the total quantum area of /\/l(li’igk(oz; ¢). The (5.40) follows from the fact that

QD 4 (a,; 0)# and ./\/l‘lif(s)k(a; ¢)# are the same probability measure if we ignore the boundary
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marked point. By [ARS22, Proposition 4.20], when o € (%, Q),

MG (v ) [em ]

2
2 a2 B 2 1 m ;(Q_O‘) m
= 2275 Ugpla)l™ = K b | ————
v 7 Uola) F(%(Q—Oé)) (2 sin(ﬂ"ﬂ/ﬁl)) SR \ sin(mv2/4) )’
(5.41)
where K, (z) is the modified Bessel function of second kind. Precisely,
K,(z) = / e "Mt cosh(vt)dt for z > 0 and v € R. (5.42)
0
Therefore, when o € (3,Q) and p > 0,
QD i (o, ;) [e41] (5.43)
2
2 a2 2 1 m ;(Q—a) m
=-2"2U _— _— K b ——— |-
0 i O(a)F(%(Q —a)) (2 sin(7r'y2/4)> 5@ \/ sin(72/4)
(5.44)

Finally, together with Corollary 5.2.12, we see that when Sy 2 and a satisfy 0 < Bapao < 7y

andQ—%<a<Q,

LF]%?2W+2 NONER)) |:€7,u5)l/¢ (R)—ppigp (H)i|

2
12 a2 2 1 I 5(@a)
= CR(a, W)™ 122 2Ua< > x ,
W52 0l —ay) oV snte7) (.45
disk —hoRw—nAw f I Iz ‘
MO | s-0 (1o
This finishes the proof. O

Remark 5.2.19. For By € (%, Q) and W = y(Q+3 —pBw), with Ay, Ly and Ry being the

total area, left boundary and right boundary of the corresponding weight-W, two-pointed
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quantum disk Mgfik(W) respectively, define

20 — .
Ry (Bws p, p2) = WMS}?‘(W) [eAw—plw—pllw 9] (5.46)

which is the same as [ARSZ23, (1.14)]. Using the exact same argument as in [AHS21,

Proposition 3.6], when W € (0, 7—22) and By = Q+ 3 — % €(Q,Q+ %), we have

M2 = W) [ o st Raoaw 1] MW [eAw o v s

) (5.47)

" 48w - Q)

Therefore, when W € (0, A’;) and By € (Q,Q + 3), we have

ng;k(W) [e*AW*MLW*HQRW] _ mRbulk(zQ - BW;,U/lv M2)71- (5.48)

Notice that 2Q — By = /BVQ_W. The exact formula of Ry, is obtained in [ARSZ23, Theorem

1.3], which in turn yields the exact formula for G, ., (v, fow+2) in [ARSZ23, Section 4.3].
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CHAPTER 6

OUTLOOK AND FUTURE RESEARCH

In the last chapter, we discuss several conjectures that arise naturally from the contexts of

this thesis.
6.1. Generalized SLE bubbles on H: single case

As natural generalizations of Theorem 1.1.1 and Theorem 1.1.3, we can consider the case
when QD ; has one general boundary insertion, i.e., QDg;(7,a) in Definition 4.2.7. For
the sake of completeness, we provide two conjectures: one with the bulk insertion and one

without. Although our discussion will be centered around the Conjecture 6.1.2.

Conjecture 6.1.1. Fix W > g and W > 2. There exist a o-finite infinite measure

SLEE}})bble(I/V, W7) on Bubbley (0) and some constant C' € (0, co) such that suppose ¢ X nw.w,

is sampled from
’0 u e N
C - LEG™ " (dg) x SLEXY (W, W) [dnww i € Dy, 0): (6.1)

then the law of (D, (0),¢,0) and (Dyy, . (00),6,07,07) viewed as a pair of marked

quantum surface is equal to

/O MG (Wis -, €) x QD 4 (7, Buw; £)de. (6.2)

104



nw,w,

D’lw,wl (OO)

W1 Wl

p~dx

Figure 6.1: Illustration of welding equation (6.3) in Conjecture 6.1.2: first sample a root
point p according to Lebesgue measure dx on R, then sample (¢, n) according to the prod-

uct measure LF]%'? 2w+ W) (do) x SLEE};bble(VV, W1)(dn). The resulting quantum surface

(H, ¢,m,p)/ ~ has the law of Cfooo MSfSk(Wl; €) x QDg 1 (7, Bw; £)dl after uniform em-
bedding.

Conjecture 6.1.2. Fix W; > g and W > 2. There exist a o-finite infinite measure

SLEE};bble(I/V, W7) on Bubbleg(p) and some constant C' € (0, 00) such that

Oo .
my X ( /0 MR (W1, €) x QDg 4 (7, BW;E)dE) = C.LF§f2W1+W’p) x SLERU' (W, W1 )dp.
(6.3)

Furthermore, there exists some constant C' € (0, c0) such that

myg o ( / MGSS(Wr;+,0) x QDo 1 (v, Bws W) = C-LFL Y (dg) x SLEDU™ (W, W),
0
(6.4)
where myy o is a Haar measure on conf(H, 0), i.e., the group of conformal automorphisms of

H fixing 0.

In Conjecture 6.1.1 and 6.1.2, by the quantum triangle welding and the induction techniques
developed in Section 4.2, we can show that (1) ¢ has the law of C - LF](H?QWﬁW’O), and (2)

the welding interface ny w, is independent of ¢.

However, we have almost zero understanding on the law of nw w,, ie., SLEE}})bble(VV, Wh).

Recall that in Zhan’s limiting constructions of SLE,(p) bubbles, one takes the weak limit of
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chordal SLE(p) under suitable rescaling. Therefore, in LQG frameworks, we take “quantum
version” of the limit by 1) conditioning on the (one-side) quantum boundary length of
M‘l{igk@) goes to zero 2) constructing a coupling with the limiting picture so that, with high

probability, the random domains match.

Nonetheless, this technique will not work in the case of Conjecture 6.1.2, or in a more
straightforward way, nw,w, is not the weak limit of chordal SLE, (W — 2,W; — 2) under
suitable rescaling. Suppose one takes ./\/l(lhgk(W) and then conditioning on the (one-side)
quantum boundary length goes to zero, the limiting quantum surface will always be the
same; the boundary marked point is always quantum typical (cf. [MSW21, Appendix A]). In
other words, we will always get SLEE?Obble(Wl —2). Therefore, shrinking (one-side) quantum

boundary length and coupling will only work for Mghgk(z)

W

I/@(R) — 0

\j
DO

/

W

Figure 6.2: On the LHS, we have Mghgk(W) Conditioning on the quantum boundary length

of the right arc R shrinks to zero, we will get a M?jik@), i.e., QDy ;. Notice that in [MSW21,
Appendix A], the weight W is in the restricted range. However, we believe that this is only
a technical barrier and will not affect the overall outcome.

Hence, one interesting question is that how to describe the law of nw,w, in Conjecture 6.1.27

If better, what is its corresponding Lowener evolution (driving function)?

Also, going back to the Euclidean settings, in Zhan’s constructions of SLE,(p) bubbles, one

takes the weak limit of SLEF (E;Eﬂ%o(p) or SLEE{(O;O_)%E(p) under suitable rescaling. Either

)

way, that single force point of SLE,; is on the outside (see Figure 3.3).
Hence, what if you have two force points? In other words, what if we take the weak limit
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of SLEEI(O,O, 0+)_>8(p_,p+)? I conjecture that it is the SLEE}}]bble(p_). Similarly, if we take

the weak limit of SLEE{(E;E_ﬁJr)HO(p,, p+), then it is SLEE&)bble(er).

A somewhat similar question as above is what happens to the inner force point after collapsing
the € with 0. Do they vanish? 1 conjecture that yes, the inner force point vanishes once

collapsed.
6.2. Generalized SLE bubbles on H: multiple case

Going one step further, motivated by the induction procedure described in Figure 4.6, we
are also interested in understanding the multiple SLE bubbles on H. Specifically, consider

welding of three quantum disks

|| QDo B ) x MW ) 5 MW (6.5)
0 0

for W > 2, Wy > 0 and Wy > 0.

o

Wo Wo

LHS: W >2, W, > 3 Wy > 3 RHS: W >2,0<Wy <3 Wy >3

Figure 6.3: Illustration of quantum surface (6.5) when embedded in (H, ¢, nr,10).

Let (H, ¢, 0,77, 70) be an particular embedding of (6.5) (see Figure 6.3), then it is not hard to
show that the joint law of (n7,7n0) is independent of ¢. Moreover, the condition law (no|nr)
should equal to SLEE}}]bble(Wl, W3) and the law of (n7|no) should equal to SLEE}bbble(I/V, Wh).

Recall that SLEE%bble(-, -) is the welding interface in Conjecture 6.1.2.

The interesting questions to the SLE research communities are what is the marginal law of
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Ne,® € {I,0}. Moreover, what is the Loewner evolution (driving function) of ne,e € {I,0}?
6.3. Scaling limits of bubble-decorated quadrangulated disks

Recall that in the SLE loop case [AHS22], MS™ ® SAW" is the measure on pairs (M,n),
where M is a quadrangulation, 7 is a self-avoiding loop on M, and each (M, n) has weight
nd/212=#F (M)54=#n where #JF (M) denotes the number of faces of M and #n is the number

of edges of 1. It is proved that the following convergence result holds.

Theorem 6.3.1 (|JAHS22, Theorem 1.2|). There ezists constant co > 0 and for all ¢ € (0,1),

MS"™ @ SAW"| () = €0 - QS @ SLEGP | (o), (6.6)

where A(c) is the event that the length of the loop is in [c,c™1].

In the disk case, we say a planar map D is a quadrangulated disk if it is a planar map where
all faces have four edges except for the exterior face, which has arbitrary degree and simple
boundary. Let @D denote the edges on the boundary of the exterior face, and we denote
#0D the boundary length of D. Let MD™ be the measure on the quadrangulated disks
such that each disk D has weight n®/212=#7(D)54=#9D hich has the same scaling as MS”
above. Note that here if D is sampled from MD", then D is viewed as a metric measure
space by considering the graph metric rescaled by 271/2n~1/4 and giving each vertex mass

2(9n)~L.

If D is a quadrangulated disk, then we say 7 is a self-avoiding bubble on D rooted at e, € 0D
if 1 is an orderer set of edges e1, ..., ey, € E(D) with r € {1,...,2k} and e; and e; share an

end-point if and only if i — j| < 1 or (i,7) € {(1,2k), (2k,1)}.

Let MD"®@0OMD"®SAB" denote the measure on pairs (D, e, n) where 7 is a self-avoiding bub-
ble on D rooted at edge e € D and the pair (D, n) has weight #0D~! -nB/212~#F(D)54—#n,
For (D, e,n) sampled from MD" ® OMD" ® SAB", we view D as a metric measure space

and view 7 as a bubble on this metric measure space rooted at edge e so that the time it
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takes to traverse each edge on the loop is 27 1n=1/2.

Conjecture 6.3.2. There exists some ¢y > 0 such that for all ¢ € (0, 1),
MD" @ OMD" @ SAB"| 4 % ¢o - LFG®") x SLERWYIE 5 dp| 5, (6.7)

in Gromov-Hausdorff-Prokhorov-uniform topology, where A(c) is event that the length of

the bubble is in [c,c71].

We can also understand the measure MD" ® 0MD" @ SAB™ from the welding perspec-
tive. Suppose MD" is a measure on qudrangulated disks such that each disk D has weight
n5/212-#F(D)54=2#0D 4y MD" is a measure on qudrangulated disks with each disk D has
weight n®/212~#7(R)54-#0D  Let m be the measure on (D, e1,es) such that we first
sample D from reweighted measure (#8W)QW and then sample two edges e, eo uni-
formly on OD. Similarly, let MDg ; be the measure on (D, e) such that we first sample D

from reweighted measure (#0MD™) - MD™ and then sample an edge e from 9D uniformly.

For k € N, let MDy,(+, k) denote the restriction of MDy, to the event that right bound-
ary has length 2k and let MD{ (k) denote the restriction of MDf; to the event that the
total boundary has length 2k. Let MDg, (-, k)# and MDg’l(k)# denote the corresponding

probability measure respectively.

Suppose (D, ey, eg) is sampled from MDg 5 (-, k)# and (D,e) is sampled from Mngl(k‘)#,

then we can do the “discrete conformal welding” by identifying the right boundary of D to
the total boundary of D such that e;,es and e are identified. The self-avoiding bubble on
the discrete disk represents the welding interface of D and D. We parametrize the bubble
so that each edge on the bubble has length 27 1n~1/2 just like the sphere case. Suppose
(D, e1,ez) is sampled from W’&Q(-,k)# and (D, e) is sampled from MDﬁl(k)#, then we
denote the measure on the disks decorated with a self-avoiding bubble sampled in this way
by Weld"P"'¢(MDg ,(-, k)#,MD{ ; (k)#). Similarly, let Weld?"""'*(QDg 5 (-, €)%, QDg 1 (€)#)

denote the measure on bubble-decorated quantum disk obtained by identifying the right
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boundary of the disk sampled from QD (-, 0)# and the total boundary of the disk sampled
from QD (0)%.

Conjecture 6.3.3. For any ¢ > 0, we have

Weldy"*P'(MDf (-, [n'/2])#, MDf,; ([en'/2])#) *> Weld?"™*(QDg o (-, )%, QDy 1 (£)7)
(6.8)

in Gromov-Hausdorff-Prokhorov-uniform topology.
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