
(Geometric Langlands correspondence Series )

Conformal field theory
& Geometric Langlands

Part-I : The protagonists
- D-modules & opens

Arik Chakravarty ( Feb 23,2024 )



Outline

① Conformal blocks

② D-modules & Opens

Robert Alexander Vladimir

Langlands Beilinson Drinfeld



Part I : Conformal Blocks

8>1 . Conformal blocks over Mgm

8,2 . Conformal flatus over Bung



8>7 . Onformal blocks
over Mgm



A-Hine Lie algebra of

y = simple lie algebra
0→ ①I → §→ g④ eat1)→ 0
4- c- off)

"
central extension .

[A④ fits
,

B④SAD = [A,B]y⊕fg - Ko (A)B)Jfdg . I
↑

normalized
6×-1 of __ slz non -degen

Ho(A.B) = toCAB]
inner product



e f h
✗ Y hSome Root system footsi still:D
,1%1,1%1>

OF = A2=513
.

Ulslz) = ⑦ Ui
i≥o

Ñ Pta 40--6
Uiyi

.
,=€[✗His]

,
-✗←§m%ⁿᵈ 41=6+06×-10 icy-016h

UEU,⊕ ① ✗y⊕¢✗h⊕¢yh ④ "Yui. ,= ① [4,1/3×3]
s

c-p ) - in -p ⑦ ④ *④ ① Y
- ⊕ Ett

PBW Basis

a weight(✗ /y) = trladlxladly))
Va = irred . g-repin of highest weightsad(X) : og →y : ahstx.at

(0-10)=2 b. =3-109-1 but by 3+-0-1=0
h . 0-1--1Hut

toot
system Za=U/g) ④ Got

-

weight lattice u, Ucb)

10=1×+3*1,24%1. # HIT] Ii maximal proper submoi

vi. 2-×/It



Its rep'ns

let 4£ p¥
'¥ / ✗ c-Pilato) ≤ ey

↑ ↑

positive highestroot
weight

V
,
= irred . g-repin of highest weights

Ma = Vlog) ④ Vx §⊕tgItI=ÑV×
U(Ñ④t9lItI⊕CI) lid

↳ = MR/In 5- repin of level l
①HAK

↑ lee
Irreducible

↳
Maximal proper submodule



Enfermat blocks & sheafof coinvariants
✗ = smooth curve/¢
Xi, - - - , xn = distinct points of✗
ti
,

- - - , tu = tocall coordinates

↳
, .

. _ . . Lan = level K Erred
. § - modules

L' = ⑤ Lai is an irreducible 'rep"n of
i= ,

§ = g ⊕;
,

eatin)⊕QIn

Ee:@=D % × ↳ → Li

(Susa) • (M,④MD = §,MD④Ma + m , ④ (82 . mz)



Ii Bout :=g⊕6[✗- {×, . - -in}]
+
g-valued meromorphic fxnsonx↓

y
with poles only an Xi, - -- in .

ti ⑤ 9K¥:D WANT : Liealg . homomorphism.i=,

NEED : §fid8;=0
Dxi error term

[A-④ fit> , B⊕g(t5=[A,B]y④fg - ROCA,B)Jfdg . 11

SPONSORED BY : RESIDUE THEOREM

⇐°) killing it



Day % Zi =④ 2,i=,

Hog (Mi - -> in) := IF/ofout◦ IF£ sheaf of co invariants

Cy Cai, . _ . ⇒ in) : = space of linear forms
↑ LE → a11

invariant under actionof Yourspace of Htg(×,, - - . in)conformal
flocks

.



Ayla, . _ .in) dy(Mi -→ in]

I ↓
(C) ai, - - -skn.tn

,
- - ith)
-

NOTNEEDED
MS,n

[TUY '89]



§2 . Conformal blocks
over Bling



What is BunÉ ?
semi -simple

G- =
,
reductive lie group ✗

P = G- bundle on ✗

trivialize Pat ✗11×1
trivialize Pat a smalldiscD•

ga

p = word . µansitionfxn/coordinatechangechange for -
forD✓×r GKTD

G-out = { ✗-3×1→Gig G- IITI

Bung = Goretti""YGIITII = Guitar



Coinvariants over Bung

PE Bun% g = corr.. lie algebra
☐
p
= P ✗

a- of ← v. to of liealg over✗

ypoet = T(☒11×1 , Ip ) Q IE
NI ⇐of killing it IF/☐pout . I = HPG (F)8kt))

2-fiber over PE Bun£ of the
v.6. of coinvariant over Bwn×q .



Part II. D- modules & Opens

8.1. Eons hurting twisted D- modules

§e. Vkloj ) and it- center

§-3 . g--opens on a curve✗



41 . Constructing D- modules



What is a D-module ?
✗ = smooth curve / ¢

D = sheafof differential operators
×

( If U ≤✗
,
D(U) =L-2,212z> )
×

A D- module if a sheafof &, -modules

8¥ &IU)A QIU)
( f-
◦

(t) + fit)¥y I •gcz) = f-◦12-1812-7-1 Enz SH)



whatis.at#rule?-M05T1MP0RTANTbyWAYamT-talking about it ??

✗ = BUNG-_G◦§^ =

G.us#HYG1It-IDx---hzxk*L-=L
'

i ↓ {É=É/EE#Bung
-

Gr

Hima) ⇒Olu)
↑ Is Harish-Chandra module
localization operator



(Almost a) General construction

g simple
lie algebra

V1

e lie subalgebra ask lie group
(K, g) a Harish -Chandra pain

2- G- variety with a ( k→y ) -action
✗ : of ✗ ⊕z→⊕z & f : K ✗ 2- → Z



✗ :D→⊕z kiealg homomorphismdata

( t

↓ sheafof holomorphic
vectorfields

of ④Qz⊕
Mor
. of Oz- modulesZ
[sheafof

holomorphic sections
Anchor map (Assumesurjective)

⑦z≈(of④ Oz)/hera



2- = HIG- G- = red . lie group
V1

It lie subgroup .
(gook ) A HIG

transitive action on right
V = log , K ) -module [BD1991]
ʰ↳[How cloyed

get suchamodule?]
Answer :

_

Use isomorphism Cig ⇐ Fun Proj-D



G- semi -simple reductive lie group
A ≥gws LetAlter}

↑ one Param .
%→⑦A)G- subgroup G-

A-↳ dt-f.de#h.p) at each point pc- HIG
a : Y④ 01+16 → ⑦AIG

Ken (a)p= Stabp (g)
= {Aeg / 9-+4=47 .p=o}



V c- (g. K) module {
Visa rephofy
INV exponential-ed

✓④ Qing £ Mod (GIG) + KAV

9a¥I ✓④OHIU-kera.lv④OHIG)
115 115

⑦HIG A Ñ (V) c- Mod (Dana )



✓④OHIU-spaweofeoinvariantskera.LV-00*16)
11s ↳ ✓
8(v7

g- stabplg.tl
↓

I
HIG

p



D-modulesof
z ?
"
Ginvariants "

Glu)- o(v71
on

HIG/K

I ↓
HIG → HIGIK

?⃝Not always a V.B. Stabp(g) varies indimension



Localization functor
F-ix : replace g with§ and let

I c- § act as KID on V

D
'

- modules
{ ⑨,K)-module]→ {of%invariants"}on AG/K

V↳ Olu)



-

why bother?
G- = GKTD Hi , G- IITII) -mod }→}

@Émod
on Bung}

K= G- IITI
V↳☐ (V)H = Gout

or

preciseljsheafofwinvariants
Stabpos) = G%y coming from CFT.

G--bindle =P(✗-1×1, %) ON)p=V%%•v
a: of ✗ a-

→ HIG



tets construct the sheaf Dk ( fork c-A)

◦→ 6*11 → G- → Gut))→ 0

fG¥tI'
-
-splits !

L:=Gout££ : = ÑYGIITI
46¥ bundle ⇒ ↓

G- = GKHYGIITI Bung -_ G-out 6-11-71

Dj:= Ry⑦k E Mod (Buna )



§2 . Vacuum Verma Modules
& its center

[ t.hr (g) ian equivalent
way to see space

of g- opens ]



The chiral algebra Hely )
KE ① j get)) ④ ①I

f

(g) = Uloj) ④ Eh =Ulg④ÉdIt
- '1)

vacuum J UtyEtI⊕CI)
Verma

module µ
Universal
enveloping alg

?⃝ . . Jam
vacuum

% nm
Ugt

vector

ii

]a'④ Eni
(ni≤nz≤ - - - ≤ nm<0)

tasiseltofod



The chiral algebra Hely )
KE ① j get)) ④ ①I

f tasks:)

✗ Vpefy) -_ Uloj) ⊕ Eh ÉUlg④Ée1It- '1)
vacuum J UtyEtI⊕CI)
Verma universal
module V1 enveloping alg vacuum PBW

?⃝ . . . Jam
+""""

basis for. vk.ly] of
n, nm ④ deg -_= - (Mt - - +Am)
ii ii

(ni≤nz≤ . - - ≤ nm<0)39×0--4' Im (1×01)
-
↑ basiseltofg of def -_ 0 .



iségatsiurgawara & Center

$ = ± Jai, J? Uk State
'a- dual

basis

$A) = I Snz-n-2 Field ett

[In> Jam ] = - (Kth ) mjahim
for k= -Ñ ; snc-C.hr (g)

C-215k)=E[$n]n≤→✓
Nextgoal:

develop a coordinateChi (g) = Guk CK -1 -2) independent
description



I. 3 • g- opens on✗

[Opens = tool for constructing
Harish -Chanda module]



Sh - Oper}

Ez 151) ± Fun / Proj Dx ) / ☐
✗
= formal discal- ×.

↑
-

spaceof projective connections
-

polynomial functions 2¥- u⇔:Ñʰ→Ñk
on Proj Dx

V1-2)=%n≤⇒YnÉ
""

¥6k. )=E[sit ± e. Eun] ± Fun ( Proj Dx)
ME-2 h≤ -2

9-pity ) ± Fun ( Opry( Dx ))



g-Opens Example : g=sk
sL<→ sea

G- = lie group of adjointtype a ↳ABA-1 Non faithful
["-Its ids

,

( adjoint map)
u correspondingtoy

Take Image = 5¥
/ €15k)

B+ = Borel subgroup = LPE-e.us

A g-open. is a triple (F, P,F☐+ )
↓ 1

I

U≤✗ open principal G-bundle on✗
with coordinate t

←←-
connection in F

¥ - +ÉYilHfi+u ↓
in B+ -reduction ofJT

anequivalence class of 2- +ÉYi④fi + oct)
i =,



rankofoy ith generator of nilpotent
↳ { subalgebra y-

= 7- + 4. A) fi + v4 )
i=i
↑ [

[ nowhere vanishing VE b-1=3+9-1
function

an element in

{ ↑ the Borel subalgebra
also where arethese

But ! But! But !comingfromm-WHYP-to.R.DE/20PERT0R??



Linear algebra
If- open 2 2¥ u(t) : b-

"2
→sik

sen - open a
"
- U, It] 2,72_ . _ .

- Un 2€ - Un- it>

- (n-1712
→

n-1142Linearization,R
" )



+ = nowhere * = anytxnvanishing[D- Sokolov 1985] txn
** -- - -*

Preoplx) -_ Space of operators 2+-1 (+F- - **.sen %
.

?-

o-1¥ )
0pA) = Preoplx)/gauge transformationsln

= Space of operators 2++494
- - - 4'

÷ :)
Preopcx) - spaceof operators 2+-1%4;Atfi -1kt)
y i= ,



Preopcx) = Spaceof operators 2+-1%4;Atfi -1kt)
y i=i

e #Msg:

Opy(X)=Ipauof operators 2++12, -1%2
,

ujlt) -

Pj
is

e [ f- 41stProjl) ✗④ H%✗
,
#9-1-11) e

j=2 2s -1K, +¥451s> Pj
4 transforms as a projective connection
¥ " a- a Cdj -11) - differential [F'05]

⇐j≤L



l

Opy(X)=Ipauof operators 2++14+8 ujlt) -

Pj
j= ,

✗vs
l fins 'VE

Projl)x④H%✗,#
9-1-11)
I Oepglx)IF

2

g.
±
,,

characterize

Opsqfxt-spaceoforperatorsdt-1-P-i-YCHP.tl
☒ proj. connection

Projlx)
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