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ABSTRACT

THE GEOMETRY OF CAPILLARY AND CONSTANT MEAN CURVATURE

SURFACES

Artur Bicalho Saturnino

Davi Maximo Alexandrino Nogueira

Constant mean curvature (CMC) surfaces are critical points of the area functional for
variations that preserve the volume of the region enclosed by the surface. Capillary
surfaces are defined in a similar way, but instead of the area functional, one considers
a functional that is the sum of the surface area with a boundary term. Both of these
types of surfaces arise in nature as the interface between a liquid and air. The index
of a CMC or a capillary surface is an integer that measures how far the surface is
from minimizing the functional. In this thesis, we explore the relationship between
the index and the geometry of capillary and CMC surfaces.

We begin by showing that the index together with the area bound the genus of
compact CMC surfaces embedded in a compact 3-manifold. We also show that in the
case where the surface is not minimal and the 3-manifold has finite fundamental group,
the index and the mean curvature are sufficient to bound the genus. Then we move
on to study capillary surfaces immersed in 3-manifolds. Amongst other results, we
describe the conformal structure of noncompact capillary surfaces with finite index,
one consequence of this description is that the only noncompact capillary surface

immersed in a half-space with acute contact angle and zero index is the half-plane.
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Chapter 1

Preliminary

Constant mean curvature (CMC) surfaces often appear in nature as the interface
between fluids in equilibrium, think of, for example, the surface of a small water drop
in suspension. Capillary surfaces can be seen in similar contexts, except that now we
assume that the fluid touches some container. Examples of this type of surface can be
seen in small drops of liquid in a smooth table or the interface between fluids inside
a thin tube. In fact, these surfaces are so natural to consider that they have been
studied by Gauss [29] and Laplace [33] in the early 19th century, before the modern
formulation of differential geometry.

Capillary and CMC surfaces are equilibrium solutions, however this equilibrium
might be unstable. The index of a surface is a way of quantifying instability by,
roughly, counting the number of directions where deforming the surface leads to a
decrease in energy. It is expected that more complex surfaces have higher index than

simpler surfaces, as the more complex surface have regions where a deformation could



decrease energy. As we will see in many points along the text, there are many results
that relate the index to the geometry and topology of minimal surfaces. Less is
know for the more general case of CMC surfaces, and even less is known for capillary
surfaces. Here we aim to decrease this knowledge gap.

We begin this work by briefly introducing these two types of surfaces in general
Riemannian 3-manifolds. We will also define the weak and the strong Morse index
of these surfaces, study the relationship between these indices, and some properties
exhibited by surfaces of finite index. Most of the results and concepts presented in
this chapter can be easily generalized to higher dimensions, however since our main
results in later chapters regard surfaces in 3-manifolds, we will state our results and
definitions for this particular case.

Our results in CMC surfaces have appeared in [46] and can be found in Chapter 2,
while Chapter 3 contains the results on capillary surfaces, which have been obtained

in collaboration with Han Hong and have appeared in [32].

1.1 Basic Definitions

1.1.1 Constant mean curvature surfaces

Let M be a Riemannian 3-manifold and ¥ be a 2-sided surface immersed in M

by X : ¥ — M. If ¥ has a boundary, we assume the boundary is not contained in X.



Fix an € > 0, we say that a smooth map

X : Y x(—€6€) — M

is a compact variation of X if

1. For all t € (—¢,¢€), the map X; : ¥ — M is an immersion of 3 in the interior of

M.

2. The immersion X, coincides with X.

3. X is supported on a compact set K C ¥, that is, t — X,(p) is constant for all

peX\K.

Note that since > does not contain its boundary, any K as above must be bounded
away from the boundary of X.
Fix a normal vector field v along 3. We define the signed volume functional

associated to the variation X as

Vt:/ X (av) (1.1)
[0,t]x K

where dV is the volume form of M. Note that in the case where X is an embedded
bounding a compact region of M and ¢ is small, V; is the difference between the

volume bounded by X (3) and X, (X). It is easy to see that the derivative of (1.1) is

d

G - ) (1.2)



where the measure used in the integral to the right is induced by X, and Y = 0;|;—0X;
is the variational vector field associated to X;. In case % -0 V; = 0 we say that the
variation X is volume-preserving.

Fix a compact set K containing the support of X and let A, be the area of K by

the measure induce by X;. Tt is well-known that (see e.g [21, p. 7])

d

dt

Ay = _/<Y> HE>7 (13)

t=0

where Hy is the mean curvature of X associated to X , which we define as
Hs = Dg, By + Dg,Es

where D is the pull-back of the Levi-Civita connection on M by X and {Ej, Ey} are
vector fields in ¥ that form an orthonormal basis in a neighborhood of X.
We say that X is a constant mean curvature surface if for any volume-preserving

compact variation of X have that Ay = 0. Note that this condition is equivalent

itlizo
to Hy, = |(Hy, v)| being constant along ¥. Alternatively, when the value of the mean
curvature is important, we say that > is a Hy-surface. A O-surface is called a minimal
surface. It is possible for a minimal surface to be one-sided, however we will not
consider this case.

Let ¥ be a CMC surface immersed in M by X : ¥ — M and take a volume-

preserving compact variation X. Since a CMC surface is a critical point for area it

is natural to take the second variation of this functional. Standard calculations yield



(see e.g. [21, p. 39])

d2
dt?

A = / |Vu|2 — (]Ag|2 + Ricy (v, 1/))u2
5

t=0
where u = (Y, v) and Ay is the second fundamental form of ¥. For this reason, the

stability operator of ¥ is the symmetric bilinear form on C§°(X) defined by
Q(u,u) = /2 |Vul|? — (JAg|* + Ricy (v, v))u? = —/EuJu (1.4)
for u € C§°(X), where J is the Jacobi operator
J = A+ |Ag|* + Ricy (v, v). (1.5)

Now assume additionally that ¥ is bounded. Let B(X) = {u € C°(¥) : [y u = 0}
be the set of balanced (mean zero) functions on ¥ with compact support, then the

weak (Morse) index of ¥ is

Index,, (X) = max{V C B(X) : V is a subspace and Q|yxy is negative-definite}.
(1.6)
Informally, the weak index counts the number of directions where one can decrease
the area of the surface while keeping the volume functional constant to first degree.

Similarly, the strong (Morse) index of ¥ is defined as

Index;(X) = max{V C C5°(X) : V is a subspace and Q|y v is negative-definite}.
(1.7)

It is easy to see that the weak index is no larger than the strong index. However, as



we will see in Section 1.2, they cannot differ by more than one. When the weak (or
strong) index of X is zero we say that ¥ is zero we say that X is weakly (resp. strongly)
stable. This particular case plays a central role in the study of these surfaces.
Barbosa and Berard |11, Proposition 2.2| show that the weak index of a bounded
CMC surface can also be understood as the maximum k such that )\, < 0 where

;\1 < :\2 < 5\3 < ... are the L*(X) eigenvalues associated to the problem

i

Ju+5\u:ﬁfzju in %,

u=20 along 0%, (1.8)

Ju=0.
\
Similarly, the strong index of a bounded CMC surface is the index of the largest

negative eigenvalue associated to the problem

(1.9)
u=0 along 0%,

So it follows from standard elliptic theory that the weak and the strong index of

a bounded CMC surface must be finite.

1.1.2 Capillary surfaces

Now let M be a Riemannian 3-manifold with boundary and let ¥ be a 2-sided
surface with boundary immersed in M by X : ¥ — M. Assume additionally that the

interior of ¥ does not touch the boundary of M, that is OM N X (¥) C X(0%) and

6



that ¥ meets the boundary of M transversally. We assume that I' = X (0X) N oM is
smooth, but allow 93 \ I" to be only continuous. Following Carlotto and Franz [12]
we will refer to 0%\ T" as the edge of ¥. Topologically, we assume that ¥ contains I’
but not its edge. Similarly to as we had in Subsection 1.1.1, we say that a smooth

map

o

(Y X (—€,6) — M

X(p:t) = Xi(p)

is an admissible variation of X if

1. For all t € (—¢,€), the map X; : ¥ — M is an immersion of ¥ in M such that

OM N Xy(X) C Xy(0%).
2. The immersion X, coincides with X.

3. X is supported on a compact set K. That is, ¢t — X,(p) is constant for all

pe X\ K.

Note that since ¥ does not contain its edge but contains I', an admissible variation
must fix the edge of 3, but can move I'.
Fix a normal vector field v along ¥. We define the volume and area functionals A,

and V; exactly as in the CMC case, additionally we define the wetting area functional

by

W, = / X (dA)
[0,£] x (KNOX)



where dA is the area element of OM. In the case where X (I') is embedded and bounds
a compact region of OM, the value of W, for ¢ small is the difference between the area
bounded by X(I') and X, (T).

It is easy to see that

d

dt

Wy = / <Y7 T)
t=0 %

where Y is the variational vector field associated to X and T is the unit normal vector
field of " in OM chosen according to the orientation given by v.

Again we have that
d

dt

szémw

but the variation of the area functional does include a boundary term, more

specifically,

where 7 is the conormal of .

Fix a 0 € (0,7). We define the energy functional

Et = At — COS QWt,

then
d

dt |,

E = —/(Y,ﬁg>+/ (Y. — cos OT).
t=0 b o%
We say that X is an edged capillary surface at a constant angle 6 if for every

volume-preserving admissible variation we have that E; = 0. Tt is clear that this

il

condition holds if, and only if, > is CMC and the angle between 1 and 7T is constant



Figure 1.1: Vectors and angles for a spherical cap in a half-space of R3.

equal 6. In our convention, we will choose v such that <ﬁ2, v) is nonpositive, for the
second fundamental form of ¥ we adopt the convention Ay(-,-) = (D.v,-). We will
use NN to refer to the outwards normal of the ambient space M. Figure 1.1 exemplifies
our conventions.

Note that, by our definition, an edged capillary surface is always two-sided. A
capillary surface is an edged capillary surface with empty edge, this implies that a
capillary surface is complete in the sense of metric spaces. A CMC surface can be seen
as an edged capillary surface where the capillary boundary (that is, I' = X (X)NoM)
is empty. A free boundary CMC surface is a capillary surface at a constant angle 7 /2,
note that in this case the energy functional equals the area functional.

Consider an edged capillary surface ¥ immersed in M by X : ¥ — M at a constant

angle 6 and take an admissible variation X. Then second variation of area, is

d2
dt?

At:/|Vu\2—(]Ag]Q—i-RicM(V,V))if—/ i
t=0 by

ox

where v = (Y,v), Y is the variational vector field associated to X, and ¢ is defined



1

sin 6

q= hoym (T, T) + cot 0 As(n,n). (1.10)

In the above hoyn (T, T) = (DpN,T) (for a proof, see [42, p 357-360]). Note that

1
n = QN—i—Coté’V, (1.11)

sin
so if we let Hypr = trhgy, then it follows from (1.11) that ¢ can be re-written as

1
q = ‘—H(‘)M + cot (QHZ — Koy, (112)
sin 0

where kgy is the geodesic curvature of 0% in X, that is, kg = (D,n, 7) with 7 unit
tangent vector field in 9X. It is also interesting to note that any function u € C§°(3)*
can be realized as the product the normal to ¥ with the variational vector field of
some admissible variation [4, Proposition 2.1].

The stability operator of ¥ is defined as the quadratic form on C§°(3) such that

for all u € C§°(X) we have

Q(u,u):/E|Vu\2—(RicM(y,V)—l—|Ag|2)u2—/ qu?

%
ou
= — uJu+/ u<——qu), 1.13
/2 % on ( )
where J the Jacobi operator.

The weak and the strong indices of a bounded edged capillary surface are defined

by (1.6) and (1.7) respectively. Similarly to the CMC case, the weak and the strong

'Recall that by our definition an edged capillary surface contains the capillary part of its
boundary, hence a compactly supported function on ¥ can take nonzero values in this part of
the boundary.

10



indices can be characterized by an eigenvalue problem, but in this case the associated
eigenvalue problem has mixed Dirichled and Robin boundary, conditions. Namely,

the eigenvalue problem associated to the weak index becomes

Ju + \u = %‘fzju in 3,

Qu — long T

oy = qu along I,

(1.14)
u=0 along 0¥\ T,
fz u=0.
\
And the eigenvalue problem associated to the strong index becomes

Ju+Iu=0 in X,
g—z = qu along I, (1.15)
u=0 along 0¥ \ T

So it follows from standard elliptic theory that when X is bounded the weak index

and the strong index must be finite.

1.2 Capillary surfaces of finite index

In this section we will define the (weak and strong) index for unbounded (not
pre-compact) edged capillary surfaces, and examine some fundamental properties of
surfaces with finite index. We will state our results for edged capillary surfaces, as

they are the more general case. To apply these results for CMC surfaces the boundary

11



term must be ignored.

Let ¥ be an unbounded edged capillary surface immersed in M. Note that every
bounded open subset ) C ¥ is an edged capillary surface, so we can define the weak
and the strong index of Q as in (1.6) and (1.7), respectively. Furthermore, it is clear
from the definition that if O € is open and bounded, then Index,, () > Index, (Q)
and Index,(Q) > Index,(Q). Take an exhaustion of ¥ by bounded open sets Q; C

)y C --- C X we define the weak index of X as

Index,,(¥) = lim Index,(€2,), (1.16)

n—oo

and the strong index of X as

Index,(X) = lim Index,(€2,). (1.17)

n—oo

Note that these limits can tend to positive infinity. Now we show that the index is

well-defined.

Proposition 1.1. The limits lim,_ . Index,(€,) and lim, . Indexy(£2,) are

independent of the choice of exhaustion by bounded open sets Q1 C y C --- C 2.

Proof. Let 0 € Qy C --- C X be another exhaustion as the one above, note that
since each on the sets (2,, are bounded, for all n € N there is a number k(n) € N such

that Q C Qk(n), because lim,, ., k(n) = oo we have

lim Index,(€2,) < lim Indexw(Qk(n)) = lim Indexw(fln).

n—oo n—oo n—o0

The same argument shows that lim, . Index,(2,) > lim, Indexw(Qn),

12



concluding the proof for the weak index. The same arguments also work for the

strong index. O

The following result will be useful to decompose a capillary surface into

components of smaller index.

Proposition 1.2. Let 1,0y C X be open and disjoint, then Index (€ U Qy) =

Index;(€2) + Index;(€2).

Proof. We will only consider the case where 2; and {2, are bounded, since the other
cases follow by considering an exhaustion and taking a limit. Note that we can
extend any function in C§°(€2), £ = 1,2 to a function in C§(€ U §22) by setting
the extension to be zero outside the original domain. Since €2; and €2, are open and
disjoint, restricting any function in C§°(2;USQs) to Q, where k = 1,2, gives a function
in C3°(Q%). So we can decompose C§ (2 Us) = C§°(21) ®C5°(€22). Furthermore, @
respects this decomposition in the sense that for any pair ¢ € C§°(€), ¢ € C§°(22)
we have that Q(p,1) = 0 because the supports of ¢ and ¢ are disjoint. So any
subspace of C§°(£2; U Qy) where @ is negative-definite is equivalent to a sum of two
subspaces, one in C§°(£21), other in C§°(23), where @ is negative-definite.

]

It is also interesting to note that the strong index and the weak index are closely

related.

Proposition 1.3. For any edged capillary surface X exactly one of the following must

hold:

13



(a) Index,(X) = Indexs(X) = oo; or
(b) Index,(3), Indexs(¥) < 0o and Index,,(¥) < Index,(3) < Index,, (X) + 1.

Proof. Note that it is enough to show that for every bounded open set 2 C X be have
Index,,(2) < Index,(2) < Index,,(2) + 1.

The inequality Index,, (2) < Index,(€2) follows from the fact that B(2) C C5°().
To show the other inequality assume by contradiction that Indexs(€2) > Index,, (2)+2
and let V' C C§°(2) be such that dim V' = Index,(2) + 2 and Q|y«y is negative-
definite. Note that there must be a function ¢ € V such that fz ¢ =1, else we would

have that V' C B(2). Now, note that the linear map L : V — V N B(Q) defined by

um:u—¢Lu

has kernel generated by ¢, hence dim V' N B(§2) > Index,, (2) + 1, a contradiction. [J

In the cases where the weak and the strong indices of 3 are both finite we will say
that > has finite index. Note that if X has finite index, the for a large enough open
bounded set 2 C 3 we must have Index(€2) = Index,(3), and hence by Proposition
1.2 we can conclude that ¥\ Q must be strongly stable.

We say that a function u € C?(X) is a Jacobi function if

Ju=0 in X,
(1.18)

g—z:qu along I' =0X N oM.

14



Jacobi functions play an important role in the study of (edged) capillary surfaces
with finite index. Fisher-Colbrie and Schoen have shown that the existence of a
positive Jacobi function characterizes strong stability in complete, noncompact
minimal surfaces [27, Theorem 1]|. Here we will show an analogous result for edged
capillary surfaces. In the following result we denote the first eigenvalue of the

stability operator @ in Q C X by A1 ().

Proposition 1.4. Let X be an unbounded edged capillary surface in a 3-manifold M

and let C' C X be a compact subset. The followings are equivalent:
1. M\ (2) > 0 for all bounded open sets Q C ¥\ C.
2. M(Q) > 0 for all Q as above.
3. There exists a positive Jacobi function u in 3\ C.

Proof. This proof is very similar to the one used by Fishcer-Colbrie and Schoen for
complete, noncompact minimal surfaces [21,27]. We will show the proof here for the
sake of completeness.

To show that (1) = (2) assume by contradiction that there is a bounded open
set  C X\ C such that A\(2) = 0. Let Q C X\ C be a bounded open set strictly
containing €2, since 0 < A;(Q) < A (©) = 0 we can conclude that A\;(Q) = 0. Let ¢ be
eigenfunction associated to A(Q2) and let H}(Q) be the closure of C5°(Q) under the
Sobolev H'-norm. Since |¢| € H}() is also a minimizer for the Rayleigh quotient

of @), we can assume that ¢ > 0. Notice that the function gz~5 . 0 = R that extends

15



¢ by zero outside € is in the space H}(€2) and is also a minimizer for this Rayleigh

quotient. So it is also a weak solution to the Jacobi equation (1.18). However, since

¢ is zero at some point it follows from the Harnack inequality (see the version in [16])
that ¢ vanishes everywhere, a contradiction.
Now, to show that (3) = (1) let us write p = |Ax|*+ Ricy (v, v) and let w = logu

where u is a positive Jacobi function. Then
Aw = —-pP— |VU}|2,

and along the capillary boundary I':

o _
8777(]'

Let f € C5°(Q2) where Q C ¥\ C is open and bounded. Then
[ prver = [ paw
2 2
2 [y v - [ P
b 7 ro on
<2 [ 17IVAIVel - [ £
> r

2 2 2
S/Zf!VwH\Vf! /qu.

So Q(f, f) > 0.

Finally we show that (2) = (3). Note that a weak solution in H}(Q) to the

16



problem

Ju = fi in O

g—Z—QU:fg on I'N Q2

v=>0 on 0N\ T

can be characterized as a function v € Hj () such that for all ¢ € C5°(Q2) we have:

Q. ) = / fo+ [ e

The existence of weak solutions for any f; € L*(Q), fo € L*(I'NQ) can be established
through the Fredholm alternative using (2) and standard arguments (for example, by
following the arguments in [25, Section 6.2.3]). In particular, there is a weak solution
v to

Jv = —Ricy(v,v) — |Ag]? in Q

g—g—qv:q on ['NQ

v=20 on 0N\ I.

\

So u = v+ 1 is a Jacobi function in ). Furthermore, u must be positive, since if u is
not positive, then ul,~o is an eigenfunction of @ in the set {u < 0} associated to the
eigenvalue zero, contradiction the hypotheses.

Consider an exhaustion €; C 2y C --- C X\ C of ¥\ C by bounded open sets.
Fix a point x € €y, for each n € N let u,, be a positive Jacobi function, by rescaling
u, we can assume that u,(z) = 1. So it follows from the Harnack inequality [16]| that

for all compact sets K C X\ C containing z there is a constant C such that, for all

17



sup  up(z) < Ck.
ye K,neN

Using the Schauder estimates of Agmon, Douglis and Nirenberg |2, Theorem 7.3]
we can conclude that for all o € (0,1) there is a constant C% such that all u,|x have
C?**-Hélder norm bounded by C%. So, passing to a subsequence, we can assume that
the u, converge in C>*/2-Hélder norm to a positive Jacobi function in K. Using a

standard diagonal argument we can construct a positive Jacobi function on X\ C. O

1.3 Harmonic coordinates

Harmonic coordinates will be a very important tool in showing the curvature
estimates (theorems 2.10 and 3.6) because they allow for control of the metric tensor in
terms of curvature and injectivety radius. We will say that a Riemannian 3-manifold
M, possibly with boundary, has bounded geometry if there are positive constants ¢

and A such that:
(i) M has absolute sectional curvature bound | K| < A;
(ii) the boundary of M has second fundamental form bound |hgps| < A;

(iii) every geodesic of M and every geodesic of OM with length at most ¢ is
minimizing;

(iv) there is a collar neighborhood U of OM in M and a function f € C*(U) such
that flopr =0, |[Vf| =1 and f(U) D [0,¢).

18



More specifically, when (i)-(iv) hold we will say that M has curvature bounded above by
A and injectivity radius bounded below by ¢. In a local sense, these quantities control
how far M is from looking like a part of R3. This is formalized by the theorem below,
which is essentially the same as a result by Anderson et al. [9, Theorem 3.2.1] (see
also [43]). Here dj; is the intrinsic distance in M and B (p) is the intrinsic ball in

M of radius » > 0 centered at p € M.

Theorem 1.5. Suppose M is a Riemannian 3-manifold with curvature bounded above
by A and injectivity radius bounded below by . Fizx an o € (0,1), then there are
constants rq > 0 and Qo > 1 depending only on A,. and « such that for all p € M

we have:

(i) If dys(p, OM) > 1o, then there is a neighborhood U of 0 in R® and a coordinate
chart ¢ : U — BXM(p) such that ©(0) = p, and, in these coordinates, the metric

of M is bounded by
Q5'0i5 < gi; < Qodyy (1.19)
as a quadratic form, where d;; represents the Euclidean norm. Additionally, the

metric has Holder bounds

giillcre < Qo. (1.20)

(i) If dpr(p, OM) < 1o, there is a b < 0, a neighborhood U of 0 in {xr eR®: 2y > b}
and a coordinate chart ¢ : U — BJ! (p) such that U N {xy = b} is mapped to

OM, o(0) = p and (1.19)—(1.20) still hold in these coordinates.
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We will often refer to the charts given by the theorem above as harmonic
coordinates. Note that since the result above is local in nature, it also holds in the
interior of any region where curvature and injectivity radius are bounded. In the

case where M is complete, the conditions involving the boundary are ignored.
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Chapter 2

On the Genus and Area of Constant

Mean Curvature Surfaces

In this chapter we will present results published by the author in [46]. We will
begin in Section 2.1 by contextualizing and introducing our main results. Then we will
discuss the local parametrization of CMC surfaces as graphs in Section 2.2, introduce
a blow-up technique in Section 2.4, before finally showing our main results in Section

2.7.

2.1 Introduction

As we established in Chapter 1, the (weak and strong) index is a natural variational
quantity associated to CMC surfaces, hence it is expect to be controlled in CMC

surfaces produced through variational methods. For example, it has been shown that
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the index of minimal surfaces associated to the volume spectrum are controlled by the
order of the associated spectrum element [34,55], and analogous results are believed
to hold for CMC surfaces produced through the Zhou-Zhu min-max procedure [34,56].

On the other hand, the geometry and topology of surfaces produced through
variational methods tend to be hard to control directly. With the objective of bridging
this gap, we are interested in the relation between the index of CMC surfaces and
classical geometric and topological quantities. This relation has been well explored for
minimal surfaces and hypersurfaces (see, for example [6,17,18,40,47,52|), although

the following conjecture from Marques and Neves’ 2014 ICM lectures is still open:

Conjecture 2.1 ([37]). If the ambient manifold has positive Ricci curvature, then
an index I embedded orientable compact minimal hypersurface has first Betti number

bounded by a fized multiple of I.

The relation between the index and the geometry of CMC surfaces and
hypersurfaces is well known in some special cases (e.g [3,14,44|). Here we will study
the area and genus of CMC surfaces of bounded index by describing the
degeneration of sequences of such surfaces in a similar way as Chodosh, Ketover and
Maximo have done for minimal surfaces [17]. We will show that in any closed
3-manifold, the genus of a CMC surface is controlled by its index and area

independently of the value of its mean curvature:

Theorem 2.2. Let I, Ay > 0 and suppose M is a closed Riemannian 3-manifold.
There is a constant C' depending only on M, I and Ag such that any closed, connected
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CMC surface embedded in M with area at most Ay and strong index at most I has

genus at most C.

If M is spherical, that is, M is closed with finite fundamental group, we will
show that every sequence of closed, connected, CMC surfaces embedded in M with
an uniform lower mean curvature bound and an uniform upper index bound has a
subsequence that does not accumulate away from a finite set or points. Using this

fact we are able to show:

Theorem 2.3. Let I > 0, n > 0, and suppose M is a spherical Riemannian 3-
manifold. There are constants B and C depending only on M, I and n such that any
closed, connected CMC surface embedded in M with strong index at most I and mean

curvature at least n has area at most B and genus at most C.

The compactness assumption in Theorem 2.3 is necessary [22|, as is the lower
bound on the mean curvature [19]. However it is not clear if the assumption on the
fundamental group of M is essential.

Here we always assume the surfaces are connected, unless stated otherwise. Recall
that we also assume that that CMC surfaces are one-sided, however it is also possible
to have one-sided minimal surfaces. In this case, the proof of Theorem 2.2 is given in

[17]. Now we will now present the main ideas in the proof of theorems 2.2 and 2.3.
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2.1.1 Outline of the proofs of the main theorems

Theorems 2.2 and 2.3 are shown by studying the degeneration of sequences of
closed CMC surfaces, possibly with varying mean curvature, with strong index at
most I embedded in a closed 3-manifold M. Let {3, },en be such a sequence, assume
by contradiction that the genus of the Y, form a divergent sequence, and assume
for simplicity that, passing to a subsequence, the >, have uniformly bounded mean
curvature (if this is not the case, an extra rescaling is needed).

By Theorem 2.10, we can pass the sequence {¥,,} to a subsequence with uniformly
bounded second fundamental form away from a set of at most I points in M, called
blow-up points. Near the blow-up points we follow the arguments of Chodosh, Ketover
and Maximo [17] to show that, after rescaling the surfaces X,,, a subsequence must
converge to a minimal surface in R3 with index at most I. This fact allows us to
bound the genus and area of the surfaces >, near the blow-up points.

Away from the blow-up points, the surfaces 3J,, must subconverge to a weak CMC
lamination of M 2. If this limit lamination is formed by properly embedded leafs, we
can use these limit leafs to bound the genus of the surfaces ¥, away from the blow-up
points. In order to show that the limit lamination is formed by properly embedded
leafs, we have to bound the number of sheets of any surface X,, that pass through a
small region away from the blow-up points. At this part, the proofs of theorems 2.2

and 2.3 diverge.

2Even tough we will not use this fact, it is interesting to note that by Theorem 2.10 and the
Local Removable Singularity Theorem for CMC laminations [36, Theorem 1.2] we can choose a
subsequence so this limit lamination extends to the blow-up points.
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In the case of Theorem 2.2 we have uniform area bound for the surfaces X,,, so
the bound of the number of sheets follows from a standard argument. On the other
hand, to proof Theorem 2.3 we will to show that if M is spherical, the direction of the
mean curvature vectors of the sheets associated to any surface Y, must alternate in
a certain sense. This, together with an uniform lower bound on the mean curvature
of these surfaces, will give uniform bounds on the maximum number of sheets of any

of the surfaces ¥, that can pass tough a small region away from the blow-up points.

2.2 Graph parametrization of CMC surfaces

In order to show the main results of this chapter, we need to understand CMC
surfaces as graphs and their convergence. The results on this section are valid for
CMC hypersurfaces of arbitrary dimension, however, to be consistent with the rest
of the text, we will consider only consider the 2-dimensional case.

Let U C R? be a open set and let suppose g is a metric on U such that (1.19) and
(1.20) hold for some a € (0,1) and @y > 1. Suppose ¥ is a CMC surface in U which
is parametrized by the graph of a function v : D C R?> — R near some point p. Let
vy : D — R3 be a parametrization for the normal of the graph of u, we assume that

v, points upward in the sense that its product with the third coordinate vector field
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is positive. The mean curvature of X in the direction of v, is given by

ou ou ou ou Ou
s F3 F3
dndr, 9 0m ¥ an, T o o, 33)

W, H (-, -, ul-, ) = a¥ (

ou ou 8u ou 8u
_ Ulrm oy ——Tm —m — I 2.1
mzaxmh ( i o5, ¥ oz, 8 Bz o, 33) (2.1)

where the Fk are the Christoffel symbols associated to g and

y y ou Ou \ Ou Ju
o A nm e ik gt~ ™
“ g (1 +g 8$n 82L'm) 99 a(L'k aZL‘l

(for details see [20, Ch. 5])

Note that the quantity of the left hand side of (2.1) is constant and equal to +Hy,,
depending on the direction of the mean curvature vector Hs. Then, assuming that
|Vu| < C for some constant C, we have that the ellipticity of a¥ is controlled by C
and Qg. Using this fact and the C*% bounds on on the metric g we can apply the
Schauder estimates [30, Thm 6.2] to find C*® bounds for u in the interior of D in
terms of C, )y and the maximum of |u|. This fact is central to the proof of lemma

below.

Lemma 2.4 (Uniform Graph Lemma). Let U C R3 be an open set and consider a
metric g in U such that (1.19) and (1.20) hold for some a € (0,1) and Qo > 1. Let
> C U be a properly embedded CMC surface and suppose the second fundamental
form of 3 is bounded above by a constant C'. Then there are e >0, p > € and C' > 0
depending only on Qo, C and o, such that for every x at euclidean distance at least p

from OU there is a rotation R € O(3) such that:
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1. Every connected component of R(X N B¥ (x)) is part of the graph of a function

u over the disk of euclidean radius p.

2. For all such functions u we have

HUHCQ,Q S Cl.

Proof. We will assume without loss of generality that z = 0. From (1.19) and (1.20)
we can conclude that there is a K > 0 depending only on )y and C' such that the
norm of the euclidean second fundamental form of ¥ is at most K. Fix an ¢ > 0 and
let ¥ = ¥ N B¥(0). In the following, G : ¥ — RP? will be the euclidean unoriented
Gauss map of .

We first claim that there is an € > 0 depending only on C' and @)y such that

sup dg (G(p), G(a)) < .

p.geY’

For p and ¢ in the same connected component of ¥’  the existence of e follows
immediately from the bounds on the second fundamental form. For p,q in distinct
connected components, we can use the bound on the second form to show that if € is
sufficiently small and the distance between G(p) and G(gq) is more than 7/4, then
the connect components of ¥ containing p and ¢ must cross.

Choose a rotation R so that the tangent planes to R(X') are bounded away from
any vertical plane by a distance of at least 7/6. It follows that there is a constant

p > € depending only on K and e such that the connected components of
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R(Z) N B¥(0) x R intersecting B’ (0) are graphs of a functions over BY (0). The
bounds on the euclidean second form and on the distance from the tangent planes
to vertical planes give bounds on the C? norms for these functions. Making p
smaller and applying interior Schauder estimates (see e.g. [30, Theorem 6.2]) to the

mean curvature equation (2.1) we can obtain C** bounds for these functions. ]

Remark 2.5. Lemma 2.4 can be easily extended for general manifolds with bounded
geometry by using harmonic coordinates. In this case €, p and C" depend only on C,

the sectional curvature bound and the injectivity radius bound of the ambient manifold.

As we have previously noted, the quantity in (2.1) can have different signs
depending on the direction of the mean curvature vector. We will show that if two
graphs parametrizing distinct parts of a CMC surface have mean curvature vectors
pointing in distinct directions, then these two graphs cannot be close together in the

C° metric.

Proposition 2.6. Consider ¥,U, g, o, Qo and C as in the statement of Lemma 2.4.
Let p > 0 and write D(p) for the disk around the origin in R? with radius p. Suppose
the graphs of u,v : D(p) — R parametrize parts of 3 and let hy, hy, - D(p) — R be the
mean curvature of the graphs of u and v respectively in the direction of the upwards

pointing normal vector field. Assume that Hsy, > 1 for some n > 0 and
1. hy and h, have distinct signs;
2. u < v point-wise;
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3. |ullc2e o)) [|V]|c2ep(pyy < C" for some C" > 0.

Then there 1s a ¢ > 0 depending only on Qq, a, p,n and C' such that

||lu — UHCO(D(p)) > c.

Proof. Since u and v have C** norm bounded above by C”, we can conclude that for

all € > 0 there is a 0 > 0 depending only on C’, «, ¢ and p such that

[w = vllc2(pio2y < €

whenever [|u — v||co(p)) < 0. So if v and v can be made arbitrarily close in D(p),
their mean curvatures can be made to be arbitrarily close in D(p/2).
On the other hand, we can conclude from the mean curvature equation (2.1) that

there is a constant C” depending only on @, «, p and C’ such that

20 = ||hu — hollcopipy2)) < C"|lu = vllc2(poy2))

whenever u and v are close enough in the C? metric. It then follows that u and v

cannot be made arbitrarily close in the C° metric. [

Finally, we use the result above to show that, if the direction of the mean
curvarvature vector alternates between graphs, then it is possoble to control the

number of graphs passing tough a small region of space.

Proposition 2.7. Consider X, U, g, a, Qo and C' as in the statement of Lemma 2.J.

Let p > 0 and suppose uy,--- ,u, : D(p) — R parametrize parts of . For k =
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1,--+,nlet hy, : D(p) = R be the mean curvature of the graph of uy in the direction
of the upwards points normal vector field. Assume that there is n > 0 such that

Hy, > n and

1. hy, and h have distinct signs for allk=1,...,n—1;

Uk+1

2. up < ug < -+ < uy point-wise;
3. Nugllcze(pipy < C" for some C" >0 and all k =1,...,n;
4. infp(po) |uk| < € for some e >0 and all k =1,...,n.
Then there is a number N depending only on Qq,a, C', p and € such that n < N.

Proof. Let k € {1,...,n — 2}, the difference wy, 412 = upya — wy, follows an elliptic
equation with ellipticity and coefficients controlled by the C' norms of the metric,
ug42 and uy (see [20, Chapter 5; 21, Chapter 7]). It follows that the functions wy g2
obey a Harnack inequality in D(p/2) with a constant C” that only depends on @, C”’
and p [30, Theorem 8.20]. Using the C** bounds for the functions uy, we conclude

that there must be some k € {1,...,n — 2} such that

2C"

w 0) < .
eia(0) < =

So it follows from the Harnack inequality that

20"C"
I er2lloomeerzy < ——-

So we must have n < 2C’C"c¢™! where c is as in Proposition 2.6. m
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2.3 CMC laminations

A lamination of a 3-manifold M is the union of a collection £ of smooth, pairwise
disjoint embedded surfaces called Leaves such that | J,., L is closed. Furthermore,
we assume that £ has a local product structure in the sense that for every p € M
there is a neighborhood U of p in M and a continuous coordinate chart ¥ : U — R3

such that each leaf L € £ passing tough U is the union of sheets of the form

w(U)n{t}

where t € R. A CMC lamination is a lamination where each leaf is a CMC surface,
and an H-lamination is a CMC lamination where each leaf has mean curvature H.
A munimal lamination is a laminations where the leafs are minimal.

We are also interested in the case where leafs can touch at isolated points, since
these cases appear naturally in the limit of CMC laminations. In this case, the
lamination is called a weak CMC lamination, the definition of a weak CMC lamination
is similar to that of a CMC lamination, except that instead of requiring the leafs to
be pairwise disjoint we require that near any point of contant between two leafs or
between a leaf and itself, the surfaces lie at one side of the other. And instead of
assuming that there is a coordinate chart that rectifies the lamination, we assume
that second fundamental form of the leafs is uniformly bounded on compact sets of
M (see e.g. [36]). A weak H-lamination is a weak CMC lamination where each leaf

has mean curvature H. Note that it follows from the maximum principle for CMC
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surfaces that if a point belongs to two leafs of a weak H-lamination, then the mean
curvature vector of the two leafs at p must point in opposite directions.

We say that a sequence of CMC surfaces {¥,},en properly embedded in M
converges to a weak CMC lamination L, if the union of the leaf of £, is the limit
set of the sequence of surfaces, that is, if every convergent sequence {p, },en Where
Pn € X, converges to a point in a leaf of £, and if every point if a leaf of L., can be
obtained by taking such a limit. We say that the converge occurs with multiplicity
at most m if, for all L € L, and all p € L there is a neighborhood U of p is M such
that, in U, L is parametrized as a graph and for all n large enough X, is
parametrized as a union of at most m graphs. If there is such a m, we say that

convergence occurs with finite multiplicity.

Theorem 2.8. Let M be a complete Riemannian 3-manifold with bounded geometry.
Consider a sequence of CMC surfaces {3, }nen properly embedded in M. Suppose
there is a constant C' > 0 and an open set Q0 C M such that for all n € N and
x € X, NQ we have that |As, (z)| < C. Then there is a constant H > 0 and a weak

H-lamination Lo of Q such that a subsequence {3, }ren converges to L in €.

Proof. We can assume there are points p, € ¥, N € such that, passing to a
subsequence, they converge to some point p € Q (else the set of limit points is
empty in €, so the intersection of Q with the leafs of £, must be empty). Passing
to a subsequence we can assume that the tangent planes of the surfaces ¥, at the

points p, must converge to some plane at p. Fix a parametrization ¢ of M near p
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with harmonic coordinates as described in Theorem 1.5.

Using Lemma 2.4 we have that that, after possibly making U smaller, for every
a € (0,1) there is p > 0 depending only on ambient curvature bound A, the ambient
injectivity radius bound ¢, C' and « such that, for n large enough, ¢=1(3,) is
parametrized by graphs of functions w1, ..., u,x, over some disk D, with C*®
bounds that do not depend on n.

First we assume that for all n € N the mean curvature vectors or all u, 1, ..., u, k,
point upwards, later we will deal with the more general case. Set M, = unk(ﬁ)
where k = 1,--- , K,,, then we define a coordinate chart ¥, : U — R3 by letting

qj;1<$1,x2,$3) = (xlax%fn(mlvlé)) where

T3 — Mn,k
Mn,k—i—l - Mn,k

fo(x1, 22, 23) = Up (21, T2) + (Un g1(T1, T2) — Un (21, T2))

for (z1,72,73) € UNR? X [My, 1, M, 31+1]. Using similar arguments to the one used
in Proposition 2.7, we can apply the Harnack inequality to bound the oscillation of
Up g+1(Z1, T2) — Up (21, 2) and the Schauder inequality to bound the gradient of the

Uy, . Using that

T3 — Mn,k
Mn,k+l - Mn,k

Un,k+1($1, 1’2) - Un,k(ml, 352) 0
Mn,k-i—l - Mn,k: Oxs

V fulx1, 22, x3) = Vg i (21, 22) +

V(Un,k+1(9€1, Iz) - Un,k(il?h $2))

+

and the mentioned above, it is possible to obtain a bi-Lipschitz bound for ¥, in a
region of U that does not depend on n (see e.g. [20, Prop. B1]). Then, making U

smaller and passing to a subsequence we can conclude that the ¥,, converge in C* to
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some Lipchitz map ¥ : U — R3. The leaves of L, in U are the accumulation set of
the sheets ¥,,(¢7'(X,,)). Note that, using the Shauder estimates for the function w,, x
we can conclude that L., is a H-lamination of U where H = lim,,_,, Hy, .

In case there are graphs in U with mean curvature vectors pointing upwards and
downwards we can follow a similar procedure as above, first only considering the
graphs pointing in one direction and then only considering the graphs pointing the
other other direction. This means that we get two maps rectifying the L., one for
each direction. In this case, leaves with mean curvature vectors pointing in distinct
directions can touch, for this reason we can only grantee a weak lamination. Finally,
we can extend the lamination to all of €2 by a standard continuity procedure followed

by taking a diagonal sequence. O]

Remark 2.9. In the case where we can bound the number of graphs parametrizing
the X, in small neighborhoods, the limit weak lamination must be a finite collection

of properly embedded CMC' surfaces.

2.4 Curvature bounds for CMC surfaces with finite

index

In 1983, Schoen [49] proved that the second fundamental form of a strongly stable
two-sided minimal surface immersed in a 3-manifold is bounded above by a constant

multiplying the reciprocal of the distance to the boundary, and this constant only
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depends on the curvature of the ambient manifold and its covariant derivative. In

particular, he proved that

C

|As(p)| < m

Vpek, (2.2)

where Y is a strongly stable two-sided minimal surface immersed in R* and C > 0 is
a constant independent of ¥. This curvature estimate gives a different proof to the
fact that a two-sided stable complete minimal surface in R? must be a plane.

Schoen’s curvature estimates have many generalizations, those more relevant to
our work are the generalization to strongly stable free boundary minimal surfaces by
Guang, Li and Zhou [31], generalization to strongly stable immersed CMC surfaces
by Rosenberg, Souam and Toubiana [43] and the generalization of embedded minimal
surfaces of finite index by Chodosh, Ketover and Maximo [17].

An estimate like (2.2) cannot hold for strongly stable CMC surfaces in general
3-manifolds. For instance, horospheres are strongly stable complete CMC surfaces in
hyperbolic 3-space but are not totally geodesic. However, Rosenberg-Souam-Toubiana
[43] showed that far away from its boundary, the second fundamental form of a
strongly stable immersed CMC surface is bounded above by an universal constant
C' that does not depend on the ambient space or the surface divided by the square
root of an absolute sectional curvature bound of the ambient space. More precisely,
they obtained the following curvature estimate: There is a constant C' such that for

any complete 3-manifold M with sectional curvature bounds |K | < A, and for any
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strongly stable two-sided CMC surface > immersed in M

C
min{ds(p, 0%), (VA)~1}

[As(p)] < VpeX. (2:3)

In order to show this inequality they use a blow-up procedure with harmonic
coordinates. Using harmonic coordinates usually requires a lower injectivity radius
bound, in order to avoid any assumptions on injectivity radius they first pull a
neighborhood of the ambient manifold back to its tangent space through the
exponential map, where there are lower injectivity radius bounds that depend only
on A.

We will show a version of this inequality for CMC surfaces of finite index drawing
from ideas of [43| and [17]. In this chapter we will only use this result in the case
where the surfaces are embedded, however we will prove the result for the case of

immersed surfaces since we will need to use this case for Theorem 3.6.

Theorem 2.10. For all I > 0 there is a constant C' depending only on I such that the
following holds: Let M be a complete Riemannian 3-manifold with curvature bounded
above by A and injectivity radius bounded below by ¢ > 0. Suppose X is a CMC surface
immersed in M with strong index at most I. Then there is a set B C X with at most

I points such that
\Ag(p)]min{dg(p, azuB),L,(\/K)*l} <C (2.4)

forallp e X.

This Theorem will be shown later on in this section. It is possible to improve the
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result above so it does not depend on the injectity radius of the ambient manifold
(see [46]). But since we will not need this fact, we opt to show the inequality with
the injectivity radius factor since it simplifies the proof and makes it more similar to
Theorem 3.6.

One consequence of the fact that the constant C' in Theorem 2.3 does not depend
on the mean curvature of X is that we can use this result to bound the diameter of

CMC surfaces with large mean curvature.

Corollary 2.11. Let C' be the constant given by Theorem 2.10 in the case I = 0.
Let ¥ be a CMC surface with finite index immersed immersed i M and assume

Hy > /2C max{1~",v/A}. Then,

e in case X has nonemptly boundary,

2¢/2C

ds,(p,0%) < (Indexs(X) + 1) i
s

(2.5)

for allp € ¥; and

e in case X is closed

2¢/2C

diamy(X) < Index,(X) 7
b3

(2.6)
where diamy (X)) is the intrinsic diameter of 3.

Proof. We will only show (2.5) since the proof of (2.6) is very similar. Let I =
Index,(X), first we consider the case where I = 0. Since |Ax| > Hx/v/2, it follows
from Theorem 2.10 that

Hyds(p,0%) < V2C
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for all p € 3.

Now consider the case when / > 0. Let p € ¥ and take v : [0, L] — X to be an unit
speed geodesic minimizing the distance from p to 0%. Assume by contradiction that
7 has length (I +1)(2v/2CHg" + €) for some ¢ > 0. Fix numbers 0 =ty < t; < --- <
tr1 = L such that t;,1 —t; > 2\/§C/Hg +efori=0,---,1. Let D; be the geodesic
disks around ~y(t;) with radius v/2C/ Hy, +¢/2. Note that, by construction, these disks
are pair-wise disjoint and they are disjoint from the edge of > for ¢ = 0,--- ,I. The
case I = 0 implies that these disks cannot be strongly stable. So we conclude from

Proposition 1.2 that > must have strong index at least I + 1, a contradiction. O

Before showing Theorem 2.10 we will define what we mean by a sequence of
rescaled surfaces. Suppose {M,},en i a sequence of 3-manifolds with uniform
sectional curvature bounds |K,| < A and injectivety radius bounds ¢, > ¢ > 0. For
each n € N, let X, be an H,-surface (possibly with boundary) immersed in M,,.
Take a sequence of points p, € >,. By abuse of notation, denote image of p, under
the immersion of ¥, in M,, by p,.

Fix an a € (0,1) and let 79,y be as in Theorem 1.5. For every n € N, take
an open set U, C R? containing 0 and harmonic coordinates ¢,, : U, — B (py).
We define Y, — p, to be the immersed surface in U, obtained by pulling back the
connected component of X, in BM(p,) containing p,.

Take a sequence of positive numbers {o, }nen With o, — co. Let p, : R® — R3

be the dilation z — o~ 'x. Define g, = (¢, © fto, )*gn Where g, is the metric in M,,.
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Then we can also dilate »,, — p, to get a surface immersed in o,U,, which we will
denote by 0,,(3,, —p,). We refer to any sequence of surfaces constructed through this
procedure as a sequence of rescaled surfaces.

Note that in the g, metric, 0,(X, — p,) is a f—:—surface. Furthermore, it follows

from (1.19) and (1.20) that (6,U,, G,) — (R?, ;) locally in CY* as n — oo (for a

proof, see [43]).

Proof of Theorem 2.10

We will use induction on I. The case I = 0 has been done by Rosenberg, Soaum
and Toubiana [43|, we will present the arguments here for the sake of completeness.
Assume by contradiction that there is a sequence of complete 3-manifolds with
bounded geometry M, and immersed, strongly stable H,-surfaces ¥, immersed in

M,, with points ¢, € X, such that
| A ()| min{d,, (gn, 0), tn, (VAL) '} > n

where

e d, and A, are the intrinsic distance and the second fundamental form on X,

respectively;
e A\, is an upper bound on the absolute value of the sectional curvature of M,;

e 1, is a lower bound bound on the injectivity radius of M,,.

Since the quantity on the left hand side of (2.4) is scale-invariant, we can rescale
the metrics of the M, we can assume that A, = ¢, = 1. Fix an a € (0,1) and
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consider the values rq, Qg given by Theorem Theorem 1.5 with « = A = 1, we can

assume without loss of generality that rqg < 1. Note that
|An(qn)| min{dy,(¢n, 0%,), 10} > 10| An(gn)| min{d,(gn, 0%,), 1} > ron.

Let D,, be the intrisic disk in ¥,, around ¢,, with radius min{d,(¢,, 0%,),ro}. Take

Pn to be the point in D,, maximizing

|An(p)|dp, (p, 0D5,).

Let A, = |A,(p,)| and R,, = dp,, (pn, 9D,,). By construction we have that A\, R,, > ron
and A\, > n because R,, < rg.
Let f)n be the intrinsic disk in D,, centered at p, with radius R, /2. Note that by

construction

R,
dD7L (p’ 62)71) Z 7

for all p € D,,. It follows that for all such p we have

AnTin < 2\,.

Anlp)| < — 22 <
Al = G D)

Consider the sequence of rescaled surfaces

/\n(Dn - pn)

immersed in \,U,, where U, C R3 is as described above. Since \,U,, equipped with
the pull-back metric converges locally in C%® to the euclidean 3-space, it follows that

for any m € N there is a n € N such that the euclidean ball of radius m centered at
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the origin, which we write as B,,(0), is contained in \,U,. Following [43], we define
Ap.m to be the component of A\, (D, — p,) N B,,(0) containing the point associated
with p, € X,, which we will denote by 0,, € An(ﬁn — pp). Since A\, R, > ron, the
intrinsic distance between 0,, and the boundary of /\n(f)n — pn) is at least ron /2, and
since we are scaling the immersion by \,, the norm of the second fundamental form
of )\n(@n — ppn) in the pull-back metric is bounded above by 2 and equals 1 at 0,.
Hence, by making n = n,, large enough in relation to m, we can assume that the
boundary of )\n(f)n — py) is disjoin from Bm((j) and that A, ,, has euclidean second
fundamental form with norm bounded above by 5 everywhere and bounded below by
1/2 at 0,.

Let A, = A, m, up to passing to a subsequence we can assume that the tangent
planes Ty, A, converge. Rotate the ambient space so this limit plane is {z3 = 0}. It
follows from standard arguments (see Lemma 2.4, [43, Proposition 2.3|, [35, Lemma

4.35]) that there are positive constants C' and § such that a part of A, is the graph

of a function w,, over the disk Ds = {z € 35(6) :x3 =0} and
]Vun\ <1, HunHCQ(D(;) <C.

Applying the Schauder estimates to the mean curvature equation (2.1) (see Lemma
2.4, [43, Lemma 2.4]) it is easy to see that there is a ¢ € (0,0) such that, after
possibly making C' larger

||un||02,a(D6,) < (.
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Passing to a subsequence we can assume there is a function v : Dy — R such that
u, — uin C?(Ds) and C**/?(Dy ). Fix a 6" € (§',§) and let zy € Dy be at euclidean
distance of ¢’/2 from the origin. By repeating the arguments above we have that,
for n large, the surfaces A,, are parametrized by graphs over the disk of radius §” in
the tangent plane of the graph of u at (zo,u(xo)). Passing to a subsequence, graphs
must converge in the C%%/2 topology, extending the graph of u to a larger surface.
Continuing this construction and using a diagonal argument we encounter a complete
noncompact CMC surface S immersed in euclidean 3-space with second fundamental
form bounded above by 5 everywhere and passing through the origin with nonzero
second fundamental form. Now we will show that S is strongly stable by showing it
accepts a positive Jacobi function. It the follows that S must be a plane [23], which
contradicts the fact that S passes tough the origin with nonzero second fundamental
form.

Let S be the universal cover of S. We will show that S accepts a positive Jacobi
function. It follows from the construction used in Proposition 1.4 that we only have
to show that every bounded open set U c S accepts a positive Jacobi function. Let
IT: S x (—¢ €) be the immersion I(p,t) = f(p) + t(p) where f is the immersion
of S in R® and 7 is a choice of normal in S. Let U be the image of U in S. By
construction, for n large, a piece of A, will be close enough to U everywhere so that
this piece is parametrized by a function II(-, @,(-)) where @, : U — (—¢, €). Since any

part of a strongly stable CMC surface is also strongly stable, it follows that A, is
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strongly stable, and hence it accepts a positive Jacobi function v,. Let v, : S — Rt
be such that 0,(-) = v,(II(-, 4,())), through an analogous construction, the Jacobi
operator on A, defines an elliptic operator on U. Since the metrics are converging
in C* to the Euclidean metric and @, — 0 in C*%/2, we can conclude that these
operators converge to the Jacobi operator on U and that the functions o, converge
to a positive Jacobi function in U. This concludes the base case.

Now assume that the statement holds for all 7 < k — 1 where &k € N. Let X,, be
sequence of CMC surfaces with strong index £ immersed in manifolds with bounded
geometry. We will use the same construction and the same notation used in the base
case. Consider the surfaces A,, it follows that there must be a p > 0 such that
A, N B,,(@) is unstable for all n large enough, since else we can follow the same steps
from the base case to derive a contradiction. This implies that there is a p’ > 0 such

that, for all n large, the disk B>?

(/) (Pn) is unstable. So ¥, = %, \ B(E;//\n)(pn) has

strong index at most k& — 1, then there must be a set B, C ¥, making (2.4) hold. We
will show that we can take B, = B, U {p,}.

Assume by contradiction that there are points z, € ¥,, such that
| A (2,)| min{d,, (z,, 0%, UB,), 1} — oo
We will consider two cases. First assume

liminf A\, d,,(z,, pn) < 00.
n—oo
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Passing to a subsequence we have

dn (Zna pn) _ )\ndn(zna pn)
R, An Ry

— 0,

so from n large enough we can deduce that z, € D,, and hence |An(zn)] < 2\, so we

conclude

n—o00 n—00

which contradicts the choice of z,.
Now assume

liminf A\, d,,(z,, pn) = 0.
n—oo

~

It follows that for n large enough d,(z,,pn) > p'/An, hence z, € %,. Since
A (20, OB, (pn)) = du(2n, pn) — p'/ A are positive and bounded below for n large

P/ An

enough, we must have
| Ay (20)| min{d, (z,, 0%, U By), 1} — 00,
contradicting the inductive hypothesis.

Remark 2.12. As we have observed, Theorem 2.10 also holds without any injectivety
radius assumptions. The proof in this case is very similar, expect that in this case,
before constructing the sequence of rescaled surfaces one must first pull back the surface

to the tangent space of the ambient manifold. For more details see [43,46].
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2.5 Picture near blow-up points

In this section we will consider sequences of CMC surfaces {3, },,ey embedded in
a closed 3-manifold M. Following Chodosh, Ketover and Maximo [17] we say that a

sequence of finite sets of points B,, C ¥, is a sequence of blow-up sets if:

1. The curvature blows up at the points in B, that is, taking A, (p) = |A.(p)| we
have

lim inf min A, (p) — oc.
n—oo pEB,

2. Taking any sequence of points {p, € B, },eny We can pass to a subsequence so

where L, is a weak CMC lamination of euclidean 3-space with [[Az_||co <5

and |A,_|(0) = 1.

3. The blow-up points do not appear in the blow-up limit of the other points, that
is
liminf min  A\,(p)dp(p,q) =
o aeBe g (p)dun(p, q)
Proposition 2.13. Suppose that the strong index of the surfaces ¥, is uniformly
bounded above by a constant I. Then there is a sequence of blow-up sets B, C X,

with cardinality at most I, a constant C' depending only on I and a constant cpy

depending only on M such that

| A, |(2) min{dps(z, 05, UB,),cp} < C (2.7)
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for alln and all x € X,

Proof. We will show that one can take the sets B, as in the proof of Theorem 2.10 by
changing the distance function from the intrinsic distance to the extrinsic distance.
It is clear that these sets have cardinality at most I and that the A, (p,)(2, —p,) are
embedded with bounded second fundamental form and the distance from the origin
to boundary of A\,(p,)(3, — p,) diverges. So it follows from Theorem 2.8 that these
surfaces must subconverge to a weak CMC lamination of euclidean 3-space.

To show the third item in the definition holds, let B, be as constructed in the

proof of Theorem 2.10 and assume by contradiction that

lim inf min A, (p,,)das (pn, ¢) < o0.

n—oo qEBn

Take ¢, to be a point in B, closest to p, and let An(@n) = |An(qn)|, repeating the
arguments from the proof of Theorem 2.10 we have that, passing to a subsequence,

for n large enough

Aa(@n) < 220 (pn),

so liminf,, e An(Pn)dar(Gn, Pn) < 0o. This clearly implies
lim |An(qn)\dM(qn,8ﬁ]n) < 00
n—oo
contradicting the choice of g,. O]

In the case where the mean curvature of the 3, are uniformly bounded, repeating

the arguments in [17, Section 4] we can conclude:
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Lemma 2.14. Suppose {¥,} is a sequence of CMC surfaces embedded in a close
Riemannian 3-manifold M with mean curvature uniformly bounded above by a
constant H and strong index at most 1. Suppose the blow-up sets B, accumulate on
a set Boy. Then there is a 0 > 0 such that the set

By'(Bx) = | By'(»)

PEB

is a union of disjoint balls making the following hold for all n large enough. Let X!, be
the (possibly disconnected) surface formed by the connected components of BM(B.,)N

Y, passing through B, and let ¥ be the complement of ¥, in BM(By) MY, then:

1. The components of X! are CMC disks with second fundamental form uniformly

bounded above.
2. ¥ intersects BM(Bs) transversely in at most m circles.
3. The genus of X is at most r;
4. The surfaces X, have uniformly bounded area;

where m and r depend only on H an I.

2.6 Picture away from blow-up points

In this section we will show that a sequence of CMC surfaces embedded in a space
with finite fundamental group and with second fundamental form bounded above and
mean curvature bounded away from zero cannot accumulate in a dense region. The
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results presented here will be used to proof Theorem 2.3 and will also be needed to
remove any upper mean curvature bound assumption on Theorem 2.2. The results
here are valid for CMC hypersufaces of arbitrary dimensions, however we will only
state the results in dimension three in order to be consistent with the rest of the text.

Let M be a Riemannian 3-manifold (possibly with boundary) with finite
fundamental group. Let ¥ C M be a properly embedded two-sided surface and let v
be a normal vector field along ¥. Suppose v : [0,1] — M is a differentiable curve
between points in M \ ¥ which is transversal to 3. Write v~ 1(X) = {t1, -+ ,t,}
where t; < --- < t,. We say that X is l-alternating if for any such curve v one of the

following holds:
e Either / >n —1;

e or there is a 7 < ¢+ 1 such that

(V' (t1), v(v(t1))) and (¥ (t;), v(7(t5)))
have opposite signs.

Proposition 2.15. Suppose |7 (M)| = (. Then any properly embedded two-sided

surface ¥ C M is {-alternating.

Proof. Let M be the universal cover of M and let & be the lift of ¥ in the sense
that, for any evenly covered open set U C M and any sheet U € M over U, N U is
mapped isometrically to > N U by the covering map. Note that we can lift a normal
vector field v of ¥ to a normal vector filed 7 of .
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Let v : [0,1] — M be a differentiable curve with ends away from ¥ which is

transversal to ¥ and intersects X it in at least £ + 1 points. Choose any lift 7 of ~.

Note that v~ 1(X) = 571(X) and for each ¢; in this set

So we only need to show that there are j, j” < £+ 1 such that

(7' (t;), (v(t;))) and (5'(;), 7(3(t;1)))

have opposite sings.

Since the order of the cover M — M is ¢, ¥ has at most ¢ connected components.
So there must be a connected component o of 3 intersecting 7 at least twice. Let
Y(s1) = #,7(s5) = § € ¥ be the first and second points of intersection of 4 with
Yo, respectively. Assume by contradiction that the product of the velocity of 5 with
the normal of ¥, has the same sign at both these points. By changing the direction
of the normal of %, we can assume that these are both negative. Choose a path

n:10,1] = % between # and § and for r > 0 set

e (t) = expy (ro(n(t))).

Fix p > 0 small enough so that 7, does not intersect . Taking € > 0 small enough,
we can join '~y|[81_6752_€] to 1, by two smooth curves that do not intersect f]o. Let
be the concatenation of these 4 curves. Then [ is piecewise smooth and intersects

o exactly at . On the other hand, since M is simply-connected and Yo is properly
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embedded, the intersection number of S and X, has to be even. O

Using the result above and Proposition 2.7 we conclude that, under the hypothesis
of Theorem 2.8, if M has finite fundamental group, the lamination £, must be a finite

collection of properly embedded CMC surfaces.

2.7 Proof of the main theorems

Now we are are ready to proof theorems 2.2 and 2.3. Since the proofs are very
similar we present the proof of Theorem 2.2 in more detail and reference it in the

proof of Theorem 2.3.

Proof of Theorem 2.2

Let M be a closed Riemannian 3-manifold and let {¥, },en be sequence of closed
CMC surfaces embedded in M with index at most I and area at most Ay. Suppose
by contradiction that the genus of the ¥, form a divergent sequence. Passing to a
subsequence, we can assume that the sequence of blow-up sets {B, C X,}nen
accumulate. Let H, be the mean curvature of >,. We will consider two cases

depending on the behavior of the series { H, },en-

Case 1: liminf, . H, < oc.
Pass to a subsequence so the H,, are uniformly bounded and divide the X, into three

parts: >/ 3" as in Lemma 2.14 and
X0 = 50\ Byy(Bo).
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By Theorem 2.10, the norm of the second fundamental form of the surface ¥,
is uniformly bounded away from B(%(Boo). Since the area of the ¥, is uniformly
bounded above, the number of graphs in the local parametrization of Lemma 2.4 is
uniformly bounded. So we can pass to a subsequence such that the X2 converge with
finite multiplicity to a (possibly disconnected) CMC surface X2 (see Theorem 2.8).
Hence for n large enough X is a cover of X2 with uniformly bounded degree. Using
this fact it is easy to bound the Betti numbers of the surfaces %2.

Lemma 2.14 together with the area bound limits the Betti numbers of ¥/ and 3.
By [17, Lemma 3.1] the surfaces ¢ intersects X/, and X in annuli, so we can use
a Mayer-Vietoris sequence to bound on the Betti numbers of X, 3. This contradicts

the assumption that the sequence of the genus of the >, diverges.

Case 2: lim,,_,., H,, = co.
To follows from Corollary 2.11 that the surfaces ¥, converge to a point p,, € M in

the Hausdorff sense. So for n large enough
2, C BM(ps).

where r is smaller than the injectivity radius of M. Using the exponential map of M

at ps we can pull 3, back to a properly embedded H,-surface

S, C (BE (o), exps_ g).

3We can also use a surgery argument [17, Proposition 5.1]
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Scaling the %, by H,, we obtain a sequence of 1-surfaces
3, = H,%,

with uniformly bounded diameter in an increasing sequence of balls with metrics
converging smoothly to the euclidean metric in compact sets.

Consider a decomposition of the ¥, into E;,ij; and EZ analogous to the
decomposition of the ¥, in Case 1. By Lemma 2.7 and Proposition 2.15, there are
uniform bounds on the number of sheets of the surfaces SZ on any small open set.
Hence we can conclude that, passing to a subsequence, the surfaces ii converge to a
l-surface ¥° . These same arguments can be used to bound the number of
connected components of the i;;. Finally we can conclude using the same

arguments from Case 1. O

Proof of Theorem 2.3

First note that by Theorem 2.2 we only have to show that there is an uniform area
bound. Let M be a spherical Riemannian 3-manifold and let {¥, },en be a sequence
of closed CMC surfaces embedded in M with index at most / and mean curvature
at least > 0. Assume by contradiction that the area of the X, form a divergent
sequence and pass to a subsequence so the sequence of blow-up sets {B,, C ¥, }nen
accumulates.

Let H, be the mean curvature of 3,,. In the case where limsup,, ,. H, = oo, we

can pass to a subsequence so lim,, .., H,, = co. Following the arguments used in Case
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2 of the proof of Theorem 2.2 we can conclude that the area of the mean-curvature
rescaled surfaces ¥, is uniformly bounded, hence the area of the surfaces ¥, must
converge to 0, a contradiction.

So we may assume limsup,,_,. H, < oo. In this case we can apply the same
decomposition used in Case 1 on the proof of Theorem 2.2 and use Lemma 2.15 to
bound the number of sheets of any Y° that can pass through small regions. A similar
argument can be used to bound the number of connected components of ¥/ and
hence we conclude that there are uniform area bounds for these two parts. Finally,
Lemma 2.14 allows us to conclude that there are uniform area bounds for the surfaces

a m
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Chapter 3

Capillary Surfaces: Index, Stability

and Curvature Estimates

Here we will present results that where obtained in collaboration with Han Hong
and appeared in [32]. In this chapter we show several results that relate the index to
the geometry and topology of capillary surfaces. We begin in Section 3.1 presenting
and contextualizing our main results. Sections 3.2 and 3.3 deal with compact and
noncompact capillary surfaces respectively. Finally we obtain curvature bounds for

strongly stable capillary surfaces in Section 3.4.
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3.1 Introduction

3.1.1 Index estimates for compact capillary surfaces

There are many results that, in the spirit of Conjecture 2.1, give an index bound
for free boundary minimal surfaces that depend on an affine function of the genus
and the number of boundary components (see e.g. the work of Sargent Sargent
[45] and Ambrozio-Carlotto-Sharp [8]). In these papers, harmonic one forms are
used to construct test functions for the second variation formula of area functional.
This idea was first discovered by Ros |41], and further developed by Savo |48 and
Ambrozio-Carlotto-Sharp [7] in the case when the surfaces in question are closed
minimal surfaces. Aiex and Hong applied a similar idea to the settings where the
surfaces are closed CMC surfaces and free boundary CMC surfaces in a general three-
dimensional Riemannian manifold [3] and obtained lower index bounds in terms of the
topology. In particular, as a byproduct, they showed that the index of free boundary
CMC surfaces in a mean convex domain of R? is bounded below by (2g — r — 4)/6
where g is the genus of the surface and r is the number of boundary components of
the surface. This particular result was also obtained by Cavalcante-de Oliveira in
[13]. Here we generalize these results to compact capillary surfaces. More generally,

we show the following:

Theorem 3.1. Let M be a 3-dimensional oriented Riemannian manifold with

boundary isometrically embedded in R? and let ¥ be a compact capillary surface
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immersed in M at a constant angle 0 with genus g and r boundary components.

Suppose thal every non-zero & € HL(X,0%) salisfies
2
/Z [TTar(es, )7 + [T (ei, ) |* dA — / Ry[¢]* dA
=1 b

2
—/ —— Hayn|EP d€</H§|§|2 dA+/ 2 cot O Hy |€* dl.
0 P (o)X

5, sin 6

Then

20+7r—-1—-d

Index,,(2) >
ndex,, (%) > 5

In particular, in R? we have

Corollary 3.2. Let M be a domain in R® with smooth boundary and let ¥ be a
compact capillary surface tmmersed in M at a constant angle 0 with genus g and r
boundary components. Suppose that Hay + Hx,cos@ > 0 along 0% and that one of
the following holds:

Hy > 0,

or

Hyy >0

at some point in 0%. Then

2g+r—4

Index,,(X) > 5

Remark 3.3. When M is a closed half-space in R3, Hay + Hs cosf reduces to
Hy cosf. As compact capillary surfaces in a closed half-space cannot be minimal due

to mazximum principle, the assumption of Corollary 3.2 simply becomes 0 € (0,7 /2].
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The ideas of the proof of Theorem 3.1 are essentially the same as those in [3],

though the calculations are more involved because of the angle 6 is not necessarily

/2.

3.1.2 Noncompact capillary surfaces

Fisher-Colbrie |26, Theorem 1| has shown that a two-sided complete noncompact
minimal surface with finite index in an oriented ambient space of nonnegative scalar
curvature is conformally equivalent to a compact Riemann surface with finitely many
points removed. We will show an analogous result for noncompact capillary surfaces,

which will be essential to all of our other results for this type of surface.

Theorem 3.4. Let M be an oriented Riemannian 3-manifold with smooth boundary
and let ¥ be a noncompact capillary surface with finite index immersed in M at a

constant angle 0. Assume that Ry + HZ > 0 and that one of the following holds:
0% is compact,

or

Hyyr + Hs cos@ > 0 along 0.

Then X is conformally equivalent to a compact Riemann surface with boundary and

finitely many points removed, each associated to an end of the surface. Moreover,

/RM—{-Hg—F ’AEF—F Hyyr + Hy cos < o00. (31)
¥ (o)
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Let ¥ be the compact Riemann surface that describes the topology of the
noncompact capillary surface ¥ as in Theorem 3.4. Points removed from the interior
of ¥ are associated to interior ends of ¥, and points removed from the boundary of
3 are associated to boundary ends of ¥. These are described in more details in
Remark 3.10 and Remark 3.11. Two corollaries of Theorem 3.4 are proven. Namely,
Corollary 3.12 gives conditions under which noncompact capillary surfaces in
domains of R?® are minimal, and Corollary 3.13 describes the conformal type of
strongly stable capillary surfaces under suitable curvature assumptions.

Capillary surfaces in a half-space of R? are particularly important because they
serve as local models for capillary surfaces near the boundary. This fact will be
essential to the proof of our curvature bounds for capillary surfaces (Theorem 3.6).
In particular, we will need to understand stable noncompact capillary surfaces in a
half-space of R3.

The only weakly stable complete CMC surfaces in R? are planes, this was first
proved for two-sided strongly stable minimal surfaces independently by do Carmo-
Peng [24], Fischer-Colbrie-Schoen [27] and Pogorelov [38], later for weakly stable CMC
surfaces by da Silveira [23] and for one-sided strongly stable minimal surfaces by Ros
[41]. Tt is then natural to ask whether half-planes intersecting the boundary of a half-
space at a constant angle 6 are the only weakly stable capillary surfaces immersed

in a half-space. When the angle is 7/2, namely, the surface has free boundary, we

are able to reflect the surface to get a smooth stable complete noncompact CMC
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surface, thus the result in the case when the surface has no boundary is helpful to
study the free boundary case. In particular, a reflection argument has been used by
Ambrozio-Buzano-Carlotto-Sharp [5, Corollary 2.2| to show that a strongly stable
free boundary minimal surface in a half-space must be a half-plane. When the angle
is not 7/2, the reflection analysis apparently fails, moreover, the boundary term in

the second variation formula does not vanish. Nevertheless, we are able to show:

Theorem 3.5. Let X be a noncompact capillary surface immersed in a half-space of
R3 at constant angle 0. Assume that Hy,cos® > 0. Then X is weakly stable if and

only if it is a half-plane.

It is easy to see that the assumption Hyx cosf > 0 translates to ¥ has nonzero
mean curvature and 6 € (0, 7/2] or ¥ is minimal. We will also observe in Remark 3.16
that there is no weakly stable noncompact capillary surface with compact boundary
immersed in a half-space of R3, even with Hy, cosf < 0.

In order to prove Theorem 3.5 we first construct a test function involving angle
0. Thanks to Theorem 3.4, we can construct a cutoff function such that its product
with u = == 4 cot §(v, —E3) becomes a admissible test function. This function w is
designed so that the boundary integral in the quadratic form vanishes, this is essential
because we have no control over the sign or magnitude of the boundary integral when
the boundary is noncompact. If the surface is not totally geodesic, we can show that
this test function leads to negative second variation, thus contradicting weak stability.

When 6 = /2, the function u is constant. In particular, in the case where the surface

29



is assumed to have free boundary, these arguments give a new and direct proof to
some results in [5].

Notice that there are noncompact capillary surfaces in a half-space besides
half-planes. For any angle 6§ € (0,7) and any constant H > 0, one can construct a
noncompact capillary surface with mean curvature H and contact angle 6 by cutting
an unduloid horizontally (by a plane orthogonal to its axis). Noncompact free
boundary surfaces with any constant mean curvature can also be obtained by
cutting an unduloid vertically (by a plane that contains its axis). These examples
however have infinite index. Examples of minimal capillary surfaces with finite
index and any contact angle # € (0,7) can be obtained by cutting a catenoid
horizontally.  Cutting a catenoid vertically gives a noncompact free boundary
minimal surface with index one. Observe that another significant difference between
cutting a catenoid horizontally or vertically is that the former has compact
boundary and one interior ends while the latter has no interior ends and two

boundary ends.

3.1.3 Curvature estimates for strongly stable capillary
surfaces

As we have already seen in Chapter 2, curvature estimates for strongly stable CMC
surface play an important role in the study of these surfaces. Here we will show a

curvature bound similar to Theorem 2.10 for strongly stable capillary surfaces. Note
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that, using the same arguments used to show Theorem 2.10, it is also possible to

extend this result to capillary surfaces of finite index.

Theorem 3.6. Let 0 € (0,7). Then there is a constant C = C(0) such that the
following holds: Let M be a 3-manifold with smooth boundary. Assume that M has
curvature bounded above by A and injectivity radius bounded below by v. Let 3 be a

strongly stable edged capillary surface immersed in M at a constant angle 6. Then,

e if Hycost > 0, we have
| Az (p)| min{ds(p, 0%\ OM), 1, (VA)"'} < C
for allp e ¥; and

e if Hycosf <0, we have
|As(p)| min{ds(p, 05\ OM), ¢, (VA) ™", —(Hz cos) "'} < C
forallp e X.

Since these bounds do not depend of the area of the surface, to the best of the
author’s knowledge they are also new for the special case where Y is an immersed
strongly stable free boundary minimal surface, and hence it gives a proof to a
conjecture of Guang, Li and Zhou [31, Conjecture 1.4].

When 6 € (0,7/2] and the mean curvature Hy, of ¥ is large in comparisons with
v~Y and A, it is possible to show that there is a bound on the diameter of ¥ that
depends linearly on its strong index, in fact this is the content of Corollary 3.22. In
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the special case where the ambient manifold M is a half-space of R?, ;.= and A can be
taken to be arbitrarily small, so the bounds in Corollary 3.22 are valid for all Hy, > 0

as long as 6 € (0,7/2].

3.2 Index estimates for compact capillary surfaces

In this section we estimate the weak index of compact capillary surfaces in 3-
manifolds with boundary, generalizing results in [3]. Since we will use harmonic

vector fields in the proof, we begin by defining these objects.

3.2.1 Harmonic one-forms and vector fields

On an orientable surface X, let
AWy = (d5 + dd)w

be the Hodge Laplacian acting on one-forms. Here d is the exterior differential and
§ is the codifferential. A one-form w is harmonic if Atw = 0. In particular, if a
one-form w is closed and coclosed, i.e., dw = dw = 0, then it is harmonic. However,
the converse is not true for surfaces with boundary.

The metric on ¥ induces a correspondence between one-forms and vector fields,
let ¢ = w” be the vector field corresponding to the one-form w. Define the Hodge
Laplacian on vector fields as A = Allw. We say € is a harmonic vector field if

A€ = 0, i.e., the corresponding one-form w is harmonic. Let x§ = (»w)# where x is
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the Hodge operator with respect to the metric on X. If divy(€) = 0 and divy(x€) = 0,
then ¢ is harmonic. This is because xdw = divg(*{) and dw = —divg(£). The
classical Weitzenbock’s formula relates the Hodge Laplacian and rough Laplacian of

a vector field, that is

Apjé = V*VE + Ricg(€), (3.2)

where V*V¢ = — 372 V., V..€ under a local geodesic frame {ej, e} and Rics(€) is
defined by (Rics(€), X) = Ricg(€, X) for any vector field X € T'X.

We will consider the following space:
HEA(E,0%8) = {£ € TS : divg(€) = dive(x¢) = 0 on ¥ and € is tangential along 0% }.

It is known that, when X is compact, dim H%(3,03) = 2g + r — 1 where g is the
genus and r is the number of boundary components of ¥ (see [3,45]).

The following Lemma will be used in the proof of Corollary 3.2.

Lemma 3.7 ([50, Theorem 3.4.4]). Let ¥ be a complete connected, orientable
Riemannian surface with non-empty boundary 0%. If a harmonic vector field
vanishes identically on U N OX # 0 for some open subset U C X, then it vanishes

wdentically on X.

3.2.2 Index of a capillary surfaces and harmonic vector fields

Here we sill show Theorem 3.1, we will use (-,-) and D for the Euclidean product

and connection respectively, aside from that we will use the notation established in
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Section 1.1.

Proposition 3.8. Let M be a 3-dimensional Riemannian manifold isometrically
embedded in some Euclidean space R?. Let ¥ be a compact capillary surface

immersed in M at a constant angle 0. Given a vector field ¢ € HAL(Z,0X), denote

uj = <§7 Ej>7

where {E;}9_, is the canonical basis of RY. Then

d 2
As|* + Ry + H
> Quge) = [ 30 Mules O + s o) — [ T e
i=1 ¥ =1 . (3.3)
1
~ g | Howlgl —coto [ HsleP
sinf Jos o5

where {e;}?_, is an orthonormal frame on X, Ry is the scalar curvature of M, Iy
is the second fundamental form of M in R? and Hyy denotes the mean curvature of

OM with respect to the inner normal vector —N.

Proof. Using a local orthonormal basis {e;}?_; on ¥ we have

9 2
V’LL]' = Z ei(fa Ej>ei = Z<D€i§’ Ej)ei'
i=1 i=1

Since

Dei§ = V€i€ - Ag(@i,f)y + ]IM(6i7§>7
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it follows that

d d 2
DoIVuP = D> (D& B
j=1 j=1 i=1
d
= > D (V& B)* +(Ax(e:, ), Ej) + (I (e:,€), Ej)
i=1 j=1
2
= |VEP+ D As(en O + [T (es, €)%, (3.4)

=1

Gauss’ equation for X in M gives us
2K2 == RM - QRiC]V[(l/, l/) — |Ag|2 + H%

Hence,

As|?  HZ
3 b

Using Weitzenbock’s formula (3.2) and the fact that £ is harmonic we conclude
that

V*VE = — K.

By computing the exterior derivative along 9% we have

dé’(%ﬁ) = <v77€a §> - <V§f>77>

Since d¢&” =0,
(Vi€ &) = (Ve&,m) = —kox|E,

then

o|¢? _
on

—2%32’5‘2.
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It follows from the divergence theorem and (1.12) that

[ =[5
= _2/azk82|€|2

_ / QlEl? = (= Hyns + cot 0Hy) €] (3.6)
o

sin 6

which together with

A[¢] = =2(V"VE,€) + 2| VE[*

implies that

[ver = [2EE+ [iveve

1
— [ aleP ~ (o + cotoms)eP - [ KoléP. ()
o5 sin S
Combining (1.13), (3.5), (3.7) and (3.4) gives the desired result. O

Theorem 3.9. Let M be a 3-dimensional oriented Riemannian manifold with
boundary isometrically embedded in R? and let ¥ be a compact capillary surface
immersed in M at a constant angle 0. Assume there exist a real number 5 and a

q-dimensional subspace W1 C HL(X,0%) such that any non-zero & € W satisfies

2
[ S e + (e =€) — [ (R + 1)

i=1 Y

2
— [ (gt +2eotom)lel < 25 [

o Sin 5
Then

q—d

#{ eigenvalues of J that are smaller than 3} > 57
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Proof. Denote u} = (x§, Ej). Since | x| = [¢], it follows from (3.6) that

1
[ ateer =2 [ alsf (o + cotsHIEL
) o0x

Thus following the proof of Proposition 3.8 gives

d
A + Ry + H2
> Qul,u)) /ZUIM es, %€)[? + | As (eq, %) ' ol o —leP
j=1
1 2 2
—— H3M|f| —COte Hz‘ﬂ .
sind Jox %

(3.8)
Note that whenever £ # 0 we may pick e; = &, e; = 2% as an orthonormal basis.

NE x|

Using this fact it is easy to see that

Z|Az ei, ) + [Ax(er %€)* = Y [Ax(es, e) PlE]” = [Ax*[¢*. (3.9)

4,j=1,2

Thus summing (3.8) and (3.3) gives

d
> Q(uy ) + Q(u,u}) /Z\HM e, )17 + [T Ta(es, %€)|?
7j=1

2
—/(RM+H§)\§|2—/ (—H3M+2c0t9Hg)|§\2
by oy, sind

Let k = +#{eigenvalues of .J that are smaller than 3} and let G1,...,0p the
eigenfunctions of J corresponding to eigenvalues A, < ... < A\, < 3. Consider the

linear map defined by

F: Wi — R2k+d

£ { it [, [ u} ,

where a« = 1,...,k and j = 1,...,d. By the Rank-Nullity Theorem, if 2dk + d < q,
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then there exists a nonzero harmonic tangential vector field £ € H1L.(3, 9%) such that
uj,uw; are orthogonal to the first £ eigenfunctions of J. Moreover, Lemma 3.1 in [3]
shows that fz uj = 0forany j = 1,...,d. Thus, it follows from the Min-max principle

for J that
d

> Q)+ Q5 5) = 2w [ I 226 [ IeF

j=1

which contradicts the assumption in the proposition. We conclude that 2dk + d > q,

that is, k > ‘12%;1 as claimed. O

Theorem 3.1 follow by setting 5 = 0 in Theorem 3.9 and using the fact that
dim HL(E,0%) =29 +r — 1.

We now give a proof to Corollary 3.2 in the Introduction. Let M be a domain of
R3 with smooth boundary and assume that Hyy; + Hs. cos§ > 0 along 0%. If Hy, =0
and Hyy; > 0 at some point of 9%, then the assumption in Theorem 3.1 is satisfied
because I1y; = Ry; = 0, and, by Lemma 3.7, a nonzero harmonic vector field £ cannot
vanish in a segment of 0X. Otherwise, if Hy > 0, the assumption in Theorem 3.1

automatically holds.

3.3 The structure of noncompact capillary surfaces

with finite index

In this section we show, amongst other results, theorems 3.4 and 3.5. We begin

it by studying noncompact capillary surfaces in general 3-manifolds with smooth
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boundary.

3.3.1 Noncompact capillary surfaces in general 3-manifolds

We begin by showing Theorem 3.4, that is, we will show that under certain
curvature assumptions on ¥ and M, noncompact capillary surfaces with finite index
share a key property of minimal surfaces with finite index in ambient spaces with
nonnegative scalar curvature (see [26, Theorem 1]): They are conformal to compact

Riemann surfaces with a finite number of punctures.

Proof of Theorem 3.4

Since X has finite index, there exists a compact set C' C ¥ such that ¥\ C' is
strongly stable. For the rest of this proof we will assume that Hyy; + Hx cosf > 0
along 0%. It is easy to see that the proof in case where 0% is compact follows from
the same arguments used below by taking C' large enough so that 0% C C.

From equation (1.12) we obtain that for all p € Cg°(X\ C)

/ IVo|? — (Ricy (v, v) + |As|?)? +/ P kos > Qp,p) > 0.
5 o5

Applying the same techniques used to prove Proposition 1.4 we conclude that there

is a positive function v defined on ¥\ C' such that
Juv=0 in¥X\C
g—z—i-?]/ﬂaz:o on 0%\ C.
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Extend v to all of ¥ so that it is positive and g—z + vrgy = 0 along all of 0X. Let

ds?> = v?ds® where ds? is the metric of 3. Notice that the metric ds has Gaussian

curvature

Ks = v 3(Ks — Alogu),

where Ky is the Gaussian curvature of ds?. From the Gauss’ equation

1
Av + (|As|* + Ricy (v, v))v = Av — Kxv + i(RM + Hg + |As)v =0

then

vAv — Vo> 1
v? 2

V 2
(Rar + HE + |As]?) + Vol 0.

Kz—AIOgU:KE— 2 =
v
Hence Ky > 0 on X\ C. The geodesic curvature of 9% in the metric d5? is

. 50V .
Koy =V "— + U “Kgy,

on

S0 Rgy, = 0.

(3.10)

(3.11)

(3.12)

Now we will show that (2, ds?) is complete in the sense of metric spaces, that

is, every geodesic of (3, ds?) either exits for infinite time or hits the boundary 93.

Following [26] we can construct a divergent geodesic 7 of (X, ds?) starting at a point

p € OY that minimizes distance to the boundary of any disk of (X, ds?) around p. To

be more precise, v is constructed as the limit of geodesics of a family of metrics that

interpolates between ds? and ds?, each of which equals d5? in a neighborhood of p

and equals ds? far away from p. It is enough to show that such ~ has infinite length,

which can be done by the same arguments used by Fischer-Colbrie [26]. We conclude
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that (X, ds?) is complete.

Since Y has smooth boundary we can double it to obtain a smooth surface without
boundary Y. Because (X, d3?) has totally geodesic boundary, the double accepts a
metric ds? that restricts to d3? in both copies of ¥ contained in ¥. Note that ds?
might not be smooth, but it is C? (see e.g. |54, Lemma 2.4]). We will argue that
(3, ds?) is geodesiclly complete. Let ® : ¥ — 3 be the involution coming from the
doubling process, and let 7 be a minimizing geodesic in (Xv), d5?) that is not contained
in 0. Note that the interior of v can intersect 0% at most once, since otherwise we
can construct a minimizing geodesic that is not C! by using ® to reflect the part of
~v between the first two intersections of v with 0% and joining this reflected curve to
the rest of 7. Now we can use the fact that (3, ds?) is complete to show that if v is
divergent, it must have infinite length.

Since (3, ds%) is complete with nonnegative Gaussian curvature away from a
compact set, it follows from the Huber Theorem that ¥, and hence also 3, is finitely
connected. The same arguments used by Fischer-Colbrie |26, p. 128| show that the
ends of (¥, ds?) are conformal to puncture disks.

Let d§* = u*ds® where u > 0 is such that u[s\¢ is a Jacobi function. The same
arguments used to show that (3, d5?) is complete also show that (3, ds?) is complete.

Furthermore, (3.10)—(3.12) apply to this conformal change and imply that in ¥\ C

S 1
Ky, > 2_u2(R]w + HZ + |Ag),
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where Ky is the Gaussian curvature associated to dé?, and in 0% \C

1
Roy = ———(Han + Hyx cosb),
u sin 6

where &gy is the geodesic curvature of 9% associated to ds?. We then conclude that

/ Ry + HE + |As|?dA + Hanr + Hy; cos 0dl
I\C ox\C

<2 KEdA+sin9/ hosdl, (3.13)
s\C os\C

where dA, dA are the area elements associated to ds? and ds?, respectively, and d/,
dl are the length elements associated to ds? and d2, respectively.

Since Ky and &gs are nonnegative outside C, we have that (3, ds?) accepts a total
curvature and a total geodesic curvature (as defined in [51]). Thus we obtain from
the Cohn-Vossen Theorem with boundary ([51, Theorem 2.2.1]) that

KydA +/ Fondl < 0o.

o\C ax\C

Combining (3.13) with the inequality above completes the proof of the theorem. [

Remark 3.10. One can think of a capillary surface ¥ as in the statement of
Theorem 3.4 as a compact Riemann surface ¥ with boundary and with points
D1, ..., pr removed. We can order these points so that pyi,...,p; are in the interior
of ¥ (there might be no interior punctures, in which case we take { = 0) and
Pest, -, Dk are in the boundary of ¥. Then each p; for i € {1,..., 0} corresponds to

an end of ¥ that is away from its boundary, we will refer to these ends as interior
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ends. Fori € {{+1,...,k}, each p; corresponds to an end of ¥ that contains a

noncompact part of 0%, we refer to these ends as boundary ends.

Remark 3.11. [t is clear that each interior end of ¥ is conformal to a punctured
disk D, = {z € C : 0 < |z| < 1}. The boundary ends of ¥ are conformal to
a semi-open punctured half-disk D} = {z € D, : Re(z) > 0}. To see this fact,
note that a neighborhood of a point p; for i € {{ + 1,... k} in the double % is
conformal to a punctured disk. We can assume that this neighborhood is symmetric
with respect to the isometry ®, and hence ® induces a conformal, orientation-reversing
diffeomorphism on the punctured disk. The composition of this transformation with
complex conjugation must be an injective holomorphic map from the punctured disk to
itself, and hence must be a rotation. So we can assume that the part of this punctured

disk corresponding to X is D} .

In what follows we show two consequences of Theorem 3.4. The first such
consequence is that, under some conditions on the contact angle, noncompact

capillary surfaces in weakly convex domains of R® must be minimal.

Corollary 3.12. Let M be a weakly mean-convexr domain of R3 and let ¥ be a
noncompact capillary surface with finite index immersed in M at a constant angle
0 € (0,7/2). Then ¥ must be a minimal surface. If M s a half-space, the

assumption on the angle can be weanken to 0 € (0,7/2].

Proof. Tt follows from Theorem 3.4 that > is conformally equivalent to a compact
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Riemann surface ¥ punctured at finitely many points, and
/ HZ + | Hycosf < oo. (3.14)
b %

Suppose ¥ has an interior end. We choose a geodesic ray « : [0, 00) — X contained in
an interior end. Fix small €y > 0 and consider a sequence of points p; = v(2j€p) such
that the geodesic disks D, (p;) of radius €y around p; satisfy D, (p;) N De,(pr) = 0
whenever 7 # k. From the uniform lower bound on the area of geodesic disks in

[28, Theorem 3] it follows that

3

AX) 2 ) A(De(ps) = (n+1)C(e),

5=0
where A is the area and C(eg) is a positive constant depending only on €. Since
above inequality holds for any n € N, we obtain that Y has infinite area, thus it
follows from (3.14) that Hy = 0.

If ¥ has no interior end, it has at least one boundary end since it is noncompact.
Then it is easy to see that OX has infinite length. Thus, if € (0,7/2), we must have
Hy, = 0. This completes the first part of the theorem.

If @ € (0,7/2] and M is a half-space, we only need to deal with the special
case where § = 7/2 and ¥ has no interior ends. Denote a noncompact boundary
component of ¥ by E, choose a sequence of disjoint points p; € E and a small ¢y > 0
such that geodesic disks D,,(p;) are disjoint. By using a similar idea to the use used
by Frensel [28], we show that A(D.(p;)) > C(eo) where C(ep) is a positive constant

depending only on €. Indeed, without lost of generality, we assume that p; is the

74



origin and let D, be the geodesic disk centered at origin with radius p. For small p,
denote I', = 0D, N P and [, = 0D, \ I, where P is the plane, i.e., boundary of the
half-space. It is well known that Ag|z|? = 4 + 2Hx (v, z). We integrate both sides of

this equation on the disk D,, to obtain
(4 —2Hspu)A(D,) <4|D,| —2Hs [ |z| < / As|z]?.
D, D,
By the divergence theorem,

Aslef? = / 2} < 2l(L,),
D, oD,

where [ denotes the length. In addition, from the co-area formula it follows that

Combining above equations results in

(A0’ 5 A
o) =

equivalently,

(logA(D“))/ > —Hy,.

112
We then show the claim by integrating both sides over (a, €) and letting a tend to zero.

Hence the surface has infinite area and thus (3.14) implies again that Hy, = 0. O

The second corollary classifies the conformal types of strongly stable noncompact

capillary surfaces.

Corollary 3.13. Let M be an oriented 3-manifold with smooth boundary and let X

0]



be a strongly stable noncompact capillary surface immersed in M at a constant angle
0. Assume that Ry + HE > 0 in X and Hyy + Hxcos® > 0 along 0%. Then the
compact Riemann surface ¥ is a disk and the ends of ¥ can only have one of the

following configurations:

1. There are two boundary ends and no interior ends.
2. There are no boundary ends and a single interior end.

3. There 1s a single boundary end and no interior ends.

Moreover, if (1) or (2) holds, then ¥ is totally geodesic, Ry = 0 in X and Hyp = 0

along 0.

Proof. Since X is strongly stable, it accepts a globally defined positive Jacobi function
u. Considering a metric ds? as in the proof of Theorem 3.4 we can conclude that

KE > 0 on ¥ and Aoy > 0 in all of 0%, furthermore
/ KsdA >0
b

with equality if and only if X is totally geodesic and Ry, = 0 on X, additionally we

have that

/ Rondl >0
)

with equality if and only if Hyys + Hx cosf = 0 along 93..

It follows from the Cohn-Vossen Theorem [51, Theorem 2.2.1] that

/f(szJr/ fosdl < 7(4—4g —2r — k — 0),
b )3

76



where g and r are the genus and number of boundary components of 3, respectively,
and k, ¢ are the total number of ends and the number of interior ends of 32, respectively.
Since X has a boundary and is noncompact, we conclude that £ > 1 and » > 1. It

then follows that ¢ =0, r =1, and K+ ¢ =1 or 2. Note that
k + ¢ = #{boundary ends} + 2 x #{interior ends},

so the only possible configurations of ends are the ones listed in (1)—(3). In the case
where k + ¢ = 2, we conclude that Ky and ko, vanish, hence ¥ is totally geodesic,

Ry = 0 along ¥ and Hyp, = 0 along 932, proving the rigidity statement. O]

Remark 3.14. Observe that each of the three possibilities of Corollary 3.13 does

occur. For an example of:

1. consider M = R? x [0,1] and let 3 be an infinile flat strip in M meeting the

boundary at a constant angle 6 € (0,7);
2. let M =S' x RT x R and take 3 = S' x RT x {0};
3. consider a half-plane in a half-space of R3.

Remark 3.15. Combining the inequality in Theorem 3./ and Corollary 5.13, we
can also show that there are mo strongly stable noncompact capillary minimal
surfaces ¥ in a 3-manifold M with nonnegative scalar curvature and uniformly
mean-convexr boundary, i.e., Ry > 0 and Hyyy > ¢ > 0. Indeed, with such curvature

assumptions the inequality in Theorem 8.4 implies that 0X must be compact.
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However, the arguments in the proof of Corollary 3.13 show that ¥ has a single

boundary end and no interior ends, which is a contradiction.

3.3.2 Weakly stable capillary surfaces in a half-space of R?

Capillary surfaces in a half-space of R? are analogous to complete CMC surfaces
in R? in the sense that these are local models for capillary surfaces in any 3-manifold.
Hence the characterization of these capillary surfaces plays an important role in the
study of capillary surfaces in general 3-manifolds. The characterization of the stable
surfaces is particularly important, and that is the content of Theorem 3.5, namely,
we show that the only noncompact capillary surface immersed in a half-space of R?

at a constant angle 6 such that Hy cosf > 0 is a half-plane.

Proof of Theorem 3.5
It is clear from (1.13) and (1.12) that half-planes are weakly stable in a half-space
of R3. To show the other implication, let us assume without loss of generality that

the half-space is {z3 > 0}. It suffices to prove the following claim:

Claim 1. If |Ax| is not identically zero, then there exists a compactly supported

function v on X such that

Q(v,v) <0, and /v = 0.
s

Since X is conformally equivalent to a compact Riemann surface 3 with boundary

and finite punctures py,...,pr. Without lost of generality, we assume that py, ..., py
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are punctures in the interior while py.1,...,pr are punctures on the boundary. Thus
there exists a compact subset 3y C X such that each component ¥; of ¥\ Xy is
conformally equivalent to either a semi-cylinder S' x (0,00) or a half-semi-cylinder
S% % (0,00) with the standard product metric.

Since |Ag| is not identically zero, there exists p € ¥ such that |Ax(p)| # 0. We

can choose X such that p € ¥ and

12(k + )m
As)? > ——— 1
/Eo Axl”> r(1 — cos6) (3.15)

for some fixed r > 0 large enough that we will choose later.
We parametrize each end 3; by conformal coordiantes (w,y;) € S' x (0,00). For
each a > 0, we can define functions p; : 3; — R by
0<y <2r
-1, 2r <y; <2r+a
ei(y:) = (3.16)

2r+a<y; <3r+a

0, 37”+a§yl

We then define a function ¢, : ¥ — R, such that ¢, =1 on ¥y and ¢, = ¢; on %;

fori=1,... k. Let u:X — R, be given by

u =

+ cot O{v, —E3).
sin
where v is the unit normal vector field of ¥ and FEj3 is the 3rd standanrd coordinate

vector field. Note that 0 < 122582 < ¢, < ﬁ We claim that there exists an a = q¢g > 0

[¢
sin 6
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such that

In fact,

/ugpao < 0.
s

/ UPg < / UP, + / —u
b)) EOU(UQ"Zl{ OgyiSQT}) ur,{ 2r<y;<3r+a}

<

/;Ou(uyzl{ 0<yi<2r})

—cosf

Z\{2r<yl<3r+a}]

Y™ 7dne

where the first term on the right-hand side is independent of a, thus a fixed number.

Since the area of X is infinite, we can choose ay > 0 such that the desired inequality

holds.

We now define new functions v; : ¥; — R, by

%(yz‘) =

.

\

1— & 0<y; <r+b

r?

—b/r, r+b<y; <3r+ay—>b
(3.17)

—1  LErao) (2T+a°), 3r+ag—b<y; <3r+ag

0, 3r+ag < ;.

We then define a function 14,5 : X — Ry such that 9., = 1 on Xg and g, = ¥

on ¥;. Note that ¢, ,

= g, and 1y, o0 > 0. Since the integral fz Utq, p 1S continuous

in b and [ uthey0 > 0, there exists a 0 < by < r such that

/ u@bambo = O
b

Let v = wi)y, p,, notice it is a piece-wise smooth function with compact support.
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We now calculate Q(v,v). First note that

1
uloy = —— + cot O(sin T + cos O F3, — Es3)
sin @

1 cos? 6

sin 6 sin 0

= sin 6

= (n, —E3).

It follows from simple computations that 7 is a principal direction of ¥ (see e.g.

|4, Lemma 2.2|, |53, Prop 2.1]). Using this fact we obtain

0
8—:; = cot §(D,v, —Ej3)
= cot 0 Ax(n, n)(n, —Es)
= cot 0 As(n, n)ulss.
= qu. (3.18)
Since Av = —|Ax|?v in the coordinate-wise sense (see e.g [10, Proposition 2.24]), we
have
As|?
Au + Ay = 1420 1
u+ |As| u e (3.19)
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Then we have that

Q(Uv U) = / 2|V¢a0 bo|2 + 1/Ja0 bo|vu|2 + 2u¢a07b0 <VU, v¢a()7b0> - /8 qu ao bo
b by

1 1
— [T i+ R M) = s+ V), D0 )

2
212
_/ qu wao,bo
ox

ou
_ / U2V po? — G2, o\t +/ uwgo,l)o(a_ — qu)
> ” !
_ 2 2 2 [As/”
= / U Vbag o |” — ao,bo" sin 6

IN

cos@
- / Vel - / ol

COSH
/ Vibagaol” — / Agf? (3.20)

IN

sin 0

Since the Dirichlet energy is conformally invariant in dimension two, we have that for

i=1,...,0

2
/ |V77Da0bo| _/ |D¢1|2 d@d <T+ bO) §6_7T

r

and fori=/¢+1,... k
37r
/ |V¢ao bo|2 < —
b
Then it follows from (3.20) and (3.15) that

Q(v,v) <O0.

This completes the proof of the claim. Since the surface X is weakly stable, by the

claim we must have that |Ay| = 0 and thus X is a half-plane. O]

Remark 3.16. Note that same arguments show that a weakly stable noncompact
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capillary surface (without angle condition) immersed in a half-space of R cannot
have compact boundary. Also, using the same test function we constructed above, one
can show directly that there is no strongly stable compact capillary surface immersed

in a half-space of R3.

3.3.3 L? characterization of the strong index

Fisher-Colbrie |26, Proposition 2] showed that the index of a complete noncompact
minimal surface can be realized as the cardinality of a set of L? eigenfunctions defined
globally on the surface. This fact is important to study the relation between the index
and the topology of these surfaces (see e.g. the work of Ros [41, Theorem 17]). In
what follows we will show that something similar also holds for capillary surfaces. In
order to show this result we need a Poicaré-type inequality (Lemma 3.18)

Let ¥ be a surface, if ¥ has a boundary, we suppose the boundary is contained in
3], so it is complete in the sense of metric spaces. Let w be a nonnegative Lipschitz
function o ¥ with compact support. Note that, by our assumptions, w can be positive
on the boundary of . Let Q be the support of w and I' = QN 9X. For a function

v € C(Q) define the norms

loll? = / &, ol = / wg.
(9] Q

In order to show our Poincaré-type inequality we need the following results:
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Proposition 3.17. There is a constant C > 0 depending only on ¥ and w such that

/F we® < Cliglallella + 11Velo) (3.21)

for all ¢ € C(X).

Proof. Let 11 be a compactly supported smooth vector field in ¥ that extends the

conormal 7. Then for p € C*°(X) we have that

/ we® = / div(we?n)
T Q

_ /Q VW, ) + 2wp(Vep, i) + wediv(i)

<2/ Wz)% (f w<w,ﬁ>2f + [ vullil + wlav@)

< Cliellallielle + 1Velllaw),

where C' depends only on w and 7). O]

Lemma 3.18. For every € > 0 there is a constant C' > 0 depending only on ¥, w and

/w¢2§e/w|Vg0|2+C’/g02
r Q Q

€ such that

for all ¢ € C(X).

Proof. Suppose by contradiction that the result does not hold. Then, for some ¢y > 0

there is a sequence @, € C*(X) such that for alln € N

/wgpi >eo/w\V<pn\2+n/<pi. (3.22)
r Q Q

By rescaling we can assume that |||V, |law = 1.
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Firstly, if ||pn]lo — oo, then by rescaling this sequence we can obtain another
sequence of functions v, € C*(X) such that [[|[V¢y||law — 0, ||¥n]la = 1 and
Jr w2 > n. This contradicts (3.21).

Thus we can assume that ||¢,||q are uniformly bounded above. It follows from
(3.21) that [, we? are uniformly bounded above, and hence by (3.22) we must have
that ||¢n|lo — 0. This is impossible since, by (3.21) it would imply that [, we? — 0

but [, we? > €. O

Now we are ready to characterize the strong index by eigenfunctions of the Jacobi

operator. Note that the functions f; below are eigenfunctions in the weak sense.

Proposition 3.19. Let ¥ be a noncompact capillary surface immersed in a
3-manifold with smooth boundary and let I = Indexy(X). Assume I < oo, then there
exists a subspace W of L*(X) having an orthonormal basis fi,..., fr consisting of
eigenfunctions for Q) with eigenvalues A1, ..., \;, respectively, such that each \; < 0.

Moreover, for all p € Cg°(X) N W we have

Qp, ) > 0.

Proof. For all R > 0, let B C X be a ball of radius R centred at some point that

will be fixed through this proof. Take Ry > 4 such that ¥\ Bp, is strongly stable.
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For R > Ry, let ¢ € C*°(X) be such that

CZOOIIBR,

C:]_OHE\BQR,

and

6 41— (2
V(| < 7 V¢ < (R—Q)

For the construction of ¢ see [26]. For simplicity we will write Ricy(v,v) + |Ag]? as

p. Since ¥\ By is strongly stable, we have that for all ¢ € C3°(X)

/ A(Co)P + / P(Co) < / Vol = / GVl +20p(V(, Vi) + V2. (3.23)
o > > >

It follows from the Cauchy-Schwarz inequality and the arithmetic-geometric mean
inequality that

/E 2WP(VC, V) < |+ [VCPRIVgl.

Bor

Adding Q(p, ) to both sides of (3.23) and rearranging gives

—/az(l—é)qw—/z(l—é)pso +/E(1—C)|Vs0| (3.24)

4
<@+ [ ¢ [0

Using Lemma 3.18 we conclude

— (N gp? 2y, 2 1 _ 2 2 2
[ -t [ o< fa-erveric [ @ o)

Bar o)

for some constant Cr depending on R. Since R > 4 it follows from (3.24) and (3.25)
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that

/Prvw2sz@@a@w+cg/'<f (3.26)
Br

Bar

for some new constant C}, depending only on R.
Let p > Ry, then there are functions fi,,...,fr, € L*(B,) forming an

orthonormal set such that each f; , is an eigenfunction of ) in the sense that

(

Afi,p + pfi,p + Ai,pfi,p =0 in Bp

e — qfip =0 on 9L N B,

fi,=0 on 0B, \ 0%.

\

for some eigenvalue )\;, < 0. Extend f;, to be 0 outside B,. Since max;\;, is
decreasing in p we can assume that \; , < —¢p for some constant ¢y > 0. In addition,

from (3.26) it follows that Q(f;,, fi,) = —Cr [ [7, , thus there is a constant C' > 0

i,p 3

such that \; , > —C for all 7 and p as above. Notice that

1 2 2
[ 2580 50) = 5 [ (92,9

_ 2r afi,p _ 20 ¢ . ]2
= | re [ AL, TP

:/’mq@f—/k%—@+&mffHVﬁﬁ»
o »

Substituting it in (3.23) we can conclude that

36
N [ A< [IVCPR, < 2
b P
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Since \; , < —¢p we can conclude that

2 ¢’
2R

for some constant C’. Inequality (3.26) and the fact that Q(f;,, fi,) < 0 imply

/B IV fiol? + f2, < Cr+1. (3.28)

By the Reillich-Kondrachov compactness theorem the embedding H'(Bg) — L?*(Bg)
and the trace map H'(Bgr) — L?*(Bgr N 9%) are both compact (see [1, Theorem
6.3]). So using (3.28) and a standard diagonal argument we can construct a sequence
R; — oo and functions fi,..., fr in ¥ such that for all ¢ = 1,...,7 and R > 0 we

have as 7 — oo

fi,Rj — fl strongly in Lz(BR>,
fi.r;los — filos strongly in L*(Bg N OY),
fi,Rj — fz Weakly in Hl(BR)
It follows that the functions f; are eigenfunctions of () in the weak sense, and the
corresponding eigenvalues are \; = lim;_,. A ;. Furthermore, it follows from (3.27)

that fi,..., f; form an orthonormal set. Let W be the linear space spanned by these

functions and take © € C5°(X) N W+, then for all p > R we can write

I
¥ = Z Qipfip + ©p
i=1

where a; , = fz ¢fipand @, L f;,. It is not hard to see that a;zr, — 0 as j — oo.
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Since \; g, are uniformly bounded below, we can conclude that

Q(p, ) = Q(¢r;: Pr;) +€r; > €r; — 0.
Hence Q(¢, ¢) > 0. This completes the proof. ]

In the following corollary we give an application of Proposition 3.19. It further
characterizes the topology of an index one free boundary CMC surface in a 3-manifold

with boundary.

Corollary 3.20. Let M be an oriented flat 3-manifold with smooth weakly convex
boundary and let 3 be a noncompact free boundary CMC surface with strong index
one immersed in M. Then X is conformally equivalent to a compact Riemann surface

Y of genus g and r boundary components punctured at k points, and
l—yg
k+10<4 — — 2r 48,

where { is the number of boundary punctures. In particular, g < 3, r <3, g+r <4

and k+ 0 < 6.

Proof. By Theorem 3.4, ¥ is conformally equivalent to a compact Riemann surface &
of genus ¢ with r boundary components punctured at k points pi, ..., ps. Let ds? be
the metric on . Let p be a positive smooth function such that (2, pds?) is complete
as a metric space and has finite area. Indeed, since each end is conformal either to a
punctured disk or half-disk, we can take conformal coordinates centered at zero near

each end and we can let p = 1/|z]| in each of these neighborhoods, so that the metric is
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complete and the surface has finite area. Let d3? = pds®. Since the Dirichlet integral

is conformally invariant in dimension 2, we have that
Q(u,u) = / [Vul? — [As[*p~ u?dA — / p~ ' Pqutdl
) o%

coincides with the stability operator Q(u,w) for any compactly supported function
w on . Since (3, ds?) has index one, Q has index one. By Proposition 3.19, there
exists an eigenfunction f; € L?(X, ds?) corresponding to a negative eigenvalue for the

following eigenvalue problem:

Au+ |As?plu+du=0 in X

ou _ —1/2
on — P

qu on 0%.
The construction in Proposition 3.19 and standard arguments imply that f; is strictly
positive and smooth. Furthermore, we have that Q(u,u) > 0 for any u € C°(X) that
is L*(%, d5?)-orthogonal to f;.

We claim that Q(u,u) > 0 for any u € C>=(Z) that is L(X, d3?)-orthogonal to f;.
As kpz >0, (3.1) implies that |Ax|* and ¢ are integrable, thus Q(u,u) is finite. Note
that uf; is in L'(3, ds?) since u, f1 € L*(2, ds?). The proof of the claim follows from
the standard cut-off arguments (see e.g. |39, Prop. 1.1]).

We may view ¥ as a compact domain of a closed orientable surface S of genus g
by sticking disks to the boundary components of . Let ® = (&, ®y, ®3) : 3 §2

be a holomorphic map with degree less than or equal to 22|, Since (¥,d3%) has

finite area it follows that f; is integrable, so there exists a conformal diffeomorphism
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U of S? such that the composed map ¥ o ® satisfies

/ifl(\llotb) = 0.

This is usually called the Hersch balancing trick, see [15, Lemma 5.1] for a proof. Tt

then follows that for ¢ =1,2,3
[1vEe ey - aspwon) - [ qwon)zo
b %
Summing over ¢ = 1,2, 3 yields

87 deg(¥) = /E |V (T o ®)?

Z/|A2|2+/ q
o%

/Hz — 2Kx + HaM—Ifaz

/2K2—/ 2%02
ox

Note that Ky and kgx are both integrable due to (3.1), then combining above

inequality with the Cohn-Vossen inequality (see [51, Theorem 2.2.1]) we obtain
3
81 {%J > —2m(4—4g9 —2r —k —1).

This completes the proof. O
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3.4 Curvature bounds for capillary surfaces

In this section, we obtain curvature estimates for strongly stable capillary surfaces
in a 3-manifold with bounded geometry. The methods used to prove Theorem 3.6 are
very similar to those used to show Theorem 2.10, for this reason we will concentrate

on where the proofs diverge.

Proof of Theorem 3.6

We start as in the proof of Theorem 2.10 by assuming for the sake of contradiction
that there is a sequence of 3-manifolds with bounded geometry M, a sequence of
strongly stable edged capillary surfaces ¥,, immersed in M,, at constant angle ¢, and

a sequence of points ¢, € ¥, such that
| A (¢n) | min{dy(gn, 0% \ OM,,), tn, (VAL) Y, (H, cos0)2'} > n,

where

e A, d, are the second fundamental form and the intrinsic distance of X,

respectively;
e ., A, are the injectivity radius and curvature bounds of M, respectively;
e [, is the mean curvature of X,,;
e (H,cosf)_is0if H,cosf >0 and is —H,, cos # otherwise.

We can rescale the metrics of the ambient spaces M, so that we can assume
A, =, =1 and Hycosf > —1. Fix an o € (0,1) and consider the values rq, Qo
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given by Theorem 1.5 with A =+ = 1. We assume without loss of generality that

ro < 1. So we have that
| A (gn)| min{d,,(qn, 0%, \ OM,), 0} > ron.

Let D,, be the intrinsic disk in 3,, around ¢,, with radius min{d, (¢,, 0%, \0M,), ro}

and take p, to be the point in D,, maximizing

Writing A\, = |A,(p,)| and R, = dp, (pn, 0D,, \ OM,,), we have that by construction,
MR, > ron and A\, > n.
Continuing to follow the proof of Theorem 2.10, we let D be the intrinsic disk in

D,, centered at p, with radius R,,/2. So, by construction we have that for all p € 75,1

Anltn < 2\, (3.29)

<
[An(p)] < min{dp, (p, 0D, \ OM,),ro} —

Consider a sequence of rescaled surfaces \,(D,, — p,,) as in the proof of Theorem
2.10. Repeating the arguments of this proof, we have that, after passing to a
subseequnce, we can choose a piece A, of /\n(ﬁn — pn) such that A,, has Euclidean
second fundamental form with norm bounded above by 5 everywhere and bounded
below by 1/2 at the point 0,, that is identified with p,. Furthermore, the extrinsic
Euclidean distance between 0,, and the edge of A,, diverges to oo as n — oo.

In case limsup,, )\nd,gn(pn,af?n) = o0, we can pass to a subsequence so the

distance from 0, € A, to its boundary diverges. In this case, we can use the same
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arguments from the proof of Theorem 2.10 to find a complete stable limit surface S
in Euclidean space that passes tough the origin with nonzero second fundamental
form, a contradiction to the uniqueness of the plane [23]. The only distinction is
that, in this case, the limit ambient space can be a half-space of R?, this however
does not require any modification to the arguments.

In case limsup, A\,dp_ (pn, 0D,) < oo, some modifications to the argument are
needed to account for the boundary. Pass to a subsequence so the sequence
{Andp (Pn, Zﬂsn)}neN converges. Note that since the edge of )\n(f)n — py) is diverving
to infinity, we must hace that lim, ., d,(p,, 9M,) = 0. This means that, for n large,
the boundary of M, is identified with a plane in the ambient space of )\n(f)n — Dn)
(case (ii) in Theorem 1.5). Since these planes are at a bounded distance from the
origin, we can pass to a subsequence so they converge, hence the ambient space
converges to some half-space H. The construction of the limit surface S proceeds as
in the previous case, except that some care needs to be taken near the boundary.

To be more precise, assume there is a sequence of points z,, € 0A,, that converge
to some point x € 0H and such that the normal vectors of the surfaces A, at x,
converge to some vector v. Then we can parametrize each surface A, near x, as a
graph of a function over the plane passing tough x that is normal to OH and contains
the component of v that is perpendicular to 9H. Using arguments analogous to those

of Lemma 2.4 we can obtain C** bounds for these functions. Since the contact angle

0 give control over the derivative of these functions at the boundary, we can use
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boundary Schauder estimates |2, Theorem 7.3 to get C** estimates at the boundary.
Now, we can again use the Jacobi function to show that the limit surface S is
strongly stable, hence a plane by Theorem 3.5. However, this contradicts the fact

that S passes tough the origin with nonzero second fundamental form.

Remark 3.21. In the case where ¥ is capillary, that is, has empty edge, we interpret

dx:(p, 03\ OM) to be positive infinity for all p € 3.

The Corollary below is an analog of Corollary 2.11. Since the proof of both results

is essentially the same, we will omit it here.

Corollary 3.22. Fiz 6 € (0,7/2] and take C,M,. and A as in the statement of
Theorem 3.6. Let Yl be an edged capillary surface with finite index immersed immersed

in M at constant angle 0. Assume Hy, > +/2C max{t=*,v/A}. Then,

e in case X has nonemply edge,

2¢/2C

ds,(p,0%\ OM) < (Index4(X) + 1) T, (3.30)
forallp € ¥; and
e in case X is capillary
diams (%) < Indexs(E)Qﬁc, (3.31)

where diamy (X)) is the intrinsic diameter of 3.
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