
2/19/2014

1

Math 104 – Rimmer

8.3 Trig. Substitution 

2 21.  a x−

L nt se ix a θ=

( )
22 2 2 sina x a a θ− = −

2 2 2sina a θ= −

( )2 21 sina θ= −

2 2cosa θ=

cosa θ=

sin arcsin
x

x a
a

θ θ
 

= ⇒ =  
 

θ

x
a

2 2a x−

2 2

π π
θ

−
≤ ≤

a x a− ≤ ≤

Assume 0.a >

sin sinx a
x

a
θ θ= ⇒ =

2 2 cosa x a θ− =

Quadrant 1

Quadrant 4 but with  from  to 0.
2

π
θ

−

0 and cos 0 for  so we can drop the absolute value sign
2 2

a
π π

θ θ
−

> ≥ ≤ ≤
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2 2 2 22.   or a x x a+ +

L nt te ax a θ= tan arctan
x

x a
a

θ θ
 

= ⇒ =  
 

2 2

π π
θ

−
≤ ≤

x−∞ < < ∞

Assume 0.a >

tan tanx a
x

a
θ θ= ⇒ =

2 2 seca x a θ+ =

Quadrant 1

Quadrant 4 but with  from  to 0.
2

π
θ

−

0 and sec 0 for  so we can drop the absolute value sign
2 2

a
π π

θ θ
−

> ≥ ≤ ≤

( )
22 2 2 tana x a a θ+ = +

2 2 2tana a θ= +

( )2 21 tana θ= +

2 2seca θ=

seca θ=

θ

x

a

2 2a x+
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2 23.  x a−

L ct se ex a θ= sec arcsec
x

x a
a

θ θ
 

= ⇒ =  
 

0  or 
2 2

π π
θ θ π≤ < < ≤

 or x a x a< − >

Assume 0.a >

2 2 tan  for x a a x aθ− = >

Quadrant 1 Quadrant 2.

0 but t  for 0  and  for 
2 2

 so we c

tan 0 ta

an't drop the absolute value gn

n 0

 si

a
π π

θ θ πθ θ> ≤ <≥ ≤ < ≤

( )
22 2 2secx a a aθ− = −

2 2 2seca aθ= −

( )2 2sec 1a θ= −

2 2tana θ=

tana θ=

sec secx a
x

a
θ θ= ⇒ =

θ

x

a

2 2
x a−

2 2 tan  for x a a x aθ= −− < −
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2 21.  a x− L nt se ix a θ=

( )
22 2 2 sina x a a θ− = −

2 2 2sina a θ= −

( )2 21 sina θ= −

2 2cosa θ=

2 2 cosa x a θ− =

sin sinx a
x

a
θ θ= ⇒ =

θ

x
a

2 2a x−

2 23.  x a− L ct se ex a θ=

( )
22 2 2secx a a aθ− = −

2 2 2seca aθ= −

( )2 2sec 1a θ= −

2 2tana θ=

2 2 tanx a a θ− =

sec secx a
x

a
θ θ= ⇒ =

θ

x

a

2 2
x a−

2 22.  a x+ L nt te ax a θ=

( )
22 2 2 tana x a a θ+ = +

2 2 2tana a θ= +

( )2 21 tana θ= +

2 2seca θ=

2 2 seca x a θ+ =

tan tanx a
x

a
θ θ= ⇒ =

θ

x

a

2 2
a x+

2 2

π π
θ

−
≤ ≤ 2 2

π π
θ

−
≤ ≤

0
2

π
θ≤ <

2

π
θ π< ≤

2 2 tanx a a θ−− =

for x a>

for x a< −
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2 2
1 4

dx

x x−
∫

2sinx θ=

2cosdx dθ θ=

2 24sinx θ=

2

1
22 4

d

xx

x

−
∫ 24 2cosx θ− =

( )2 2 2
4 4sin 4 1 sin 4cos 2cosθ θ θ θ− = − = =

4

6

24s

2c
 

2con

os

si

d
π

π θ θ

θ θ
=

⋅∫

2 2 2sinx θ= ⇒ =
2

sin
2

θ =
4

π
θ⇒ =

1 1 2sinx θ= ⇒ =
1

sin
2

θ =
6

π
θ⇒ =

4

6

21
csc  

4
d

π

π

θ θ= ∫ [ ] 4

6

1
cot

4

π

π
θ= −

4

6

1 cos

4 sin

π

π

θ

θ

 
= −   

3
2

1
2

1
1

4

 
= − − 

 

( )
1

3 1
4

= −

[ ]
1

cot
4

θ= −

21
csc  

4
dθ θ= ∫

2
2

1

1 4

4

x

x

 −
= −  

  

1 2 3

4 12

 
= − − 

 

1
1 3

4
 = − −  ( )

1
3 1

4
= −

24sin

2c
 

os

2cos

d

θ

θ θ

θ
=

⋅∫
from the subst.

sin
2

x
θ =

.
cot

.

adj

opp
θ =
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2

5

25 9

dx

x −
∫

( )2 9
25

5

25

dx

x
=

−
∫ 2 9

25

5

5

dx

x
=

−
∫ 2 9

25

dx

x
=

−
∫

3
sec

5
x θ=

3
sec tan

5
dx dθ θ θ=

2 9
25

3
tan

5
x θ− =

( )2 2 29 9 9 9
25 25 25 25

3
sec sec 1 tan tan

5
θ θ θ θ− = − = =

2 9
25

dx

x −
= ∫

3

3
5

5

sec tan

tan

dθ θ θ

θ
= ∫ sec dθ θ= ∫ sec ln sec tanxdx x x C= + +∫

ln sec tan Cθ θ= + + from the subst.

5
sec

3

x
θ =

2
5 25 9

ln
3 3

x x
C

−
+ +=
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8.3 Trig. Substitution 
2

2
1 4

dx

x x−
∫ 2 24 4x x x x− = − +

( )2 4         x x= − − + +

( )
2

2     x= − − +

4 4

( )
224 4 2x x x− = − −

( )

2

2
1 4 2

dx

x

=

− −
∫

2u x= −

du dx=

2x u= ⇒ =

1x u= ⇒ =

0

1−

0

2
1 4

du

u−

=
−

∫
2sinu θ=

2cosdu dθ θ=2

0

1 4

du

u− −
∫

24 2cosu θ− =

( )2 2 2
4 4sin 4 1 sin 4cos 2cosθ θ θ θ− = − = =

6

0

2cos

2cos d

π θ

θ θ

−

= ∫
0 0 2sinu θ= ⇒ =

1 1 2sinu θ= − ⇒ − =

sin 0θ = 0θ⇒ =

1
sin

2
θ = −

6

π
θ⇒ = −

6

0

d
π

θ
−

= ∫ [ ]
6

0

π
θ

−
= 0

6

π  
= − −  

   6

π
=

4
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2

Find the volume of the solid generated by revolving the region bounded by

4
the curves , 0, 0,  and 2 about the axis.

4
y y x x x

x
= = = = −

+

no gap b/w axis of rotation and the region  ⇒ Disk Method

( )Radius: r x =
2

4

4x +

22

2

0

4

4
Volume dx

x
π

 
=  + 
∫

( )

2

2
2

0

16
4

dx

x
π=

+
∫

( )
2

2

2

0

1
4

6
x

dx
π

+
∫

2 tanx θ=

22secdx dθ θ=

( )2 2 2 24 4 tan 4 4 1 tan 4secx θ θ θ+ = + = + =

( )
2

2 44 16secx θ+ =

4 2

0

4
16

2s c

e

e

16s c

d
π

θ θ

θ
π= ∫

2sec θ
2 2 2 tanx θ= ⇒ =

tan 1θ =

4

π
θ⇒ =

0 0 2tanx θ= ⇒ =

tan 0θ =

0θ⇒ =

4

0

2cos2 d

π

θπ θ= ∫

( )
4

0

1
1 cos 2

2
2 d

π

θπ θ+= ∫ ( )
4

0

1 cos 2 d

π

π θ θ= +∫

( ) 41
2 0
sin 2

π

π θ θ= +  
1
2
sin 0

4 2

π π
π
   

= + −   
   

1

4 2

π
π
 

+ 
 

=


