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8.2 Integrating Powers of 

Trig. Functions 

8.2 Integrating Powers of Trig. Functions

( )1. cos sin    ,  positive integers  m n
x x dx m n∫

( )2. tan sec    ,  positive integers  m n
x x dx m n∫

( ) ( )3. sin sinmx nx dx∫ ( ) ( )cos cosmx nx dx∫ ( ) ( )sin cosmx nx dx∫

( ),  rational with m n m n≠

Math 104 – Rimmer

8.2 Integrating Powers of 

Trig. Functions ( )1. cos sin    ,  positive integers  m n
x x dx m n∫

)A  , :  m n one (or both) odd 

1.  Factor out one power from the trig. function that has the odd power,

if both have the odd power, just pick one of them and factor out one power.

2 2
2.  Use  to transform the remaining even power 

of the above trig function into the other trig

c

.

os si

 fun i

n

t

1

c on

x x+ =

( )3.  Use substitution to finish the problem let "other" trig functionu u− =

)B  , :  m n both even

( ) ( )2 21 1
2 2

Replace all even powers using the half-angle identities:

 sin 1 cos 2 cos 1a  c 2d osnx x x x= − = +

)C  , :  m n =one or both 1

Use substitution.  Let the trig function with power 1

If both 1,  choose either one to be 

u u

u

− = ≠

=

( )greater than 1
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8.2 Integrating Powers of 

Trig. Functions ( )2. tan sec    ,  positive integers  m n
x x dx m n∫

) ( )A   the power of tan :m x  odd 

1.  Factor out one power of sec  and one power of tanx x

2 22.  Use  to transform the remaining even power 

of tan  to be in ter

tan s

ms o

ec

 sec

1

f .

x x

x x

= −

( )3.  Use substitution to finish the problem let secu u x− =

) ( )B   the power of sec :n x  even

21.  Factor out sec x

2 22.  If 2, use   to transform the remaining even power 

of sec  to be in terms of t

sec 1 t

an

anx

x

xn

x

= +>

( )3.  Use substitution to finish the problem let tanu u x− =

)C  Both and  : Pick either of the above methods.m n odd  even

)D  If any other combination, then there is no set method.

Math 104 – Rimmer

8.2 Integrating Powers of 

Trig. Functions 

We change the product into a sum using the following identities:

( ) ( ) [ ]( ) [ ]( )
1

sin sin cos cos
2

mx nx m n x m n x = − + − 

( ) ( ) [ ]( ) [ ]( )
1

cos cos cos cos
2

mx nx m n x m n x = − + +

( ) ( ) [ ]( ) [ ]( )
1

sin cos sin sin
2

mx nx m n x m n x = − + +

( ) ( )3. sin sinmx nx dx∫
( ) ( )cos cosmx nx dx∫
( ) ( )sin cosmx nx dx∫

( ),  rational with m n m n≠
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8.2 Integrating Powers of 

Trig. Functions 
8.2 Integrating Powers of Trig. Functions

1.  Factor out one power from the trig. function that has the odd power,

if both have the odd power, just pick one of them and factor out one power.
5 4: cos cos cosex x x x= ⋅

2 22.  use cos sin 1 to transform the remaining even power 

of the above trig function into the other trig. function

x x+ =

( ) ( )
2

5 2 2
2

co: co s cocos ss s1 inx xe x xx x= = −

5 2.1 one odd : cos sinex x xdx∫)A  , :  m n one (or both) odd 

( )3.  use substitution to finish the problem let "other" trig functionu u− =

( )
5

2
25 2 2

cos

1 sin coscos sin sin

x

xx xdx x dxx−=∫ ∫
�������

sin

cos

u x

du xdx

=

=

( )
2

2 2
1u u du= −∫ ( )2 2 4

1 2u u u du= − +∫ ( )2 4 62u u u du= − +∫
3 5 72

3 5 7
u u u C= − + +

3 5 71 2 1
3 5 7
sin sin sinx x x C− += +

( )1. cos sin    ,  positive integers  m n
x x dx m n∫
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8.2 Integrating Powers of 

Trig. Functions 

1.  Factor out one power from the trig. function that has the odd power,

if both have the odd power, just pick one of them and factor out one power.

3 2: sin sin sinex x x x= ⋅
2 22.  Use cos sin 1 to transform the remaining even power 

of the above trig function into the other trig. function

x x+ =

( )3 2 2sin ssin 1 co ns i: sin xx xe xx x ⋅ −= =

3 3.2 both odd : cos sinex x xdx∫

( )3.  Use substitution to finish the problem let "other" trig functionu u− =

( )
3

3 3 3

si

2

n

1 coscos sinsin cos  

x

xx xd xx x dx= −∫ ∫
�������

cos

sin

u x

du xdx

=

= −

( )3 21u u du= − −∫ ( )3 2 1u u du= −∫ ( )5 3
u u du= −∫

6 4

6 4
u u C= − +

6 41 1
6 4

cos cosx x C= − +

( )cos sin    ,  positive integers  m n
x x dx m n∫
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8.2 Integrating Powers of 

Trig. Functions 

( ) ( )2 21 1
2 2

1.  replace all even powers using the half-angle identities:

sin 1 cos 2  and cos 1 cos 2x x x x= − = +

4 2

0

: cos sinex x xdx

π

∫)B  , :  m n both even

4 2

0

: cos sinex x xdx

π

∫
2 2 2

0

cos cos sinx x xdx

π

= ∫

( ) ( ) ( )1 1 1
2 2 2

0

1 cos 2 1 cos 2 1 cos 2x x x dx

π

= + + −∫

( ) ( )( )1
8

0

1 cos 2 1 cos 2 1 cos 2x x x dx

π

= + + −∫

( ) ( ) ( )

( ) ( )2

think of cos 2  as :

1 1 1

1 1

x w

w w w

w w

+ + −

= + −

2 3
1 w w w= − + −

( )2 31
8

0

1 cos 2 cos 2 cos 2x x x dx

π

= + − −∫

2 31
8

0 0 0 0

cos 2 cos 2 cos 2

A B C D

dx xdx xdx xdx

π π π π 
 = + − −
 
  

∫ ∫ ∫ ∫

( )cos sin    ,  positive integers  m n
x x dx m n∫
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8.2 Integrating Powers of 

Trig. Functions 

4 2 2 31
8

0 0 0 0 0

cos sin cos 2 cos 2 cos 2

A B C D

x xdx dx xdx xdx xdx

π π π π π 
 = + − −
 
  

∫ ∫ ∫ ∫ ∫

0

A dx

π

π= =∫

( ) ( ) [ ]1 1
2 20

0

cos 2 sin 2 sin 2 sin 0 0B x dx x

π
π

π= = = − =  ∫

( ) [ ]

( ) ( )

2 1 1 1
2 2 4 0

0 0

1 1 1
2 4 4

cos 2 1 cos 4 sin 4

                         sin 4 0 sin 0
2

C xdx x dx x x

π π
π

π
π π

= = + = +

 = + − + = 

∫ ∫

( )3 2 2

0 0 0

cos 2 cos 2 cos 2 1 sin 2 cos 2D xdx x xdx x xdx

π π π

= = ⋅ = − ⋅∫ ∫ ∫
1
2

sin 2

2cos 2 cos 2

u x

du xdx du xdx

=

= =

( )21
2

1 u du−∫

4 2 1
8 2

0

cos sinx xdx

π

ππ= −  ∫
16

π
=

3
1
2 3

uu = − 

( )
( )

3
sin 21

2 3
sin 2

x
x

   = −
  

( )
( )

3
sin 21

2 3
0

sin 2
x

x
π

   = −
  

( )
( )

( )
( )

3 3
sin 2 sin 01

2 3 3
sin 2 sin 0

π
π

          = − − −        
0=
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8.2 Integrating Powers of 

Trig. Functions 

)C  , :  m n =one or both 1 10

0

: cos sinex x xdx

π

∫

( )cos sin    ,  positive integers  m n
x x dx m n∫

( )1.  Just use substitution let the trig function with power 1u u− = ≠

10

0

: cos sinex x xdx

π

∫ cos

sin

u x

du xdx

=

= −

10u du= −∫
11

11

u
= −

11

0

1
cos

11
x

π−
 =   ( )

11 111
1 1

11

−  = − −
 

[ ]
1

1 1
11

−
= − − 2

11
=

( )if both 1,  choose either=
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8.2 Integrating Powers of 

Trig. Functions ( )2. tan sec    ,  positive integers  m n
x x dx m n∫

) ( )A   the power of tan :m x  odd 3 3: tan secex x xdx∫

1.  Factor out one power of sec  and one power of tanx x

3 223
tan: tan sec sec sec tanex x x x x xx=

2 22.  Use tan sec 1 to transform the remaining even power 

of tan  to be in terms of sec

x x

x x

= −

( )22 2 2: tan sec sec t sec sec tanan ec1 sex x x x x x x xx= −

( )3.  Use substitution to finish the problem let secu u x− =

( )23 3 2 sec tas: tan s nec sec  ec 1xex x xd x xx x dx−=∫ ∫ sec

sec tan

u x

du x xdx

=

=
( )2 2 1u u du= −∫ ( )4 2u u du= −∫

5 3

5 3
u u C= − +

5 31 1
5 3
sec secx x C= − +
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8.2 Integrating Powers of 

Trig. Functions ( )tan sec    ,  positive integersm n
x x dx m n∫

) ( )B   the power of sec :n x  even 2 4: tan secex x xdx∫

2
1.  Factor out sec x

2 4 2 2 2: tan sec t sec sn ca eex x x xx x=

2 22.  If 2, use  sec 1 tan  to transform the remaining even power 

of sec  to be in terms of tan

n x x

x x

> = +

( )2 2 2 2 2 2: tan sec sec sec1t n tanaex x x x x xx= +

( )3.  use substitution to finish the problem let tanu u x− =

( )22 24 2: tan sec tan 1 tan s  ecxex x xdx x dxx+=∫ ∫
2

tan

sec

u x

du xdx

=

=
( )2 21u u du= +∫ ( )2 4u u du= +∫

3 5

3 5
u u C= + +

3 51 1
3 5

tan tanx x C= + +
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8.2 Integrating Powers of 

Trig. Functions tan sec   m n
x x dx∫

)C  For all other cases, there is no set method �

Here are some examples:

: tanex xdx∫
sin

 
cos

x
dx

x
= ∫

1
 du

u

−
∫

cos

sin

u x

du xdx

=

= −

ln u C= − +

ln cos x C= − +

1
ln cos x C

−
= +

tan ln secxdx x C= +∫

: secex xdx∫
convenient version of 1

sec tan
sec  

sec tan

x x
x dx

x x

+
= ⋅

+
∫

2
sec sec tan

 
sec tan

x x x
dx

x x

+
=

+∫

( )2

sec tan

sec tan sec

u x x

du x x x dx

= +

= +sec ln sec tanxdx x x C= + +∫
1

 du
u∫ ln u C= +
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8.2 Integrating Powers of 

Trig. Functions 

3: tanex xdx∫
2 tantan dx x x= ∫ ( )2sec 1 tan dxx x= −∫

2tan sec tanx xdx xdx= −∫ ∫ 2

tan

sec

u x

du xdx

=

=

 u du∫
2

2

u
=

21
tan tan

2
x xdx= − ∫

3 21
tan tan ln sec

2
xdx x x C= − +∫

3: secex xdx∫
secu x=2sec secx xdx= ∫

2secdv x=

sec tandu x x= tanv x=
2sec tan se tancx x x dxx= − ∫

( )2sec tan sec sec 1x x dxxx −= − ∫
( )3sec tan sec secx x x x dx= − −∫

33
sec sec ta secn secxdx x dxdxx x x−= +∫∫ ∫

32 sec sec tan ln sec tanxdx x x x x= +∫

tan ln secxdx x C= +∫

sec ln sec tanxdx x x C= + +∫

( )3 1
sec sec tan ln sec tan

2
xdx x x x x C= + +∫
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8.2 Integrating Powers of 

Trig. Functions 

2siny x= no gap b/w axis of rotation and the region

 ⇒ Disk Method

( )Radius: r x =
2sin x

2
2

0

sinVolume x dx

π

π  =  ∫

2 2

0

sin sin  x x dx

π

π= ⋅∫ ( ) ( )1 1
2 2

0

1 cos 2 1 cos 2x x dx

π

π= − ⋅ −∫

( )( )4

0

1 cos 2 1 cos 2x x dx

π

π= − −∫ ( )2

4

0

1 2cos 2 cos 2x x dx

π

π= − +∫

( )( )1
4 2

0

1 2cos 2 1 cos 4x x dx

π

π= − + +∫ ( )3 1
4 2 2

0

2cos 2 cos 4x x dx

π

π= − +∫
0 0

3
4 2

0

dx

π

π= ∫
23

8
π=
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8.2 Integrating Powers of 

Trig. Functions 

( ) ( )3. sin sinmx nx dx∫ ( ) ( )cos cosmx nx dx∫ ( ) ( )sin cosmx nx dx∫

,  rational with m n m n≠

We change the product into a sum using the following identities:

( ) ( ) [ ]( ) [ ]( )
1

sin sin cos cos
2

mx nx m n x m n x = − + − 

( ) ( ) [ ]( ) [ ]( )
1

cos cos cos cos
2

mx nx m n x m n x = − + +

( ) ( ) [ ]( ) [ ]( )
1

sin cos sin sin
2

mx nx m n x m n x = − + +

( ) ( )sin 3 cos 5x x dx∫ [ ]( ) [ ]( )
1

sin 3 5 sin 3 5
2

x x dx = − + ∫ +

( ) ( )
1

sin 2 sin 8
2

x x dx= − +  ∫ ( ) ( )
1

sin 8 sin 2
2

x x dx= −  ∫

( ) ( )1 1
8 2

1
cos 8 cos 2

2
x x C= − + +   ( ) ( )1 1

16 4
cos 8 cos 2x x C= − + +


