EEXI Math 104 - Rimmer

10.7 Power Serias & ihwm

A power series is a series of the form

n __ 2 3
D e X =cptextex’ +ox +.
n=0
where:

a) x is a variable
b) The c,'s are constants called the coefficients of the series.

For each fixed x, the series above is a series of constants

that we can test for convergence or divergence.

A power series may converge for some values of x

and diverge for other values of x.

FEE Math 104 - Rimmer
;73‘_-7:.;;;7: 10.7 Power Series

The sum of the series is a function

f(x)=c,+ex+o,x +..+c x" +...

whose domain is the set of all x for which the series converges.

f(x) 1s reminiscent of a polynomial but it has infinitely many terms

If all ¢,'s =1, we have -
f)=l4+x+x 4. . +x"+..= Zx”
n=0

This is the geometric series with r = x.

The power series will converge for |x| <1 and diverge for all other x.

a 1

a:Lr:x:}s:— = — 1 _ 2 n _ N n
=r 1-x _l—x_1+x+x Fotx +...—Zox
n=
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In general, a series of the form

n __ 2
ch(x—a) =c,+c(x—a)+c,(x—a)” +...
n=0
is called a power series centered at a or a power series about a

We use the Ratio Test (or the Root Test) to find for what values of x the series converges.

. |a
lim |~ = L <1 for convergence
n—eo|
! R is called the radius
solve for |x— a| to get |x— a| <R of convergence (R.0.C.).

= -R<x—a<R

4 R<x<a+R use square brackets [ or ]

This is called the interval Plug in the endpoints to check for convergence

of convergence (I.O.C.). or divergence at the endpoints.

use parentheses ( or )
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Find the radius of convergence and the interval of convergence.

i(—l)" n’x"

i 2 21

fim| %t - | CD (1) 20 5 =limw.("+ X x| |
n—oo a” Nn—so0 (_1)” nz 2n+l n n—soo M nz j 2 y )

For convergence, this limit
needs to be less than 1
—x 1

<1 :>§|X|<1 S|x<2  so, —2<x<2
2

Now we need to solve This is the radius Plug in x =2 and x = -2 to see if there
this inequality for ‘x‘ of convergence. is conv. or div. at the endpoints.
x=2 x=-2 )

(D)2 & s () n(2) e (ED(2)' ¢

=N (- 2 = =>n

D T M 2 2
Diverges by the Test for Divergence Diverges by the Test for Divergence
since lim(—1)" n* does not exist. since limn’ = oo,

Radius of convergence: R =2

Interval of convergence: (-2,2)
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Find the radius of convergence and the interval of convergence. 10.7 Power Series
n n
= 3" (x+4)

20

71
n+l
a| o 3 N ) (s ) (] (x4
lim |2 = Jim |~ - ————| =lim - : =[3(x+4)|
ela, |3 i+l (x+4)" | e 2 Al W
For convergence, this limit
1 needs to be less than 1
1
S0, ——<x+4<—
|3(x+4)|<1 23|x+4|<1 3|x+4l<§ 3 3
Now we need to solve _1_4 <x< l 4
this inequality for |x+4]. This is the radius 3 Plug in x= -13 and x = 11
of convergence. -13 -11 3 3
3 <X<—/— to see if there is conv. or div.
— 13 — =1 at the endpoints.
x== X=5 P
23”(% 23”(%' :i(fl) is"(# ) Z ")
n=1 =1 n n=1 \/; n=1 \/_ =1 \/— 1
Converges by the Alt. Series Test oo RO.C.: R= 5
1 . 1 = T
b, =—= is decreasing and lim—==0. n=l N1 — —
Jn N . ltoc.: |23 21
Divergent p —series with p = > 3 3
. . . X0 Math 104 - Ri
Find the radius of convergence and the interval of convergence. 107 Power Serten

(4x+1)"

S

n=1 n

> (4x+1)" ;ﬁ (4x+1)
fim 2t —lim| LA ) i R YT
n—sc0 a, n—)w|(n+1) (4x+1 n—soeo

For convergence, this limit

needs to be less than 1

|4 Y+ 1| <1 For this one, the value a isn't very obvious, so we will proceed as follows:

1 +1
[4(x+1)<1 R ) | ) | :
4lx+1<1 o |
1 1 0
e+ <4 oo

s . -1 . . -1
so in this case with @ =— and the interval going from — to 0,

the radius of convergence is R =—
Check endpoints: 4

x=3 x=0 R.O.C.:R=i

U s SUEE focs [2d]
n=1 n=1 n=1 n=l1 27

convergent Alt. series convergent p —series

M
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Sometimes the Root Test can be used just as the Ratio Test.
When a, can be written as (b,)", then the Root Test should be used.

3 (x-5)"  &(3(x-35)Y No value of x will

Z n - z make this limit >1

n=l1 n=l1 . .
to give divergence
3(x=5 We get convergence
lim ] (ln| =lim|———= =( <] nomatter what x is
n—oo n—oo n
R.O.C. =
LO.C. =(—o0,0)
. |a )
lim|~ =0 = R.O.C.= 00 = [.0.C. (—o0,0) (ortimyfa,] =0)
n—oo a
n
the power series converges for all x
w Math 104 - Rimmer
i n !(x _ 7 )n =23 10.7 Power Series
n=1 2”
e |y 2 (x=7) (nift £ =TT (x-7)
lim | = lim — —1 =lim —
n—eo a, n—oo n 2 ( -7 n—oo M l .2 M ‘
=lim|[4(n+1)(x-7)|= 00 >1
R.O.C. =0 No value of x will We get divergence
1.OC. = {7} make this limit <1 for all values of x

to give convergence exceptat x=a
at x = a, each term of the series is 0

lim| 22| = 00 = RO.C.= 0= 1.0.C. {a} (ortimfa,] =)

n—oo
a}’l

the power series only converges at the point x =a




Find the radius of convergence. EEXL Math 104 - Rimmer

22 107 Power Series
5 (=1)" (n)"x™
n=1 (2”)' |:(n+1)n!:|2

—lim|(_1)"+l.[(n+1)!]2. (2n)! .xz(n+1)
e T T E R I

ey ey (2"

an+l

a,

lim

n—oo

2

1
/‘,
4
(_l)le n*+2n
+6n+2
<l = !

Z|x |<1 :|x|2<4 :>|x|<2

.
A (yrf e F | T

:‘H)xz

4

n—oo

For convergence, this limit
needs to be less than 1

(-1«

4

This is the radius

of convergence.

|Radius of convergence: R = 2|

Functions as Power Series =i

10.7 Power Series

The very first function we have seen represented as a power series is
the geometric series witha=1and r =x
[
—:Zx =l4+x+xX" X+ ,|x| <1
1 —X n=0

We can find the power series representation of other functions by

algebraically manipulating them to to be some multiple of this series

1 1 hnd ( The interval of convergence remains unchanged
= = z —X x| <1 since this is still a type of geometric series.
I+x 1-(-x) & ’ peee

n:O

x" ,x|<1

=l—x+x"—x +--
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f Zc (x—a)'=c,+c(x—a)+c,(x— a)? +cy(x— a)’ +

If the power series representation of f (x) has a radius of convergence R > 0,

|we can obtain a power series representation for f '(x)| by
term - by - term differentiation:

f(x)=c,+q(x—a)+c,(x—a)’ +c,(x—a)’ +-+

f(x)=c +2c,(x—a)+3c,(x—a)’ +--

[ZC (x a) j Z I:C (x a) }zincn(x_a)n—l with the same radius

of convergence R

starts atn =1

we can obtain a power series representation for J f (x)dx| by
ferm - by - term integration:

—a) —g) o)
If C+C0)C+Cl( @) +c2(x @) +c, (x=a) +
3 4
¢, (x—a)™ ‘ ,
C X—da dx C xX—a dx = C+ with the same radius
J.(Z ( ) j ZJ. ( ) nz(; n+1 of convergence R

C is a constant of integration
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f )=t
x =
(i)
IL:1+)c+x2 + X =ix” ,convergent for|x| <1
—-X n=0

take the derivative

oo

== 142x+3x° +4x7 4+ =

(1-x) zan ,convergent f0r| x| <1
—X

n=1

1 ?;;;‘ Math 104 - Rimmer
f(x)=— Findf(x).

f ()c):—1 Find I f(x)dx. T
1-x
u=1-x —1'Jll—l‘du
I—dx— ~In(1-x)+C du = —dx =—Inu
I—x —1-du = dx
%:l+x+x2+x3+--- =ix” ,convergentf0r|x|<l
-X n=0
2 3 4
~In(1-x)+C= x+x—+x—+%+---
plug in x =0 to find C
~In(1)+C=0+04+0+ =C=0
0
x2 3 x4 oo xn+l
—1n(1—x)= x+7+—+?+---=z 1 ,convergentfor|x|<l
n:On
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"szn J|x

n=0

<1

1
—=l+x+x’+x"+-
I-x
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>(-) <t
n=0

1
5 dx = arctan(x)+C

1 1 2 2\2 5\3
= =14+(=x")+(=x") +(—x") +---=
1+X2 1_(_x2) ( ) ( ) ( )
1 =]|— 2 4— 6 ——— N — o 2n
1+x2_1 X +x =x"+ _,,Z:(;( )" X ¥ <1 I1+x
integrate
x3 xS x7
arctan (x)+C = x——+——7+...
plug in x =0 to find C arctan(0)+C=0+0+0+-- =>C=0
0
3 5 7 oo _1 no2n+l
arctan(x)zx—x—+x——x—+-. :ZL A <1
35 7 TS

ix” ,|x|<1

1
——=l+tx+ X+ =
1-x o

TS =14+2x4+3x> +4x +--
—X

2 3 4 n+l

—1n(1—x)=x+x—+x—+x—+ =
3 4 n=0
I B o (_1)" 2
t = X——F———4. = -
arctan (x) =3 =T o= 2

-1
= Z nx"" ,convergent for |x| <1
n=1

X
1 ,convergent for|x| <1
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Represent the function as a power series

EEXD Math 104 - Rimmer
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(1-x)

S =14+2x+3x +4x° +--

n=1

= i nx""" ,convergent f0r|x| <1

S=x0 20 4307 + 4+

n=1

c= 0+ 2x 430 A e =D
n=1

n=1

=)c3(1+2x+3x2+4)c3+---)=)c3 -Zm:mc"_1

_ n-143

= Z nx"™? with R =1

Find the coeff. of x° in the power series representation of

=)
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3 1 3( 1
2:3 - 5 =3 > = — ~ =
4+ x 4+ x A(1+2) ) a1+
L=l+x+x2+x3+---: x" x| <1
1—x n=0

31
4l 1-(-+

coeff on x°

3
256
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2n+l

- n X
1 = _1
arctan x ;:0( ) o

3 x5 x7
arctanx=x——+———

5 7

5.3 7.3

”:6[3_(ﬁ23+(ﬁ)5 (3),

withR=1

S 33 53 7.3

J‘[ (5) () ()

xn+l
In(l1-x)=- withR=1
n(1-x) ;n+ wi
2 3 4
In(1- )——X—x——x——x—+..
2 3 4
1 2 1 3 1 4
ln(l—l :_%_(2_)_(2_)_(2 .
2 3 4
1 1 1
ln 1) =—_1_
(2) 27502 3.7 4.9°
1 1 1
Inl-In2=-1- — _ +
2222 3.2% 4.2¢
1 1 1
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