10.4 Comparison Tests = oo

Given the series Y a,, (a, >0)
n=1

(i) if the terms a, are than the terms b, of a known convergent

series Zb then our serleSZa is also convergent.
n=1
(i) if the terms a, are than the terms b, of a known divergent
series Zb then our senesZa is also divergent.

n=1 n=1

For the series an, it must be known whether it converges or diverges, so

n=1

it is usually chosen to be a p —series or a geometric series.

search for the dominating terms in both the numerator and the denominator of a
choose your b, to be the ratio of these dominating terms
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Consider the series z

1Vn+1-4"

Choose b, = 471" since as n gets large 4" is much larger than v/n+1.

an = Z— is a convergent geometric series
4}1

n=l1 n=l1

I 1
— for n>1 since you are making the
\n -l; 4 b

n

denominator smaller by taking away /n+1

= Zﬁ also converges by the Direct Comparison Test
n=l1 n+1- "
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I =

Consider the series

n=9 n—2_8

Choose b, =

>,
n=1

since as n gets large n is much larger than 8.

-4
-

n

-

>

n=1

is a divergent p —series

B

<

sincen—8<n
n—=_8

a

=°'§|| —

n

o

:Z\/;

n=9 N —

also diverges by the Direct Comparison Test
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The inequality a, <b, or b, < a, doesn't need to be satisfied for all values of n.

If it doesn't hold for the first few terms but it holds for all » > N for some N,

then the direct comparison test will still work.

. .~ Inn R =1, .
Consider the series Z— Choose b, = - an = Z; is the harmonic
n n=l1 n=1

n=1 . T
series, so it is divergent

Since an is divergent, the inequality should be 1 < Inn
n o on

n=1

n _nlnn
=n<nlnhn ==<

n n
The inequality doesn't hold for n =1 or n =2 but it holds for all n >3

=1<Inn = <™ =n>e

The convergence or divergence of the series does not depend on the first two terms.
These terms can be subtracted off and we can look at both series starting at n = 3.

Zl diverges = Zln_n also diverges by the Direct Comparison Test

n=1 n=1
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Consider the series Z—
[ 3
n=l \ N +1
n 1 . [ [ !
Choose b, =— =—= since as n gets large n the "+1" won't matter.
n n

- < : .
Zb = Z— is a divergent p —series

the inequality should be:

L < _n which means vn'+1<nr*? but this is FALSE
\/; NIED!

b, a

n

The Direct Comparison Test does not apply. = We must use another test.
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Given the series »_a,, (a,>0) and a known

n=1

convergent or divergent series Y _b,, (b, >0)

n=l1

. a C .
1. If the hmb—" = ¢ where c is a finite positive number, then
n—o

the series will behave alike, i.e. either both converge or both diverge.

2. If the lim& =0 and an converges, then zan also converges.
n=1

n—co
n n=1

.. a > ) - .
3. If the lim—* = and an diverges, then zan also diverges.
n—oo ; n=1 n=1
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i _n n 1
Back to the series . Choose the same b, = ——=——.
n=1 I’l3 +1 n \/;
n
.. a . 3 3/2 3/2 1 _
hm n— 1lmnf—i_l — hm n — h 32
n—oo bn n—oo \/_ n—co l’l3 +1 N—>c0 l’l3 +1 n31/2
n
1 . 1
=lim =lim =1
n—seo N—so0
13 + % 1+ —
n n n

= the series will behave alike by the Limit Comparison Test

1

diverges = also diverges
n Z T +1

M

=
I
UN
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n

. .~ 143 3" iy
Consider the series z —  Choose b, =~ Z{%) is a divergent
o 4+2 2

. . 3
geometric series W/ r=—

1+3"

n . 1+ 3" 2" ) 211 + 6n on + 6"
hma = lim 4+2" i = =lim———— —|jm ¢ ¢
n—e b n—e 3" noe 442" 3" n—e4.3" 4 6" nseo 43" 4 6"

n

? 6" 6"
M{—)O
1) \ +1
=lim G) jl =lim ————;
S

= the series will behave alike by the Limit Comparison Test

n=1

Z( j diverges = Z 1+"; also diverges
+

n=1
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) . w 3n+4
Consider the series 2—3 Choose b, = — =i2 »
n=1 (2]’1 + 1) n n ;7 is a convergent
p—series w/p=2
Bned
. a : (211-1'1)3 . 3n+4 n® . 3ni+4n’ 3
lim— = lim =lim 3 —=lim— ==
now w1 == (2n41) 1 "= (2n+1) 8

2
n deg (num.) = deg.(denom.)

m-1
lim X" 4taxta, _a,

v b X" +b, X" +-+bx+b, b

m—1 m

n
a,x" +a

m—1

= the series will behave alike by the Limit Comparison Test

oo

- 3n+4
2—2 converges = 2—3 also converges
n=1 1 n=1 (27’1 +1)




