Math 312, Spring 2013 Jerry L. Kazdan

Final Exam: Wednesday, May 1, 12:00-2:00 in DRL A-1. Closed book, no
calculators, but you may use one 3 x 5 card with notes on both sides.

Problem Set 10

DuE: Tuesday, April 23 [Late papers will be accepted until 1:00 on Wednesday).

1. Let A be a positive definite (symmetric) matrix. Show there is a change of variables
y = PZ, where P is an invertible symmetric matrix, so that (¥, AZ) = (¢, 9).

2. a) In R?, for which values of the constant c is the line x1 + 2x5 = ¢ tangent to the
circle 22 + 22 = 47
b) In R2, for which values of the constant c is the line z1 4+ 222 = ¢ tangent to the
ellipse 3 + 423 = 47
c¢) In R2, for which values of the constant c is the line 21 + 222 = ¢ tangent to the
ellipse m% +4xix9 + Gx% =47

d) Let A be a positive definite 2 x 2 matrix and N a unit vector in R2. For which
values of the constant ¢ is the line (N, Z) = ¢ tangent to the ellipse (¥, AZ) =17

3. Compute

// dx dy
r2 (14422 + 9y2)2°

// dx dy
r2 (14 22 + 22y + 5y2)2 "

dz1d
c) Compute // :El $2 % (o, Co)2 where C' is a positive definite (symmetric) 2 x 2
RZ

matrix, and x = xl,xg) € R2.

4. a) Compute //2 e~ (@ —dzy+5y%) g dy.
R
b) Compute // ¢~ (@* —dzy+5y* 2044y +3) g, dy. [SUGGESTION: Use Homework Set 6 #9.]
R2

c) Let A be a positive definite 2 x 2 matrix and b € R?. Generalize the previous part
to obtain a formula for
// Z) 42 b Z)+c) d.’L‘l d.I‘Q.
R2

5. Let A be an n X n symmetric matrix with eigenvalues A\; < Ay < --- < \,,. Show that

(T, AT) < A||Z|> for any & € R".



6. [BRETSCHER, SEC. 8.3 #12] Find the singular value decomposition (SVD) of the

0 1
matrix (1 1
1 0

7. Consider the matrix <§ _;> )

a) If ¥ € R? is a unit vector, what is the largest |AZ|| can be?
b) Find the SVD of A.
c) Using part (b), find a rank one approximation to A

8. [BRETSCHER, SEC. 8.3 #24] If A is a symmetric n xn matrix, what is the relationship
between the eigenvalues and singular values of A7
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